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Srinivasa Ramanujan, the greatest mathematical genius produced in India, | 
was born on the 22nd Decem ber, 1887 in Tamil Nadu. He belonged to a poor | 
Brahmin family. Не earned a name for extraordinary mathematical ability even $ ; 
as a child. In 1913, Ramanujan joined the University of Madras as the first ` 
research scholar of the University. In 1914, he went to England where he colla- 
borated with Hardy and Littlewood to produce some of the most outstanding 
work. Іп 1918, he was elected a Fellow of the Royal Society, In 1917, Rama-- 
nujan fell ill in England and returned back to Madras in 1919. He passed away 
on the 26th April, 1920. Even on his deathbed, he produced research work of the 
highest order. Ramanujan used to write on notebooks. His notebooks contain 
more than three thousand important theorems, 2 ы 


Ramanujan willbe remembered not only because his work has keptfirst | 
rate mathematicians busy for nearly seventy years even after his death, but also © 
because he was able to do so without any formal training and without any means 
of support. 
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PREFACE TO THE FIRST EDITION 


The book has been specially designed as a text for use in class: 
XI of Senior Secondary Schools (under the 104-2 pattern of educa- 
tion). In respect of subject matter content, it strictly covers the 
syllabus prescribed by the Central Board of Secondary Education, 
New Delhi. 


In thé preparation of the book, the authors have kept in view 
the idea of an Integrated Approach to Mathematics which has now 
been, universally accepted as a sound pedagogical principle in 
Mathematics Education. Wherever possible, a new mathematical 
concept has been introduced in the setting of real. life situations, as 
an abstracting model, rather than an abstraction in itself. The 
concepts and techniques learnt have been sought to be applied to: 
practical problems from various co-curricular subjects like Physics, 
Chemistry, Biology, Economics etc. “Ап attempt has been made to 
present mathematics as a single entity. 


The exposition is simple, yet rigorous. The language is such. 

as a student at this level can easily follow. Since sets provide the 

. most convenient medium in which mathematical ideas find their 

simplest expression, therefore, the language of-sets has been used 

throughout the book. While no formal detailed discussion of sets- 

has been included in the book, the book opens with a revision of 

the basic concepts of sets, relations and functions Jearnt in classes 

IX and X. A proper balance between the learning of concepts and 

proofs, and the mastery of skills has been sought to be achieved 
throughout the book. 


Short biographical notes have been added at appropriate places 
to give the student some’ idea about the Makers of Mathematics. 
Full page photographs of such mathematical giants as Niels Henrik. 
Abel, Jakob Bernoulli, Georg Cantor, Rene Descartes, Leonhard 
Euler, Pierre de Fermat, Ronald A. Fisher, Carl Friedrich Gauss, 
W.R. Hamilton, Johann Kepler, G.W. Leibnitz, Isaac Newton, 
Guiseppe Peano, Srinivasa Ramanujan, and John von Neumann 
have been included in the book to add to the historical perspective 
atid to enhance the aesthetic appeal. Historical notes have been 
given wherever necessary. 


The book may be conveniently divided into four parts. The 
first part, comprising Chapters 1 to 8 is on Algebra. The second 
part comprising Chapters 9 to 12 is on Co-ordinate Geometry. The 
third part comprising Chapters 13 to 16 deals with Trigonometry. 
The fourth part comprising Chapters 17 and 18 deals with Statistics. 
and Linear Programming. 


(уй) 


Throughout the book a large number of examples have been: 
solved to illustrate the various concepts and techniques. The prob- 
lems have been carefully selected and properly graded and the 
answers have been thoroughly checked. They have been given in the 
form of problem-sets at the end of each section, and their number is 
just the right one for having a proper understanding ofthe subject 
as well as for acquiring the necessary computational skills. A serious 
effort has been made to keep the book free from mistakes. 


Atthe end ofeach chapter a brief summary ‘of the chapter, 
a set of objective type questions, and a set of review exercises has 
been given. Trigonometric and logarithmic tables have been.given 
at the end of the book. 


It is hoped that the book will be found useful by all- those for 
whom it is meant. Suggestions for:the improvement of the book 
will be gratefully received and acknowledged. 


Meerut, M. K. SINGAL 
August 15, 1989. ASHA RANI SINGAL 


PREFACE TO THE SECOND EDITION 


The authors are grateful to the students and teachers for the 
overwhelming demand for the book. 


This edition differs from the first edition in several respects. . 

The book has been subjected toa thorough revision. The first, 
third and seventeenth chapters have been rewritten and a lot of new 
material has been added in these chapters. A set of assorted prob- 
lems consisting mostly of questions set at Roorkee Entrance/IIT 
JEE has been added. ` Answers have been thoroughly checked: It is 
порае that the book in its present form will be more useful than 
‚ before. | 


‚ Suggestions for the improvement of the book will be gratefully 
received and acknowledged. 


Meerut ў ; M. K. SINGAL 
August 15, 1990. ASHA RANI SINGAL. 
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Hindus were the first to use symbols for the various operations. and: 
the unknowiis in algebra. For example, ka (*) was used for square- 
root and the first letters of words for various colours were used for 
the unknowns. For example, g (for =); я (for #9) and so on. 
The method of solving a quadratic by completing the square was- 
also given to the world by Hindus. Today the solution of poly- 
nomial equations like ax-+b=0, ax?+bx+c=0 is regarded trivial. 
But once upon a time when people had no symbols to write an 
equation, the solution of even particular linear and quadratic 
equations was considered a great achievement. People usually 
guarded the solutions and posed these as challenging problems.. 
Hence the importance of symbolism. 
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As the sun eclipses the stars by its brilliance, so the man of 
knowledge will eclipse the fame of others in assemblies of people 
if he proposes algebraic problems, and still more if he solves them. 


— Brahmagupta 
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Georg had his elementary schoo] education at St. Petersburg. In 1856 
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studied till 1862. In 1862 he began his higher education at the polytechnikum in 
Zurich, but the following year his father died. He then moved over to the 
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Cantor will always be remembered for his theory of sets, and his theory 
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During his later life he suffered from mental depression, and spent much 
-of his time in hospital, where he died on the 6th January, 1918. 
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CHAPTER 1 


Sets and Binary Operations 


11. SETS 

We often come across such phrases as a bunch of keys, a pack 
of wolves, a class of students, a deck of cards, a team of players etc. 
The words bunch, pack, class, deck and team, all denote collec- 
tions. In mathematics too, we have to deal with collections. Mathe- 
maticians use the word set for a well-detined collection of objects. 

A set isa well-defined collection of objects. Each object 
belonging to a set is called an element of theset. We generally use 
capital letters A, B, C etc., to denote sets and lower case letters 
a, b,c, x etc., to denote elements of a set. The symbol € is used 
to indicate ‘belongs to’ (or ‘is an element of’). Thus, ‘p is an element 
of S’ is written as 

pes. 
The symbol & is used to indicate ‘does not belong to’. Thus ‘p & S’ 
means that ‘p does not belong to S’. 

Given a set `$ and an object p, exactly one of the following 

statements should be true : 


(00.6 Sess (i) p & S. 
Illustrations : 
. (a) LetS be the set ofall Prime Ministers of India. Then 
Smt. Indira Gandhi € S but Dr. Rajendra Prasad & S. 
:(b) Let V be the set of vowels in the English alphabet. Then 
|^ a€S,d&S. 
(c) The collection N of all natural numbers is a set. 
(d) The collection Z of all integers is a set. 
(e) The collection Q of all rational numbers is a set. 
(f) The collection R of al] real numbers is a set. 
(g) The collection € of all complex numbers is a set. 
The sets described in the illustrations (c)—(g) above are some 
of the most useful sets. We shall come across these sets throughout 


the book. The symbols N, Z, Q, R, G will be used freely throughout 
the book for the various sets as described above. 
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111. Two Methods for Describing Sets 
The following are the most common methods of writing sets : 


(i) Roster Method. A set may be described by listing all its 
elements. Thus, for example, the set V of vowels in the English 
alphabet is 

V={a, e, i, о, u}. 
This method is called the roster method. Sometimes it is not possible 
to list all the elements, but after knowing a few elements we can 
easily sec as to what the other elements are. Thus the set N of 
natural numbers may be written as ' ' 


N-—(1,2,3,...).' 
The dots indicate that the set contains all the natural numbers. 


(ii) Set Selector. Method (Property Method). Sometimes а 
set is described by means of some property which characterises all 
the elements of the set (that is, the property is shared. by all the 
elements of the set and ifa certain object has the property, then it 
belongs to the set). A set S characterised by a property p about an 
object x may be written as ; 


S={x : p(x}, 


where p(x) means that x has property p. (We read the expression 
within braces as ‘x such that p(x) is true’.) Ў 


Illustrations : 
(а) N={n:n isa natural number}. 
(b) P={p: pis a prime}. 
(c) E={n:n is an even number}. 
EXERCISE 1 (a) 


1. If A={0, 1, 2, 3}, then which of the following statements are 


true : ‘ 
(à ОЄ A; b) ІФА; (c) 2G A? 
2. n B={a, b, c, d), then. which of the following statements are 
rue : 
(à) a€ B; (4) b& B? 


3. Describe the following sets by the roster method : 
(а) A={x: x is an integer between 5 and 10); 
(b B={x: x?—5x—24=0} ; 
(c) C={x : xis a positive integer and a multiple of 5) ; 
(d) D={x : x is а natural number and 3x—4 < 7}. 
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4. Describe the following sets by the set selector method : 
(a) А={2, 4, 6, 8, 10}; 
(b B={5}; 
(c) C={101, 102, 103,......,999). 
112. Equality of Sets 
Two sets are said to be equal if they contain the same 
elements. Thus two sets A and B are equal if every element of A 


is also an element of B, and every element of B is also an element of 
A. That is, 


A=B if and only if (x E A > х Є В) A (x E B> x E A). 

For example, 

(a). (3, 5, 9) —(9, 5, 3}. 

(b). (2, 3, 4} »* (1, 3, 5). 
113. Subsets 

Let A and B be two sets. If every element of A is also an 
element of B, then we say that A is contained in B, or that A isa 
subset of B. In symbols, we then write ‘A C B'. If A is contained 


in B, then we also say that B contains A. We express itin symbols 
as ‘BD A’. 
From the above we see that A C Band B D A are two diffe- 
rent ways of expressing the same fact. 
If A C B but A%B, we say that A is a proper subset of B, 
Illustration. If A—(1, 2, 3}, В={1, 2, 3, 4, 5, 6}, and 
G-—(1, 3, 5), then A C B and B D C. 


Theorem 1'1. Two sets A and B are equal if and only if A C B 
and B C A. In symbols, f 


A=B = (A.C B) A (B C-A). 
Proof. First let A=B. Then x € A > x € B, so that ACB. 


Similarly, ВСА. 
Thus A=B > (AC B) A (B C A). 
Conversely, let (A C B) A (B C A). 

Then x€A-x€BandyC B—yC€ A. 


Thus cach element of A is an element of B, and each element 
of B is an element of A, that is, А =B. 


Therefore, (A C &) ^ (BC A) > A=B. 
Hence the theorem. 
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1'1'4. i The Empty Set 


Definition 1'1. The set having no element is called the 
empty set (or the null set or the void set). 


We denote the empty set by the symbol ‘ø’. If we were to 
describe the empty set by the listing method, we would write 


BA. description of the Ws ut Е the property method (by no means 
unique) would be 
¢={x : x is a negative integer whose square is — 1). 
Theorem 12. The empty set is a subset of every set. 
Proof. Given any set A, 
$CAiffixce42»x€ A. 


But $ has no element. Therefore, the latter implication is 
true (though trivially). 


Hence $ С A for every set A. 
115, Universal Set 


In any mathematical discussion, we usually consider all the sets 
to be subsets of a fixed set, called the universal set or the universe. 


The universe is generally denoted by X. For example, while discus-' 


sing properties of triangles, we may consider the universe to be the 
set X of all triangles in a plane X. The set of all obtuse-angled 
triangles in E, the set of all right-angled triangles in Z, the set of all 
equilateral triangles in Z, the set of all isosceles triangles in È, the 
set of all scalene triangles in X, are all subsets of X. 


The relations between sets can be conveniently illustrated by 
certain diagrams called Venn diagrams. Ina Venn diagram, we 
denote the universe X by the region enclosed within a rectangle and 
any subset of X by the region enclosed within a closed curve lying in 
the region enclosed by the rectangle (see Fig. 1:1). 


EXERCISE 1 (/) 
1. Which of the following sets are equal ? 


A={l, 2, 3}, B={I, (2, 3}}, C=the set of all positive integers 
not exceeding 3. 


2. Which of the following sets are equal ? 
A-(1,2), B={5, /9 }, C=f/2 ,2 4/3 ). 
3. Show that the following pairs of sets are equal : 
(a) A={x: х2— 1=0 and x € Z}, 
B={x : x*—1=0 and x € Zi; 
(b A={x: x*—1—0 and x € В}, 
B={x : x*—1=0 and x € В). 
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4. Consider the following sets of geometrical figures in a certain 
plane : 

X=the set of all triangles, E=the set V all equilateral 
triangles, 1—the set of all Mosen triangles, S--the set of all 
scalene triangles, R=the set of all right-angled m iangles, A— 
the set of all acute-angled triangles. 

Which of the following statements are true and which are 
false ? 
(а KOs OB; (b) "S! CES (с) RCA. 
5. Find at least one set S which is such that: . 
(a) (1,2) C. С (1,2, 3, 4); 
(b) (a, b, c) C S C (a, b, c, d, ej. 
6. Which of the following sets are equal to the empty set ? 
(а) íx:x24andx < 3}; 
(b) {x : x?—3x+2=0 and x < 2}; 
(c) 1x: x*—5x+6=0 and x > 6): 
(d) {x : 2x=3 and x is an integer) ; 
(e) {x:x*+1=0 and x E В}; 
(f) (x:x*-1-0and x € Q}; 
(g) {x :x%+x+1=0 and x € В). 
12. OPERATIONS ON SETS 
Sets сап be combined in several ways so as to od new 
sets. We shall now describe some of these ways. 
121. Union of Two Sets 
Definition 12. If А and B be two given sets, then their union 
is the set of all those elements that belong to either A or В (or both). 
The union of two sets A and B is denoted by the symbol 
‘A U P' which is read as 
‘A union B’ or ‘A cup B’. 
In symbols, А U B={x: x Є AV x € В). 
r The union of A and B is indicated by the shaded region in 
ig ml. 


A oB Ж 
Fig. 1l. 
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Xiustration. Let A={a, с}, B={b, c, е). Then 
A U В={а, b, c, e). 
12:2. Intersection of Two Sets 
Definition 1'3. /f A and B be two given sets, their intersection 
is the set of all those elements that belong to both A and B. 


The intersection of two sets A and B is denoted by the symbol 
‘A N В’ which is read as 


“А intersection B' or ‘A cap B’. 

In symbols, А N B={x: x E A Axe В). 

The intersection of A and B is indicated by the shaded region 
in Fig. 1.2; у 

Two sets are said to be disjoint if their intersection is empty. 

Illustration. Let X—(1, 2, 3, 4, 5, 6, A—(1, 3, 5), B= 
(15:27 5, 6}, C={2, 3, 6}, D={2, 4, 6}. Then 

A N B={1, 5}, An C={3}, BA C={2, 6} and A N D=¢, 
The sets A and D are disjoint, 
123. Difference of Sets 1 

Definition 14. /f A and B be two given sets, then the set of 


all those members of A which do not belong to B is called the comple- 
ment of B relative to A. 


The complement of B relative to A is denoted by A~ В 
which is read as ‘A difference B'. 

In symbols, А ~ B-(x:x € A A x & B). 

Also, B~ A={x:x€ BA x & A}. 

The set X ~ A iscalled the complement of A, Thus, the 


complement of A is the set of all those elements of X which are not 
in A. In symbols, 


X ~ A={x:x€ XAx& A}. 
The complement of A is denoted by~ A or A‘ also. 
In Fig, 1:3, the shaded region indicates X~ A. 


xa ED 


Fig. 1:3, 
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Illustration, Let X= (3, 7; 13, 19, 21}, A={3, 13, 19}, and 
B={13, 19, 21). 
Then A~B={3}, B~A={21}, K~A={7, 21), and X~B={3, 7}. 
The following theorem gives some important properties of the 
operations of union, intersection and complementation. 
Theorem 13. Let A, B, C be any subsets of aset X. Then 
(a) AU А=А, А П А=А; 
(b) AU В=В U A,A П В=В ПА; 
(c) (AUB) UC=AU (BUC), (ANB) П С=А N (BNC); 
(d) AN(AC)H(ANBN(ANC); 
A U (B N C)=(A U B) N (A UC); 
(e) X ~ (A U B)=(X ~ A) N (X ~ B). 
X ~ (А N B)=(X ~ А) U (X ~ B). 
The above properties (2)—(d) are generally referred to as the 


idempotent, commutative, associative and distributive properties 
respectively. Property (e) is known as De Morgan's rule. 

The proofs of the above results are simple and may be cons- 
tructed by the reader himself. We give below, as a sample, the 
proof of the first of the relations (e). 

To show that 

X~ (A U В)=(Х ~ A) П (X ~ В), 
we shall show that x is an element of the set on the left hand side 
of the above relation if and only if it is an element of the set on the 
right-hand side. 
^ Nowx€ X—(AUB -x&AU B, 
TX&K&AAx&B 
<x EX wA Nx EX ~.В, 
<+ XE (Xw А) П (Х ~ B). 
Hence X ~ (A U B)=(K ~ A) N (X ~ В). 
12:4. Power Set of a Set 
з Let X be a non-empty set. The collection of all subsets of X 
is called the power set of X and is denoted by P(X). Thus 
PIX)={A AC X} | 

It can be easily seen that if X be a set consisting of n elements, 
P(X) has 2” elemenis, As a matter of fact, after studying Chapter 
6 you well be able to see that -X bas "C, subsets consisting of r 
elements each. Thus the number of all subsets of 


X is "Co 4-?C, t- -?C, +... БС (14+ )" etc. 
(A proof is also given in Chapter 2.) 
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EXERCISE 1 (c) 


Let X be the set of all letters of the English alphabet, and let 
A={a, b, c, d), B={c, d, e) and C={a, e). 


Determine : 

(a) AUB; () АПВ; 
(ec) BUC; (d BNC; 
(e) AUC; (FP АПС. 


Let a={1, 2, 3,4, 5}, B—(1, 2, 3, 4}, and C={3, 4, 5}, 
Determine : 


(à AN (BNC); (b A U (Bn O); 
(c) (AUB)UC; (d) (AN B)U C; 
(e) BN (A UC); (f) BU (A n ©). 


Let A—Q, 4, 6}, B— (3, 4, 5, 7}, and C={3, 6, 7, 8). 
Determine : 


(a) A N (BUC); : ()AUBUC; 
(с) (АОВ) С; (KAN BNC; 
(e) (A 1 B)U C; (f) A (B0 С). 


Consider the following sets of geometrical figures ina certain 
plane ; е 


X=the set of all quadrilaterals, T—the set of all trapezia, 
S=the set of all squares, P=the set of all parallelograms, 
R=the set of all rhombuses, and R*= the set of all rectangles. 
Which of the following statements are true ? 

(Q) SCR*CPCTCKX; ()RCPCTCX; 


(c) RN R*58; (d) Th R* 25; 
()SUPCRUR*, 


If A and B be subsets of a set X, show that : 


(a) AU X=X; O AN Х=А; 

(c) AU $=A; ' (d AN $= ф; 

(e) ACA UB; (f) BC AUB; 

(Ф) AN BCA; A) AN BCB; 

(i) A C B + A U B=B; (j) АСВ = AN B=A; 
(k) AU (AN B)=A; ( AN (A U В)=А. 


Which of the following statements are true ? 
(ӘӘ ХФАПВ е хє Аогх ЕВ; 
()x&AOB-x&Aandx& B; 
(Qx&AnBex&AorxéeB; 
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(d x& AODB-—-x&Aorx& B; 

(е АСВ = [хЄА x € Bl; 
U)ACB-[x&A = x & В]; 

(О ACB>[xE ~ A> х @ B]; 

(h) AC B= [x Ẹ B= x & А]. 

Let A, B, C be subsets of a set X. Use Venn diagrams to 
discover all possible equalities between the following sets : 
AQR,An(BnC,Bn A, (А П С) ПВ, А ~ (А ~ В), 
ВП (АПС), В ~ (В ~ A), (CO B) A, An (BU C) 
(AUB) U (AUC, BO (AUB), AQ (AUB), 
(A AO B) U (A~B), and (A N B) U (B ~ A). 

If A, B, C be subsets of a set X, show that : 

(а) A N (BO €O-(AQ BAC; 

(b) AU(BUC)-CU(BUA:; 
()ACCABCC-AUBCC; 

(д ADCABDC=ANBDC; 

(е) A N (B U C) need not always be equal to B N (А UC). 
Give an example of sets A, B, C for which A N B » ¢, 
A N C Æ ¢, but AO BN C=¢. 

IfA U B=A U С, А A В=А N C, show that B=C. 

Also show by examples that 

(i) A U B—A U C alone need not imply B=C, and 

(ii) А N B=A N Calone need not imply B=C. 

Let A, B be subsets offa set X. Show that : 
@ACBS-~BC~A; 

(b) ~ (~ A)=A, ~ $=X, ~ Х=ф; 

(c) AN (~ А)=ф; A U (~ A)2X ; 

(d) ~ (А à B)=(~ A) U (~ B); 

(e) ~ (А U B)=(~ A) N (~B); 

(f) А ~ В=А N (~ B); 

(g) A ~ $—A; А ~ А=ф; ф ~ А=ф; 

(h) A ~ В=А ~ (А N B)=(A U B) ~ B; 

(i) (A ~ B) П (B ~ А)=ф; 

(j) (A à B) П (A ~ В)=ф ; 

(k) A ~ (А ~ B)=B ~ (В ~ А)=А N B; 

(1) A ~ B=B ~ A iff A=B. 

Let A, B, C be subsets of a set X. Show that: 

(à (А ~ B) ~ C=A ~ (BU C); 

(b) A ~ (B ~ С)=(А ~ B) à (A ~ C) ; 
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(c) A U (B ~ С)=(А U B) ~ (C ~ A); 
(d) AN (B ~ С)=(А П.В) ~ (ANC); 
(e) A N (Be С) =(А NB) ~ С 

(f) (A ~ B) U (A ~ С)=А ~ (B U C). 


1'3. NUMBER OF ELEMENTS IN A FINITE SET 


Let A be a finite set. The number of elements in A is usually 
denoted by л (А). The following theorem regarding the number of 
elements in a set is interesting as well as useful. 


у Theorem 1'4. If A and B be finite subsets of a non-empty set 
X, then 


n (AUB)=n (A)+n(B)—n (ANB). 
Proof. It is clear that if A and B are disjoint з; then 
n (AUB)=n (A)--a (B). 
Since we can write A as the union of the pairwise disjoint sets 
ANB and AMB’, therefore, 
n (А)=п (AMB)-+n (AY B). (0) 


Again, since we cam write B as the union of the pairwise dis- 
joint sets ANB and А'Г\В, therefore, 


n (B)--n (АСВ) л (ANB). (Hi) 

Also, since the set AUB can be expressed as the union of 
pairwise disjoint sets ANB, ANB’ and A'NB, therefore, 

n (AUB)=n (AN B)+n (ANB’)--n (А' MB), il) 


Е Adding corresponding sides of (i) and (ii), апа using (iii), we 
ave 


n(A)+n (B)=n (ANB)-+n (AUB), 
or 


п (AUB) =n (A)--n (B)—n (ANB). 


Corollary. If A, B, C be threc finite sets, then 
‘n (AUBUC)=n (A)+n (В)-Ел (C) - n (BNC)—n (CNA) 
—n (ANB)+n (ABO C). 
Proof. 
n (AUBUC)=n (AUB) +2 (C)—n (AUB)NC],- 
=[n (A)+n (B)—n (ANB)]+n (C)—n (AAC) A (BNC), 
—[n (ANC) +n (BNC) 
=n (A)+n (B)+n (C) —4 (BNC)—n (CNA) 
—n(ANB)+n (ANBNC). 


"t m coy mmc pa t Е 
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13:1. An Application of Venn Diagrams 


Let X be a non-empty set, and let A be a non-empty proper 
subset of X. The sets A and А’ are non-empty disjoint subsets of 
X whose union is X. 


Thus X=AUA' 


^ ZZ A [25] 
Fig. 1'4. 
Again,let A and B be non-empty proper subsets of X. The. 


sets ANB, ANB’, A''1B and А'ГУВ' are pairwise disjoint sets whose 
union is X. That is, 


X=(ANB)U(ANB’)U(A‘NB)U(A’OB’). 
To obtain the above expression, we simply write 
X=(AUA’)N(BUB’), 
and apply the distributive law. 


In Fig. 1.5, we have drawn the corresponding Venn diagram. 


^o В An BZA 
A'n B NY NOB 
Fig. 1:5. 


Let us now consider three non-empty proper subsets A, B, C of 
X. We can express X as the union of eight pairwise disjoint sets ; 
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(1) ANBNC (5) ABAC 

(2) AnBaC' (6) A'NBNC! 
(3) AAB'AC (7) А'С\В' Т\С 
(4) AMNB'NC' (8 A'OB'QC' 


These sets are shown in the Venn diagram below : 


Fig. 1*6. 


Example 1. /05 students take an examination out of whom 80 


students pass in English, 75 students pass in Mathematics, and 60 
students pass in both subjects. How many students fail in both 
subjects ? 


Solution. Let 

X=the set of students who take the examination, 

A=the set of students who pass in English, 

B=the set of students who pass in Mathematics. 

We are given that ; 

n (X) —105, n (А)=80, n (B)=75, n (ANB)=60. 

Since n (AU B) —z (A)+n (B)—n (ANB), therefore, 
n(AUB)—80--75—60—95.. _ f 

The required number=n (X)—n (AUB) 

=105—95=10, 
Thus 10 students fail in both subjects. 
Example 2. Every student of class XI of a certain school takes 


at least one of the three subjects— Mathematics, Computer Science and 
Biology. If 61 students take Mathematics, 46 take Biology, 34 take 
Computer Science, 25 take Mathematics as well as Computer Science, 
15 take Biology as well us Computer Science, 21 take Mathematics as 
well as Biology, and 10 take all the three subjects, find— 


(a) the number of students who take either Mathematics. or 
Computer Science ; 
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(b) ‘the number of students in class XI 5 
(c) the number of students who take Mathematics and Biology 
but not Computer Science ; 

(d) the number of students who take only Computer Science. 

Solution. Let X=the set of students in class XI, 
M=the sct of students who take Mathematics, 
B=the set of students who take Biology, 
C=the set of students who take Computer 

Science. 

We are given that 

n (M)=61, п (B)—46, n (C)=34, 

n (MNB)=21, п (MNC)=25, n (BAC)=15, 

n(MQBNC)=10. 


We shall first of all find the number of elements in each of the 
eight sets into which X can be partitioned by means of the sets M, B 


and C. 
(i) Observe that he sets MOBNC and MOBNC are disjoint, ' 


and their union is MMB. Therefore, 

n(MMB)=2 (MOBNC)+n (MNBNC), 
so that 21=10+n (MABAC’), 
ie., n(MOBNC’)=11. 

(ii) Similarly, 

n (MNC)=n (MONBNC)+2 (MAB'NO), 
so that 25—10--n (MNB'NC), 
i.e., n(MOB'nC)-15. 

(iii) From n (BOC)=n (MNBNC)-+2 (M'NBNC), 
we have 15=10+-n (M'OBOC), 
i e., n(M'QBNC)=S. 

(iv). From n (M)=n (MABNC)+2 (MOBNC’) 

+n (MAB/NC)+2 (MNB'NC)), 

we have К 1 
61—2102-112- 154-8 (MNB'NC), 
ie., n (MOB'nC)e-25. 

(у) From n (B)=2 (MOBNC)+n (M'OBOC)n (MOBOC) 

+n (M'OBaC?, 

we have 46—10 4- 52-11 --n (M’NBNC), 
E теб n (M'ABOC')=20. 
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(vi) From » (Cj-2 (MABNC)-+n (M’ABAC)-tn (MNB'NC) 
+n (М'Г\В' ГС), 
we have 34=10+5+15+7 (M'AB'NC), 
еу # п (M'OQB'QC)—4. 
(vii) Since every student must take at least one of the three 
subjects, therefore, 
n (MAB ^C)=0. 
(viii) We are given that 
n (MOBnC)- 10; 


We can now draw the Venn diagram for X and label it as 
shown in Fig. 1.7. S 


Fig. 17. 


From the above diagram we immediately have 

(а) п (MUC)--25--114-154- 104-54-4—70, 

(b) n (MUBUC)=25+11+20+ 15410+544=90, 

(с) n(MNBNC’)=11, 

(d) n (M’OB'NC)=4. 

Remarks. 1. After some practice, the number of elements in 
the various regions can be written down by inspection, proceeding 


step lay step (asin Example 3!, without writing down all the relations 
formally as we have done in the above example. 


2. Most problems (in fact all !) concerning the number of 
elements in a set can be solved by the systematic procedure illustra- 
ted above. . 


_ 3. Itis not always necessary to write down all the relations for 
solving a given problem. E 


4. If the number of elements in some region turns out to be 
negative, the conclusion is that the data are inconsistent, ° 
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Example 3. The girls in'a certain hostel were enquired about 
the magazines they purchased. The details are given below : 


20 purchased Femina, 

17 purchased Sarita, 

13 purchased Dharma Yug, 
7 purchased Femina and Sarita both, 
5 purchascd Femina and Dharma Yug both, 
4 purchased Sarita and Dharma Yug both, 
1 purchased all the three above magazines. 


If éach girl purchased at least one of the magazines, how many 
were there in all ? 


Solution. Let Е, 5, D denote the sets of girls purchasing 


Femina, Sarita and Dharma Yug respectively. Draw Venn diagram 
and work backwards. 


Fig. 1-8. 


1 girl purchases all three magazines, therefore, n (FA DAS)=1. 
We, therefore, put 1 in the region (common to Е, S and D. Also, 
given, п (ЕГ\$)==7, 
n(FND)=5, 
n(SnD)-4. ` 


Thus there are seven girls common to the circles F and S. We 
have already put 1 in this region and so we now put б more in the 
region common to F and S only. Similarly put 4 and 3. Now 
n(F)=20, a(S)=17 and n(D)=13. Of the twenty girls purchasing 
Femina; | 4-6--4—11 have already been listed in the sets purchasing 

‚Зог 2 magazines including Femina. Thus there are only nine who 
purchase exclusively Femina. Similarly we put 7 and 5 in the regions 
exclusive to S and D respectively. Now adding all, we have 

} 9+7+54+6+4+3+1=35 girls in all. 


s 
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EXERCISE 1 (4) 


. Let A be a set containing 4 elements, B be a set containing 3 


elements. 
(a) What is the maximum number of elements in AUB, and 
what is the minimum ? 


(b) What is the maximum number of elements in ANB, and 
what i» the minimum ? h 


. Let A be a set consisting of 10 elements, and B bea set con- 


taining 15 elements. If AQB has 4 elements, then how many 
elements does AUB have ? 


. Let a set A contain 9 elements and let B contain 13 elements. 


If AUB has 15 elements, then how many elements are common 
to A and B? 


. Out of 450 students in a school, 193 students read Science 


Today and 200 students read Junior Statesman, 80 students read 
neither. Illustrate these facts by a Venn diagram and find out 
how many read both. 


Among the students of a class, 70 take English, 40 take Hindi, 
40 take Sanskrit, 20 take English as well as Hindi, 15 take 
Hindi as well as Sanskrit, and 25 take English as well as 
Sanskrit. If all students take at least one of the three Subjects, 
how many students are there in all ? 


. A salesman visits 275 housewives ina town to find out their 


views about three different products A, Band C. He finds that 
156 use A, 99 use only A, 24 use all the three, 15 use A and C 
but not B, 40 use B and C, and 47 use only B. 

(i) How many use C only ? í 

(ii) Which is the most. popular Product according to this 

survey ? 

In an examination, question 1 was attempted by 87 candidates, 
question 2 by 66 candidates and question 3 by 60 candidates. 
40 candidates attempted both questions 1 and 2, 17 attempted 
both questions 2 and 3, 37 attempted both questions | and 3, 
and 5 attempted all the three questions 

(i) How many attempted question | but not 2and 3? 
(ii) How many attempted question 2 but not 1 and 3 ? 


A TV survey gives the following data for TV viewing : 


35% see programmes A, 55% see programme B, 60% see 
programme C, 1595 see programmes A and B, 2595 see pro- 
grammes B and C, 30% see programmes A and C, and 10% do 
not see any programme. Draw a Venn diagram and find : 


(i) What percent see all the three programmes A, B and C. 
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Gi) What percent see only programme A. 

(iii) What percent see exactly two programmes. 

9. Show that the following report is inconsistent : 

In a [survey of 100 students concerning ability to read 

English, Hindi and Urdu, 46 read English, 25 read Hindi, 27 

read Urdu, 19 read English and Hindi, 8 read English and 

Urdu, 10 read Hindi and Urdu, and 3 read all the three 

languages. 

10. In a very hotly fought battle, at least 70% of the soldiers lost 
an eye, at least 75% lost an ear, at least 80% lost an arm, at 
least 85% lost a leg. How many lost all four limbs ? (Give the 
peat answer possible in the form: “At least...--percent lost all 
our”.) 

14. CARTESIAN PRODUCT OF TWO SETS 
The set (a, b} is the same as (b, a}, because the two sets consist 

of exactly the same elements. Similarly, all of the expressions 
(a, b, c), (b, c, a}, (b, a, c) 

are names for the same set and we write 
{a, b, c) — (b, c, a) — (b, a, c). 

Sometimes we do wish to take order into account and we then 
speak of ordered pairs, ordered triples, and so on. Thus in the 
ordered pair (a, b), a is regarded as ‘the first? element and b as ‘the 
second’ element, so that . 

(a, b) is not the same as (b, a). 

To distinguish an ordered pair from a set, we use parentheses 

instead of braces. Thus, while (a, 5b) —(b, a}, we have 
(a, b) = (b, a). 

Definition 1'5. For any sets A, B, the set of all ordered pairs 
(a, b) such that a € A and b € B, is called the cartesian product 
of A and B, and is denoted by Ax B. In symbols, 

AXB={x: x—(a, b, a € A, b € B). 
Illustrations : 
(а) Let A—(a, b, c), B={A, П). Then 
AXxB={(a, A), (b, ^), (c, A), (а, D), (6, 0), (с, DY}. 


(b) Let A={(1, 2, 3,......}, B={1, 2, 3,......). 
Then AXB={I, 1), (1, 2), (1, 3, 
Се $02}! 2)3 (2/3) 5:55 5908 


(3, 1), (3, 2), (3, 3, 


EXERCISE 1 (e) 
1. Let A={a, b, c), B={*}. Compute AXB. 
2. Let A={0, 1}, B={5, 6, 7}. Compute Ax B. 
. In problem 2, compute Bx A. 


w 
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4, Let A={A, © О, B= {l,m}; Show: by a direct" оп 
that Ах ВВ x A 


` E A, B be two не м pt vint condition үне 
AXB=BXA? { 

Kf Let A={x, у, 2}, B (m, hh C= {a}. 

ау Compute “AX (BXC).and (Kx B) х С. Are they same? , 

" lf A, B be anyo sets, show thatif A N B— 4, then ED n 


0 Ke B, C are any, ‘three sets, prove that : 
о; eng WE Sed 
.(b) (A U B)XC=(A XC) U (ВХС); ME 
(c) AX(B FY G)-(AXB) A (Ax O)5 i á 2 
sauc (dA A B)x€-(AxC)m (BxO ; > 5. TI aS 
(A A*X(Q-—C)2(AXB) - (АХС); " ^ FARMERS ° 
(f) AC B = (AxC) C (BxC). 
9. If A, B, C, D be four sets, show that. 
_ (а) (AXB) N (СхЮ)=(А N O) x(B N D); ^ 
- (b) (AX B U (CX D) C (AU CO)x(B U D); mc 
мү (0 (A C BIAC CD) = AXCCBXD.. g ; i 
10. Give an example of sets A, B, C, D for which ё 
(A.X B) U (CXD) is a proper subset of (A.U SB U D). 
VW. А апд. Beate any sets, show that „ 
(А ~ B)x(B'— А)= АО Dx - Ai ATA ~ в) 2 
ee U B)]. 
[Hint Use problem 9 (a). h 
15. RELATIONS... 


We often usejin-our daity EN Mi ctia sentences as the 
following : 


puris 


is the father of: | ^  . .isless than, 
2 is a friend буу ГД? is a divisor of, - 
isa member. of, Uim is congruent to; 


Each such partial SEES describes a felatlonship Bove two 
objects, one which precedes;t and the other which follows it. Thus 
‘Ram is the father of Sohan’ 


describes the relationship of Ram to “Sohan. A complete sentence 
like this is either true or false. Fhus+« 


*5 is less than 8” is-true while ‘5 i is em than 27, is false: . 
Let us think of this а the: са is the father! Б їп 


the language of sets, 


SETS AND BINARY OPERATIONS 19 


Let F be the set of male human beings living or dead, and P, 
the set of all living human beings at a particular moment. Then the 
relation ‘father of’ applies to some ordered pairs of the type (a, b) 
where a € F, b € P and a is (or was) the father of b: Thus the 
relation ‘father of’ brings to our mind a subset of Fx P. There may. 
be other subsets of Fx P, which may indicate a different relationship 
such as ‘is a brother of’, "is a cousin of’, etc. Some of these subsets 
will have no familiar names, but these may also be admitted as 
relations. 

Definition l'6. A relation R from a set. A to a set В. is a 
subset of AX B. The sets A and B are respectively called the set of 
departure and the set of destination of R. 

If R is a relation from A to B and a € A, b € B, such that 
(a, b) € R, then a is said to be R-related to 5 and we denote this by 

aRb. 

If a is not R-related to b, then we write it as a K b. 

A relation from a set A to itself is called a relation in (on) the 
set A. Every subset of AXA is a relation in A. 

Since a relation R in a set A is a subset of AX A, and therefore 
is a set of ordered pairs, we may have a graph of R. 


Illustration : 
Let U—(1,2, 3, 4, 5}. Then the set UX U isa set of 25 ele- 


ments each of which is an ordered pair. Let R be the relation ‘less 
than' in U. Then 


R={(x, y) : x € U, y € U, xi« у}. 
Fig. 1'9 is a graph of the relation К. It is apparent that. 


5 e ° a è 
4 6 e 6 

3 ° e 

2 e ; 


Fig. 1°9, ¢ J 
2R 3,1 R 5, and 4 R 5, but 3 K 2, 5 КІ, etc, : 
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In like manner, we can graph the relation U expressed by x=y 
or by x > y. 
15:1. Domain and Range of a Relation 
If R is a relation in U, then the subset 
D (R)={x : (x, y) € R} 
of U is called the domain of R and is denoted by D(R). Similarly 


the subset 3 
à R (R)—(y : (x, y) € R} 
is called the range of R and is denoted by R (R). 
It is obvious that if R is a relation in A, then D(R) C A and, 
R C (R) C A. а 

We may note three particular cases ; 

(i) AXA isa relation in A. It is called the universal relation 
in A, since for cach ordered pair (x, y) with x,y € A, we have 
x R y. 

(ii) ф C AXA is a relation in A. It is called the void relation 


ia A since for any ordered pair (x, y) with x € A and y € А, we 
have (x, y) & R or x K y. 


(iii) Ie C AXA, where L.—((x, x): x € A} is called the 
identity relation in A. Foreach x € A, x I, x is true, 


EXERCISE 1 (/)- 
- Describe all possible relations from (1, 2} to (5, 6}. 
2. Describe all possible relations on (a, b). 
. Let S={1, 2, 3, 4, 5) and let R be the relation on S defined by 
R={(1, 2), (3, 5), (2, 4)}. 
"Answer the following questions : 
(a) Is it true that 2 R 3? 
(b) Is 4 R-related to 2 ? 
(c) Is 2 R-related to 4 ? 
(d) Is 1 R-related to 3 2 


ре з= 2,3, 4}. Describe each of the following relations 
ins: 


ص 


> 


(à) Ri={(x, y) : x, y € S, ху}; ) 
(bY Ry={(x, y): x, y € S, x <y); 
(©) В,=((х, y): x, y E S, x > у}. 
5. What is the domain of the relation 
(01, 2), (1, 3), (2, 3), (2, 5), (3, 7)? 
6. Describe the range of the relation 
(8, 5), (2, 7), (1, 6), (2, 8), ( 5,9)). 
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7. Let R be a relation defined in the set Z of integersas follows : 
x Ry = x—y is divisible by 4. 

(a) Which of the following statements are true ? 
'6R21, 8 R 12, (—5/R 7, (2) R (—9), 2 R 18, 20 R 4, 
SR1I, I3 R2, 7R 7,3R 11. 

(b). Insert R or K whichever is correct : 
12...14, 13.5, (—9)...7, 4...7, (—6)--2, 3...6, 15..4, 6.9. 

(c) Which of the following statements are false ? 
6R И, 12 R20, (C42 R 7, (C3 R (4), 6R 18, 
2R(—4,4R8, IR L,2R 7, 5% 15, 


1.66 EQUIVALENCE RELATIONS 

Because of their frequent occurrence in Mathematics, the 
following types of relations are important : 

Definition 17. Let R be a relation in the set A. Then 

(i) Ris said to be reflexive if x R x foreach x € А; 
(ii) Ris said to be symmetric if x Ry + y Rx, for all 
%уЄ А; 
(iii) R is said to be transitive if (x Ry A y Rz) >x Rz, 
for all x, y, z € A. 

Definition 1'8. (/'quiyalence Relation) A relation that is, refle- 
xive, symmetric and transitive is called an equivalence relation (or 
an RST relation). i 

If R is an equivalence relation, we shall find it convenient to 
read a R b as ‘a is equivalent to b’. The symbol ~ i$ also used 10 

. denote a relation. Thus a~b means that — isa relation and that a 
is ~ related to b. 
Illustrations : > 
‚ (a) Let X be a non-empty set and let P (X) be the collection of 
all subsets of X. The relation 
R={(A, B): A € P(X), B € P(X), A=B} 
on P(X) is called the equality relation. 

Since A=A, 
therefore, (A, A) € R forall A € Р(Х", 
and consequently R is reflexive. 

Since A=B>B=A, 
therefore, (A, B) € R > (B, A) € R, 
and consequently R is symmetric. 

Finally, since A=B A B=C > A=C, therefore, the relation 
R is transitive, s ; 

The relation in question is, therefore, an equivalence relation, 


22.924 


a 
22 Е А ТЕХТ-ВООК OF MATHEMATICS 


(Б) Let X be a non-empty set and let P(X) be the collection of 
all subsets of X. Let R be the relation ‘is contained іп’ іп Р(Х), so 
that 


(A,B) ERSACB. 
In other words, } 
R={(A, В): A Є P(X), B Є P(X), А C B). 


This relation is reflexive [because А С А for all A € P(X)], 
transitive (because A C B A B C C > A C C) but not symmetric 
(because if A is a proper subset of B, then A C B but B ФА, i.e., 
(A, B) € R but (B, A) & R). 

(c) Let ~ be a relation in the set N of all natural. numbers 
defined as follows : . : 


For all m, n € N, m ~ n iff m, n leave the same. remainder 
‚ when divided by 7. 


Evidently (i) foreveryn € N; n ~ п; 
(ii) forallm,n € N, (m ~ ns nem; 


(iii) for all m, n,p € N, (m ~ n) ^ (nep) > m~ p. 


The relation, — is, therefore, an equivalence relation in N. 

(d) Let T be the set of all triangles in a plane. The relation ‘is 
congruent to' in T is an equivalence relation. 

(e) Let Z be the set of all integers. The relation ‘is greater 
than’ is transitive but is neither reflexive nor symmetric. 

(f) Let L be the set of all straight lines ina plane. Then the 
relation ‘is perpendicular to’ in L is symmetric (for if ly, ly € L, 
then /, L lg +L, L Л) but is neither reflexive nor transitive, 


y (g) Let X={1, 2, 3, 4}. Consider the following: eight relations 


Ri={l, 1) 2, 2), (3, 3) (4, 4) ; 

R,—((2, 2), (3, 3), (4, 4) ; 

Rs—((1, 1), (2, 2), (3, 3), (4, 4), (1,2); 

Ry {1, 1), (2, 2), (3, 3), (4, 4), (1, 3), (3, 1), (1, 4), (4, 1)}; 
R,—(Q, 2), (3, 3), (4, 4), (1, 2) ; 

R,—((!, 2), (2, ) ; 

R:={(1, 1), (2, 2), (3, 3), (4, 4), (1, 3), (4, 1)}; 
Re={(1, 2), (2, 3)). 

It can be easily seen that: - 

Ry is reflexive, symmetric and transitive 2 

К, is symmetric and transitive but not reflexive ч 
К; is reflexive and transitive but not symmetric ; 
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„Rai is reflexive and symmetric but not transitive ; » 
Jp к, is iransitive but is neither reflexive nor symmetric ; re 
i+ + FR; is symmetric but is neither reflexive nor transitive ; 

R; is reflexive but is neither symmetric nor transitive ; : 

В, is neither reflexive, nor symmetric nor transitive.  ' 


161. Equivalence Classes uvm ^ ” 


Definition 19. Jf ~ is an equivalence relation ina set S гай 
a € S, then the subset ^ 


[={х Є S: x ~ a} ; 
of S is called the equivalence class corresponding to a. 


Illustration : In the set N-of natural numbers, let ~ be 
defined as follows : / : і 


пот n E N, moe п з m,n leave the same remainder when 
divided by 5. - 
Evidently (i) for every n € N, nzn, 
(ii) m~n 2 nem, 
(iii) (mon) A (n~p) = тер. 
"The relation ~ is, therefore an equivalence relation. 
Consider now the set SN ; 
[2]={2, 7,12, I2; Dona tect г sà i 


The subset so defined is an pictis ie class determined by the 
element 2 of М and the relation ~ on N.. It consists of all those ` 
natural numbers that are equivalent to 2 with respect to fhe: relation 
in question. 


Theorem 1°5. An equivalence КО ~ ‘defined, in ‘a set S 
partitions it into equivalence classes. 


Proof. Let ~ be an equivalence relation defined іп ,а “set S. 
We observe the following : 


(i) Every ‘element a of S, belongs to some DERE class. 
In fact, ~ being reflexive, a~a, so that a Є Tal.. 


(ii) fae [b], then b € [a]. For, ~ hene: melt, E 


ac bz bea. $ Es 

Thus, a € bo» € lat glue 

(iii) If a € [b], then ivo 
[а]=151: 


We prove it as follows : 
Let x € [a], so that x — га. 
Since в € [b], therefore, a, ob, 


2 [Bebition 1*9] 
5 Hypothesis] 
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Now x~aNa~b=x~ Ь, [~ is transitive] 


i e., x € [b]. [Definition 1 9] 
Thus x€ [a] > x € [b]. 
Hence [a] C [b]. (A) 


Since by (ii), a € [b] = b € [a], therefore, as proved above, 
[5] C [a]. 3 (В) 


From (4) and (B), [а] [5]. 
(iv) If [a] N (bEE, then [a] [5]. 
We prove it as follows : 


Let c € [a] N [b]. 

Then c € [a] A c € [b]. 

Now c € [a] = [c]=[a]. [by (iii)] 
Also, c € [b] > [c] - [5]. 


But [с]=[а] A [c] - [5].  [a]—[5]. 
We may re-state the result obtained in (iv) as follows : 
(») If [a] and [5] are two equivalence classes in S, then [a] and 
[5] are either disjoint or identical. 
Combining (i) and (v) we conclude that. the equivalence rela- 
tion — in S partitions it into equivalence classes à 
: EXERCISE 1 (g) 


1, Let $—(1, 2, 3}. Which of the following relations on $ 
are equivalence relations ? 


(a) {(1, 1), (2, 2), (3, 3)). 
(b) ((1, 1), (2, 2), (1, 2), (2, 1)}. 
(с) (1, 1), (2, 2), (1, 3), (3, 3)}. 
(4) {01, 1), (2, 2), (1, 3), (3, 1), (3, 3)}. ` 
(e 61, D, (2, 2), (3, 3), (1, 2), (2, 1), (1, 3), (3, 1)}. 
C €, 1), (2, 2), (1, 3), (2, 3). 
2. Consider the following relations on the set of all people living 
in the world at a particular moment $ 
(a) x Ry y <> x is the father of y; 
(b) x Ry y <> x is the mother of y; 
(с) x Ra y < xis a brother ofy; 
(d) x Re y <> x is a sister of y ; 
fe) x Ry y « x is elder to y ; 
(f) x Ry y = x is younger than y ; 
(g) x В, y = x has the same colour of hair ag y ; 
) X Rg y = x lives in the same city as у; 
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(i). x Roy = x was born on the same day as у; 

(J) x Ryo y = x lives next door to у: 

Which of the above relations are (i) reflexive, (ii) symmetric, 
(iii) transitive ? 


‚ Let S={1, 2, 3, 4, 5}. Define a relation on S which is: 


(a) reflexive, symmetric and transitive ; 

(b) reflexive and symmetric but not transitive ; 

(c) reflexive and transitive but not symmetric ; 
(d) symmetric and transitive but not reflexive ; 
(e) reflexive but neither symmetric nor transitive ; 
( f) symmetric but neither reflexive nor transitive ; 
(g) transitive but neither reflexive nor symmetric. 


. Let R be the set of all real numbers. Consider the following 


relations in R and point out which ones are (i) reflexive, 
(ii) transitive : 

(a) x Ry + xt yi—1; 

(b x Ry + ху=1; 

(c) xRyex< у; 

(d) x R y = x—y is an integer ; 

(e) xR) = x—y is positive ; 

(f) x Ry = x+y is negative ; 

(g) x Ry x? +y*=16 ; 

(h) xRysx-l2y: 

(i) xR y = x+2y+3=0 ; 

(Лх Еу = |x| +lyl=l; 

(k) xR yo х+у=0; 

(D x Ry + x—y is an even integer ; 

(m) x R у = x—y is an odd integer ; 

(п) x R y = xy is an even integer ; 

(о) x Ry = x+y is a rational number ; 

(p) x R y = x—y is a rational number ; 

(q) x R y <= x/y is a rational number ; 

(r) x Ry <> x/y is a non-zero rational number ; 

(s) x R y = [x]--[y], where [x] denotes the largest integer not 

greater than x ; 

(£) xRy |x=] Æl; 

(u) x Rye 0< | ху |< 

For the set S and the relation ~ given below, determine whe- 
ther it is an equivalence relation : E 


(a) 5 ié the set of all real numbers, a ~ b if a=b; 
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(b) S is the Set of.all integers, @ ~ b if both a>band b>a р 
(с) Sis the set of all integers, агь if a—b is an even integer ; 
(4). S is the set of all integers, n7 is a fixed integer, -á — b if 
` a—b is a multiple of n; is 
(e) Sis the set of all integers, ac-b if a+ is an even integer ; 
(f) S is the set of integers, a~b if a--bis an integral 
multiple of 377 4 ^ io 
(8) Sis the set of all integers, GOB if either a isa factor of b, 
orbisáfáctorofa; < j $ 
(h) Let S=ZU{¥2}; where Z denotes the set of all integers. 
Define a~b to mean a--bCZ ; ] > 
(i) Sis any non-empty set and a~b ifa=b; 
(j) M b). a; bare positive integers), and (a, b)~(e, d) if 
lot ad= Bes К } ї eyon 
vips) ER : a, b are integers}, (a, b)~(c, d) ifa+d=b+c; 
() S={(a, b) : a, b are positive rational numbers), (a, b) ~ 
(c, dif ad — bc ; 
7 (m) S={(a, b) : a, b are rational numbers}, (a,-b)e-(c, d) if 
a+d=b-+e; са, à 
(n) S={(a, b) : a, b are positive real numbers}, (a, 5)e-(c, d) 
if ad—bc ; А 7 
(o) S={(a, Б) : a, b are real humbers}, (a, b)~(c, d) if a--d— 
btc; ы, vs Uu. 


, 


(p) S is the set of all integers, a~b if a<b; E 
(9) S={a, D) : a, b are real numbers}, (a, b)~(c, а) if b—d 
=m (a—c), m a fixed real number Я CE n 
C) S={(a, b); a, b are real numbers), (a, b) (c) d)'if a—c is 
an integer and b=d; & ; 
(s) S is the set of all integers, a~b if abis an'odd integer ; 
(t) Sis the set of allintegers, amb ifabpO; ^ Ce 
(u) Sis the set of all integers, de-b if a2=52 ы 
() Sis the set of'allintegers, aebif |-а—Ь| <1 3 
(w) S is the set of all people in the world at a particular mo- 
ment, a~é if .a and 6 have an ancestor in common 3 
(x) S is the set of (all people-in the world. -at fa particular 
эз moment, a~b ii a and b have the same father ; : 
(y) S is the set of all People in the world-at a particular 
moment, ac-b if a is within 500 km of b ; : 
(z) S is the set of all points on the surface of the earth, a~b 
б ope dfe and bhaye the same iatitude. К | i 
6. -The following “proof”? purports to show that if a relation is 
symmetric and transitive, then ıt must be reflexive : 
' 


dor 
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Let.S be:a mon-empty set andilet сэ. v.e a:relation in s ad is 
symmetric and transitive. - бт} rotglot v 


‚ Since ~ is symmetric, therefore, acb Ьа, is 


10. 


r7. 


cept 
tics. 


bea 


as f: 


Again, since ~ із transitive, therefore (а= BA "(broa) sanra: 
Hence ~ is reflexive. 
Can you point out the flaw in the abolo? *proof"? го 
Let S be any non-empty set. In P(S), define a relation R as 
follows : 

ARB-AURBZÓ. 
Show that R is азоне e is neither reflexive nor tran- 
sitive. 


Let X be a non-empty set and M a non-empty subset of X. 
Prove : 


(a) the relation R on Р (X) defined by setting ARB=MC 


ANB is symmetric and transitive but not reflexive. 
(b) the relation Ron P(X) defined. by setting ARB=AAB 
CM is an equivalence relation. 


Let X be a non-empty set, Which of the following relations 
in P(X) have the property er being reflexive, symmetric, 
transitive ? 


(a) ARB=ANB=¢. bec een 
(B ARB=AUB=X. ти 4 

(c). ARB=AA B=X;- m^ 3 
Which of the following IONE in the’ set (к of all real: nay- 
bers are equivalence relations ? 

(ox x Ros lx bm Ls of 1 spec 
(6) R ух 2 уа: s: ss d 
(c) x R ye x—y20. 5 
FUNCTIONS 


We shall now introduce the concept of a'function, ‘The con- 
of a function is perhaps the, most important ene, in, Mathema- 
A function is an important type оѓ relation, 


Definition 110. A relation f from a set A to a set B is said to 
function (or a. mapping) from (оп) A to (into) В, written 
A->B, if the following conditions are satisfied : А 


(i) For each x € A, there exists a y € B such that Es y) 
€j 


(ii), Each x.€ Ai is the first coordinate of not more ‘than one 
element. of f; i 


Condition (i) in the above, definition says that fora relation 


from A to B to bea function from A to B, itis.necessary that thef 
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domain of the relation fis A, (Note that this is Not necessary for 
an arbitrary relation from A to B). 


Condition (ii) in the above definition Says that if f be a func- 
tion, then (x, у) Є Гапа (х, z) € f together imply that у=. 

The above conditions (i) and (ii) together Say thatif f be a 
function from A to B, then each element of A must be the first 
coordinate of exactly one element of f. 


Rife’ 


Fig. 1:10. 


Iffbea function from A to B, then by definition, the domain 
of the ues fis the same as the domain of the relation f, and the 
the functi i i 


of у. In view of this notation, we can write 
(0,7): x € A}. 


If fisa function on A into B, then we may look upon fasa 
po that lets correspond to each element a € A,a unique element 
a) € B. j 


be some b € В for which there exists no a € À such that b=f(a), 
Ce., while each element of A has an image under У, some elements 
of B may not have a Pre-image under f. While it is possible that 
. 1Wo of more clements of A may give rise to the same image, it is 
Impossible for an element of A to have more than one image. 
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Illustrations : 

(а) Let A={0, 1, 2, 3, 4, B={x, у, 2}. Then the relation 

S={O, x), (1, х), (2, х), (3, 7), (4, 3). 

is a function from A to B. 

Here /(0)=х, f(D=x, f(2)=x, f (3)=), f(4)—y. 

To each member of A there corresponds a unique member 
of B. 

Also, D(f)={0, 1, 2, 3, 4)=А, 

R(f)={x, у} C B, 

so that the domain of f is A, the co-domain of f is B and the range 
of fis a proper subset of B. 


(b) In a certain basketball match, the scores of one of the 
teams were as follows : 


Satish 16, Girish 18, Rajesh 10, Vir Singh 0, Mohan 6. 

Thus we have a function 

7: (Satish, Girish, Rajesh, Vir Singh, Mohanj-Z, 
where Zis the set of all integers, given by 

f={Gatish, 16), (Girish, 18), (Rajesh, 10), (Vir Singh, 0), 
(Mohan, 6)}. f 

Domain of f={Satish, Girish, Rajesh, Vir Singh, Mohan}. 

Range of f={16, 18, 10, 0, 6). 


(c) Let R be the set of all real numbers and let /: RR be 
the function given by ((x, x): x € R}. 


Here f(x)=x, for all x Є R. This function is called the iden- 
tity function on R. Its domain and range are both R, 
(d) Let k be an arbitrary but fixed real number. Then ` 
f-((x, k) : x € R} 
is a function on R to itself, called a constant function. This func- 


tion may also be described by saying that ‘fis a function from R to 
itself such that f(x)=k for all x € R’. 


tet fo-[ ime 


i fis a function on R to itself, called the absolute value func- 
tion. 


Fax, ix ER A x > 0} U {lx xix ER A x <0}. 


The domain of fis R and the range off is the. set of nop- 
negative real numbers. 


(f) Let N be the set of all natural numbers and let 
f={(a, b) : a, b € N, b=4a}, 


30 A-TEXT-BOOK OF MATHEMATICS 


Then f is a function on N to N 
- 10 (gYzLet Tibe the set of all triangles in a plane, and R the set 
of all real numbers.» If for each t € T, 
S(t)=area of the triangle /, 
then fis a function on T to R. : / 
-> 12 Remark, From the above illustrations it is clear that a func- 
tion f may be described in either of the following ways : 
(i) By writing down the set of ordered pairs which are 
f members of the function, 
2..0). By writing down the domain D of the function and the 
apne value f(x) of the function for each x€ D. 


‚И may be noted that the above methods of describing a func- 
f SAI DRT RST 


tion are équivalent. 
e , EXERCISE 1 (5) : 
1. Let H denote the sets of all human beings living in India ata 
particular moment. Which of the following relations from H 
to itself are functions ? ) ; 


(а) x Ry = y isa son ofx; 
(b) xR y + y is the father of x ; 
(с) xRy syisa daughter of x ; 
(4) х В. J, y isthe mother of x $ 
(e) x R y + y is a brother of x; 
(f) xRy > y is a sister of x ; 
~ (g) XR y < y is an uncle of x; 
(h) x R y = y is the husband of x7 
0) x Ry. y is the wife of х; F 
Q) xRy = 2 is the paternal grandfather of x 0 
(K) X'R y = yis the maternal grandfather of x ; 
e Ry Ja grandfather BI oae LOT 
225 let A— (1,2, 3,4). B= (1,2, 3}. State whether. the follow- 
ing relations from A to Bare functions on A into B : 
(а) f={(1, 2), (2, 2), (3.2), (4,2); 1 x 
(b) g={(1, 1), (2, 2), (3, 2), (4;,2)} ; 
gus 0) A (0, 3), 3),.3, 2), (4, D} | 
3. Let A—(1, 2, 3, 4, 5}, N={x: x is a natural number). Is the 
following relation a function on A into.N.9 
Ü f, 0, Q, 4), (3, 9), (4, 16), (5, 25)). : 
18. SOME SPECIAL TYPES OF FUNCTIONS 
_ By putting.some zestrictiors ön afünctión*f , we: shall define 
Special types of functions, which.would be found ‘useful later on. 
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5^. Definition 1711. А function f: A->B is said to-be d uxivalent 
function (or ат jective function or an injection) if for all x, 
Е Ау 07) 6 хе. me ux 6 nt m 
Thus, under a univalent function, an element of В ‘сап have 
at thé most-one element of A as its preimage: If x € A, then by 
the definition of a function there exists a unique element f (x) € B. 
1f the function is univalent, we are fully assured that for no other 
element x’ € A, can we have f(x')—f(x). In other words, a uni- 
valent function f: A > B sets up a one-to-one correspondence 
between the elements of the domain and the range of f. 


Definition 1'12. A function f : A.— Bis said to be from A 
onto B (or a surjective function or a surjection) if the range of f 
is B, i.e., for every y €. B, there exists some x € A such that f(x)=y. 

The fact that fis a function from A onto B is sometimes also 
expressed by saying that f maps A onto B, and is often expressed as 

onto 
f: A—>B. 

Definition 1°13. A function f : A > B is called a one-to-one 
function (or a bijective function or a bijection) if it is univalent 
and onto, e 

Thus if f is a one-to-one function from A onto B, then 


” @) fis defined for each x € А; f 128 CU eee А 
(i) x, x CA Луо) х) = x=xh5 V dedit sem di^ 
оок) R-Cf£)-B; ie, to cach. y € B: there exists x € A such 
that f(x) —y. bet csi 
Yllustrations. (a) Let A={x; 92), B—(0, 1, 2) and let a 
function f:.A. — B be defined Ьу. _ ss n ән 


fc)-0,  fO)=1, f=. 5 "n^ 


pr 
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fore, f is univalent. Again, since fis both univalent and onto, there- 


(0) Let A—(a, b, c), B={0, 1, 2, 3}, and let f be defined by 
: Да)=0, f()-1,  ft-2. 


1 


Fig. 1:12. 


Since the images of distinct elements of A under f are distinct 
elements of B, therefore, f is univalent. However, since the range of 
fis not the whole of B, therefore, f is not onto. 


(с) Let A=({0, 1, 2, 3, 4), B— (x, >, 2), and let g be a function 
defined by 


8(0)-g( D mx, g(2) y, 8(3)=g(4)=z. 


The function g is not univalent, since distinct elements 0 and'1 
of the domain have the same image. 


Fig. 1-13. ; 
However, since the Tange of g is B, therefore, g is onto. 
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Ad) Let. A={a, b, c), B (0, Iha and let f bera function from 
A to B defined by fia) =/ib) fic) - 1 


Fig. 1:14. 


Since the two distinct elements a and 6 of A have the same 
image, namely 1, under f, therefore f is not univalent., Also since 
the range of fis a proper subset of B, therefore, f is not onto. f is 
thus, neither univalent nor onto. 

The above illustrations show. that a function may be univalent 
as well as onto, univalent but not onto, onto but not wnivalent, or 
neither univalent nor onto. 


EXERCISE 1 (i) 
[R stands for the set of all real numbers and R* stands for the 
set of all positive real numbers.] 

l. Let N be the set of natural numbers and E C'N be (ће set of 
even numbers. For each n Є N, let /(л):= 20. 15 the function 
StN + Е univalent ? 

2. Which of the following functions are univalent ? 

(a) f: Е > R, defined by fix)=x*, for all x GR ; 
(b) f : R — R, defined by f(x)=3x—1, forallx € R; 
(c) f: N — М, defined by /(n)=n", forallm € М; ; 
(d) f: R — В, defined by f(x)= I, for all x € R. 

3. Which of the following functions are onto ? 

(a) f: Е > К, defined by f(x)=2x+7, for all x € Е; 
° (b) f: R >R, defined by f(x) | x |, for all x € д; 
(c) f: Е > Rt, defined by f(x)=x*+1, forallx € А; 
(d) f : R* > Rt, defined by f(x) Ух, for all x € R*. 

4. Which of the following functions are one-to-one ? 

(a) f: R — В, defined by fix)=Sx—13, for all x € R ; 
(b) f: R > R, defined by (x)=, for all x E R; 
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(c) f : R+ + В, defined by fx)-2vx-F1, forall x € Rt s 
(d) f: [—1, 1] > [—1, 1], defined by fix)=23, ; 
for all x € Е—1, 1]. 

5. Give one example of each of the following : 

(a) a one-to-one function ; 

(b) a univalent function which is not one-to-one ; 

(c) an onto function which is not one-to-one ; 

(4) a function which is neither univalent nor onto. 
19. DIRECT AND INVERSE IMAGES 


Definition 1'14. Letfbea function with domain X and range 
in Y. If A be a subset of X, then direct image of A under f is the 
set Й 

{ f(x): x € A}. Ы 
It is usual to denote the direct image of a set A by f(A), 
lustration, Lctf:R — R bea function defined by 
Ло) = for all x € В. 


If A=[0, cof 
and B=[-1, 1], 
then SA)=[0, col, 
S(B)=[0, 1]. 


The following theorem gives some valuable information about 
direct images : 


Theorem 1°6. Let f bea function with domain X and range 
in Y, and let A, B be subsets of X. Then 

(a) AC B= fA) C fB); 

(D f(A U B)-f(A4) U ДВ); 

(C f(4 N B)C f(4) N f(a). 


Remark. It can be shown that the inclusion relation in (c) | 
cannot, in general, be replaced by equality. For example, consider 
the function fdefined by . 


/={(—1, 1), ©, 0), (1, 1). 
Let A-(-1, 0), B={0, 1). 
Then A n B={0}, ДА п B)={ f(0)) —(0), 
ЛА)=(1, 0), fiB)—-(0, 1}, F(A) N f(B)={0, 1). 
Thus f (A ( B) is a proper subset of ДА) N KB). 


Definition 1:15. Let f be a function with domain X and range 
in Y, and let B be a subset of Y. The inverse image of B under f is 


the set 
ix:f(x) € В). 
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It is usual to denote the inverse image of B under / by / (В). 
Illustration. Let fbe a function defined by 


7=401,7), Q, 4), 


(3, 9))- 


If A={1}, B={4, 9), С={1, 9}, then 
fA) (1), 7208) Q, 3), f (C), 3). 


Theorem 17. Let f be a function with domain X and range in 


Y, and let A, В be subsets of Y. Then 
(a) AC B=>f-(A) C f 3(B) 


> 


(b) FHA U B)-f7 (4) U f 7B); 
(с) FNA N B)—f7(4) A fF KB). 


Remark. So. far, the symbol 


f^ has not been given any 


meaning. We shall give it a meaning in section 1:11. 
EXERCISE 1 ( j) 
1. Let f: R +R be a function defined by f(x)—3? for all x € R 


and let A—]0, 1[, B=[0, 1], C= 


fB), ДС) and f(D). 


10, 1), D=[0, oof. Find f(A), 


2. Let f:R — R bea function defined by f(x)—3*--1, for all 
| x € R and let A—]—1, Il, B—]—1, of, C=]—3, 3], D= 
Joo, 0[. Find f(A), ДВ), fiC) and f(D). ° 


3. Let £f: R — R bea function defined by fix)=2x-+1 for all 


x€R, and let A=]—o 


of, В=]—3, 3,'C—)2, 4l, 


D —]—oo, 11. Find /-ХА), f (B, f XC) and / (D). 

4. Letf:R — В be a function defined by f(x)— |x| for all 
x € В, and let A —]— co, 0[, B—]0, of, C—]— 1, 1, D=]0, If. 
Find f (A), f-*(B), f (C) and f (D). 

5. Show by means of an example that for a function f, the sets 
ЛАО) B) and / А f(B) may be distinct. 


1'10. COMPOSITE OF FUNCTIONS 


Definition 1°16. Let be a function with domain X ard range 
in Y, and let g be a function with domain Y and range in Z. ‘The 
function with domain X and range in Z which maps an eli ment x € X, 
into g[ f(x)], is called the composite of the functions f ana g a.d is 


written as g » f. 
Illustration : Let /—((1, 3), (3, 
g={(3, 2), (9; 


9), (5; 15, X 
8), (15, 14), (21, 20)}. ` 


Then g » fis the function {(1, 2), (3, 8), (5, 14} 


It is important to note that for g 


must bé contained in the domain of g. 


of to be defined, the range of 
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It may happen that for a certain pair of functions f and g, one 
of the composites f o g and g o f be defined while the other may not 
be defined. 7 


For example, let R* denote the set of all positive real numbers 
and-let f : Rt > R be defined by f(x) —2x—1 for all x € R* and 
let g: R* — R* be defined by g(x)—3* for all x € R*.fogis 
defined but g o fis not defined, 


It can be easily seen that if f be a function with domain X 
and range in Y, then go f and f o g will be both defined if and only 
if the domain of g contains the range of f andthe range of g is 
contained in X. 


It may well happen that for a given pair of functions f and g, 
the composites g o fand f'o g are both defined but are not equal. 
For example, let f be a function from R to R defined by f(x)—x, 
and let g be a function from R to R. defined by g(x)=x+1; fo g 
and g o f are both defined here, In fact, 


(Fo g)(x)=(x+1)? for all x € R, 
(g Of (x)=2x*+1 for all x € R. 


Thatthe two functions are not the same may be seen by 
considering x—1. 


Theorem 1'8. Letf:X—Y,g:Y > Z,hiZ > W be three 
functions. Then (ho g) o f—h o (go f). 


"Proof. (hog)ofand ho (g of) are both functions with do. 
main X and range in W. Also, if x € X, then 


Chog) o f )(x)=(hog)( Лх), 
—h(gCfíx)), 
=h(gof(x)), 
= (ho(gof ))(x). 
Hence (hog) of=ho(gof ). 
EXERCISE 1 (k) 
1. Lctf:R — R, g: В > R be defined by 
(a). f(x) =2х--1, g(x) x3-L3 for allxE R; 
(b) fix)=x?, 8(x)=2x-+5 forall x € R 
" (c) f(x)—33—2, £(x)—x4-7 for all x € В. 
Compute fog and gof for each of the above pairs of functions. 
2. Letf:R > R, 2 : R* — R* be defined by 
`ta) f(x)—23— 1, for all x € R, g(x)— Ух for all x € Rt ; 
(5) Дх)=х—} for all x € R, g(x)—x*--1 for all x € R+. 
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Show that in each of the above cases fog is defined but gof is 
по" defined. : 
3... Show by means of examples that for a pair of functions f 
and g 5 
(a) none of fog and gof may be defined ^ 
(b) only one of gof'and fog may be defined ; 3 
(c) fog and gof may both be defined but not be equal ; 
(d) fog may be equal to gof. 
1'11. INVERTIBLE FUNCTIONS 
Definition 1'17. Let f be a function with domain X and range 
Y., If there exists a function g with domain Y and range X such that 
gof is the identity function on X, then g is said to be an inverse of f. 
A function which possesses.an inverse is said to be inversible. 


Illustrations. (a) Let f and g be defined by 
f, 3), (2, 6), (3, 9)}, 
g={(3, 1), (6, 2), (9, 3)}. 
Here gof is the identity function on the domain of f and fog 
is the identity function on the domain of g. The functions f and g 
are inverses of each other. $ 
(b) Let f: Rt + R* апа g : Rt В+ be defined by 
fe9-xt 
and 8) = x 
for all х € Rt. Here gof is the identity function from R+ onto 


R* and fog is the identity function from R* onto R+, The functions 
fand g are inverses of each other. ў 
(c) Let f: R + В+ Û {0} be the function defined by 
fox ; 
for allx € В, It can be easily seen that there is no function 
g:R* U (0 >R 
for which gof is the identity function on R. That is, f'is not 
invertible. 

We state below (without proof) the main results on invertible 
functions : 

Theorem 1'9. [fa function g be an inverse ofa function J, 
then f is an inverse of g. 

Remark. In view of the above theorem, it follows that the 
relation ‘is an inverse of’ among functions is symmetric and conse- 
quently it is often morc appropriate to talk of a Pair of functions 
as inverses oi'each other, rather than talking of one of them as the 
inverse of the other. 
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The next theorem shows that a function cannot possess more 
than one inverse. 


Theorem 1°10. : If g and h Бе inverses of a function f, then 
g=h.- 


The above theorem shows that if a function possesses an 
inverse. it must be unique.» In view of this, we may talk of the 
inverse of a function rather than an inverse. 1t is usual to denote the 
inverse of a function f by the symbol f-?. 

Theorem 1°11. Every one-to-one function is invertible. 


The above theorem shows that every one-to-one function is 
invertible, "The following theorem shows that one-to-one functions 
are precisely the invertible functions. « 


Theorem 112, Jf a function is invertible, then it must be one- 
to-one. x 


Theorem 1°13. Let f be a one-to-one function with domain X 
and range Y, and let g be a one-to-one function with domain Y and 


range Z Then 
ү: of 17 орт 
EXERCISE 1 (/) 
1. Verify that, for each -of the following pairs of functions f 
E g, the function g o f is the identity function on the domain 
of f: 
(а) f(x)=2x+1 for all x € В, g(%)=}(x—1) forall x € R5" 
"(by SÆ x for all х € R*, а(х) = Vx for all x € Rt; 
(c). f(x)=1/x for all x € Rt, g(x)=1/x.for all x Є Rt. 
2. Which, of the following functions are inyertible ? 
(a) f: R >R, where f(x =3x+2 for all x € R ; 
(b) f: Е — R* U (0), where Лх) = х? forall x € R; 
(co) f£: Rt — R*; where fix) -1/x* forall y € Rt : 
3. Find the inverse of each of the following functions : 
ton (2) f: RO Rowhere f(x)=3x-+-7 forallx € R ; 
(b) f: В+ > Rt, where f(x) 2x? for all x € В+; 
иш (@у f $0, 1] > (0, D, where f(x) = for all x € [0; 1]. 
4. Construct an invertible function whose domain is the set of all 
A ""méturabnumbers:; ^ ^s = 6 è 
112. BINARY OPERATIONS 


»'r' U€onsider the operation of addition in integers. We. may. look 
проп: i+? as a machine such: that when we feed integers m and 1 
into this machine, theioutput is the) integer. m+n: The operation 

+ thus assigns to each element (m, п) of Z x Z (where Z stands for 
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the set of all integers) а unique integer m+n. Addition of integers 


аа саа ы ЕЕ 


m n 


C aspe 


m+n 
Fig. 1:15. 


is an example of a binary operation (or a binary composition). 
More generally, we have the following : 

. Definition 1'18.. Let S be a non-empty set. Any function 
jrom SXS to S is called a binary composition (or a binary 
operation) in S. 

If f: SxS > S be a binary composition in S, and x, y € S, 
then f (x, y) is called the composite of x and y under the composi- 
tion f. It is usual to denote a binary composition by any of the 
following symbols : 

*, T, 1, 6, ©, Ө, +, ., juxtaposition. 

If we denote a binary operation ina set S' by * (resp. T, L, 
®, ©, 0, +, ., juxtaposition) and x, y € S, then the composite of 
x and y under this operation is denoted by хжу (resp. byx T» x1y, 
x@ y x O yy xO у, x+y, XY, ху). 

Illustrations. (a) Addition is a binary operation in 

(а) the set N of all natural numbers; ~ 
(8) the set Z of all integers ; * 

(ү) . the set Q, of all rational numbers ; 
(8) the set R of all real numbers ; 

(s) the set C of all complex numbers. 

(b) Multiplication isa binary operation in each of the sets 
(«)— (e) described in illustration (a) above. . ^ 

(c) Subtraction is not a binary operation jn N. 

(d) For all a, 5€ Z, let 

a®b=a+b—ab. 
@ is a binary operation in Z. 

\(e) For all a, 5€ N, let 

a* b—a. 
* isa binary operation in N, 
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Cf) Let p be a fixed positive integer and let 
S={0, 1,2,....5—1). 


For all а, 5€ S, let a8 gb denote the remainder when a+b is 
divided by p, and let a@ yb denote the remainder when ab is divided 
by p. 6» and ©» are both binary operations in S. The operation 
®» is usually called ‘addition modulo p’ and the operation ©, is 
usually called *muitiplication modulo p’. 


Sincé in the present book we shall be mostly concerned with 
binary operations only, therefore, we shall simply use the word 
‘operation’ instead of binary operation. 


113. OPERATION TABLES 


If S be a finite set, consisting of п elements say, then an 
operation '*' in. S can be described by means ofa table consisting 
of п rows and n columns in which the entry atthe intersection of 
row headed by.an element a € S and the column headed by an 
element b € S is a'* Б. Such tables are called operation tables. 


Iustration. Let S={a, b, c]. The table in Fig. 1°16 gives 
an operation 0 in S. From this table we find that 
a0a=a, "a0b—b, ^ a9c-a, 
bô a=b,  bOb—b, b9c=e, ` 


c0a=a, c0b=c, c 9 с=с. 

8 а n | t 
à SEL оаа беры eh GIG : 
| 

& a b | а 

ee 
1b b j 6 ти і ©% 
с а | c c 
Fig. 1:16, 


Definition L'i9. Let S be a non-empty s , 
О гек, pty set and let ж be an 


z (i) The operation » is said to be associative if for all x, y; 


2Є5, 


x*( * 2=) y)» z. 
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(ii) ‘The operation * is said to be commutative if for all x, 
yes, { 
EYE 


(iii) An element n€ 5 is said to be a neutral element (or an 
identity element) for the operation + if for all хЄ5. , 


X*n—n*x-x 
(v) Let the operation * possess a neutral element. п, and 


let xES, An element y € S is said to be an inverse of x for the. 
operation * if x 


X py=y* xn. 


(у) Let *ı and *, be two operations in 5. The *, is said to.be 
distributive over *, if ) 
X % (y 2) (х *, y) ж (xX *a Z) 


for all x, y, ZES. 


‘Illustrations, (а) Let X bea non-empty set, and let Р (X) 
be the set of all subsets of X. ( and U are operations in P (X). 


Since AN B=BN A, 
and A U B=B UA, 


for all A, B € P(X), therefore, both these operations are com- 
mutative. 


Again, since 
AN (BNC)=(ANB)NC, 
and AU (BUC)=(AUB)UC, 


for all A, B, CEP (X), therefore, both these operations are associa- 
tive, 


Since ANX=XNA=A. 


for all AEP (X), therefore, X isa neutral element for the opera- 
tion N. 


Again, since 
AUG=$UA=A, , 


for all AEP (X), therefore, ¢ isa neutral element for the opera- 
tion U. 


Finally, since 
AN (BUC)=(ANB) U (ANC), 
and AU (BNC)=(AUB) n (AUC), 


/ 
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for all A, B, C € P (X), therefore, N distributes itself over W, and 
U distributes itself over N. 


(b) Addition in N is commutative andassociative. There is 
no neutral element for addition in N. 


(c) Subtraction in Z is neither commutative nor associative. 

(d) Multiplication in N is commutative and associative. The 
natural number 1 is a neutral element for multiplication. The only 
natural number which has inverse with respect to multiplication is 1. 

(e) Multiplication in the set Q of rational numbers is com- 
mutative and associative. 1 is a neutral element for multiplication. 
If x be any rational number other than Zero, then |/x is an inverse 
of x with respect to multiplication. 


(f) The multiplication composition in the set Q of all rational 
numbers distributes itself over addition. For, ia 


a(b+c)=ab+ ac, 
for all a, b, cE Q. 
Addition in Q does not distribute itself over multiplication, 
For, the statement a--bce=(a-+b)(a+c) is not- true for all possible 
triples a, b, c of rational numbers. 


EXERCISE 1 (m) 


1: For each operation defined below, determine whether » is 
associative : 


a On Z, define * by аж b—b—a. 
(6), On О, define * by a * b=ab+2. 
(c) On О, define * by a * b=ab/3. 
| (d) On Q, define * by a * b—a. 
?191(8) On R; define «by a b=a+b+ab: 
(f) ‘On N, define * by a * b=a?+b?, E i ; 
27 Let 5={а, Б, p dj. Complete the missing: entries in the 


table in Fig. 1.17 and Fig. 1.18 so that the operation-* тау be 
associative, ا‎ i 
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Fig. 1°18, 


3. Let S={a, b, c, 4}. Complete the missing entries in the table 
in Fig. 1. 185 so that the operation * may be commulative. 


4. Let S be a set consisting of 2 elements. How many different 
operations can bé defined on X ? 


5... How many different operations can be се опа set. S con- 
sisting of 3 elements’? 
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6. How many different commutative operations 


can be defined 
on а set consisting of 10 elements 7 


7. How many different Commutative operations c. 
„on a set consisting of n elements ? 


8. Which of the fo 
false ? S 


an be defined 


llowing statements are true and which are 


(a) An operation ina set S assigns at least one element of S 
' to each ordered Pair of elements of S, 


(Б) An operation in a Set S assigns not more than one element 
of S to each Ordered pair of elements of S. 


(с) An Operation in a set S assigns exactly one element of S 
to each ordered pair of elements of S. 


(d) If * bea commutative operation in a set S, then 
a*(b*c)—(c«b)sq 
for all a, b, ce. 


(e) Every Operation in a set consisting. of 3 elements is com- 
mutative, 


Cf) Every operation in a 


Set consisting of 6 elements is com- 
mutative. 


(g) If * bean associative operation in a ‘set S, then 
a * (b* c)— (cw b) * a 
for all a, b,c€S. 
Let S be a set with an associative operation +. Show that 
(a * b)» (сж dj—((a« b) « ¢) ad 
for all a, b, c, dES, 


10. Let Z be the set of integers, 
in ZXZ as follows : 


(a, b) Ө (c, d) (a, bta), | 
(a, b) © (c, d) — (ac—Ld, ad-- bc). 
Show that 
(а) Ф is commutative as well as 
(b). (0, 0) is a neutral element for 


We define two operations Ф, ©, 


associative, 
the operation @. 
TEST YOUR UNDERSTANDING I 


In each of the problems overleaf, four alternatives are given. 
Put а tick-mark (V) on the correct alternative ; 
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1, Let A={2, 3, 4, 5 B={3, 4, 6}, C=, 2, 3}. 
(A UB) N C equals 


(a) 2,3) Ф) {1, 2, 3,4} 
(с) 43) | (d) 2}. 
24% et A=(2, 3, 4), B 3, 4; 5). vThen-A ~ B equals: 
(a) (3,4. Ф) {2} 
(c) {5} (4) Q, 3}. 


Uu 


. Inthe set Z of integers, let» denote the operation of multi- 
` plication, that is, let a * b=ab forall a,b © Z. The neutral 
element for * is 


@ 1 ) (b) 0 
(c) —1 (d)^2. 


4. In the set N of natural numbers, let * be defined by a * b= lem 
a, b for alla, b, € N. The neutral element for » is 


(a) 1 : (b) 2 
(с) 5 (d) 10. 

5. In the set Z of integers, let * be defined by аж b=a—b for ail 
a,b € Z. Then 


„(а) Ois a neutral element for * 
(Б) 1 is a neutral element for * 
(c) there is no neutral element for # 
(d) тва neutral element for * 


~% 


6. Inthe set Z of integers, let x be the binary operation defined 
by a * b=a—b foralla,b € Z. The operation * is 


(a) commutative as well as associative 
(b) associative but not commutative 

(c) commutative but not associative 

(d) neither associative nor commutative. 


7. Inthe set N of natural numbers, let be the binary operation 
of addition. Then  . і ý 


(a) 1 is the neutral element for * 

(b) there is no neutral element for * 
(c) 2 isa neutral element for * ^ 
(d) 10 is a neutral element for +. 
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defined by 
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The inverse of 2 for the binary operation ‘addition’ in the set 
R of real numbers is й 

(а) 4 + (b) 1 

(c) —2 (d) 0. 

The inverse of —1 for the binary operation ‘multiplication’ 
in the set Z of integers is 

(a) 2 (b) 0 

(c) 1 (d) —1. 

Let A={1, 2, 3, 4, B={a, b, c, d). The number of elements 
in AXB is 


(a) 1 (b) 4 
(c) 8 (d) 16. 
REVIEW EXERCISE I d 


Show that the number of subsets of a set consisting of 
elements is 2°. 


Give an example of a binary operation on N which is not 
commutative. 

Show, by means of an example, that a binary operation on a 
set may fail to be associative. 

Let f be the function onthe set R ofreal numbers defined 
by fix)=x?, for all x Є R. Is f surjective.? Is it invertible ? 
Let f (x)=3x—5 for all x € В. Find the inverse of f. г 


Let f and g be functions from R to R defined by (х) = х2, 
g(x)—2x—5forall x € R. Find fog and gof. 


“In the set Z of integers let * be the operation ‘multiplication of 


integers... Show that the only elements of Z having inverses 
for ж are —1 and |. 


Inthe set N of natural numbers, the binary operation * is 


р * q—gcd (р, q), for all p,q € М. 
Is the operation * commutative ? Is it associative? ` 


In the set N of natural numbers, the binary operation * is 
defined by 


р * а= lem (p, 9), for all p, q E М 
Is the operation + commutative ? Is it associative ? 


- Inthe set М of natural numbers; the binary operation + is 


defined by 
p*q-pt. 
Isthe operation * commutative ? 
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11. The report of one survey of 100 students stated that the num- 
bers studying the variois languages were: Sanskrit, Hindi 
and Tamil, 5; Hindi and Sanskrit, 10; Tamil and Sanskrit, 
8; Hindi and Tamil, 20; Sanskrit, 30 ; Hindi, 23 ; Tamil, 50. 
The surveyor who prepared this report was fired. Why ? 

(Roorkee Entrance 1983) 

12. Ina pollution study of 1500 Indian rivers the following data 
were reported, 520 were polluted by sulphur compounds, 335 
were pollutcd by phosphates, 425 were polluted by crude oil, 
100 were polluted by both crude oil and sulphur compounds, 
180 were polluted by both sulphur compounds and phosphates, 
150 were polluted by both phosphates and crude oil and 28 
were polluted by sulphur compounds, phosphates and crude 
oil. How many of the rivers were polluted by at least one of 
the three impurities ? How:many of the rivers were polluted 
by exactly one of the three impurities ? 

(Roorkee Entrance 1987) 
SUMMARY ' 
1. 11ГА, B, C be any subsets of a set X, then 
(à AU A-A,A ПА=А; 
(b) AU B=B U A, A NB=B ПА. 
(с) (AU B) U C-AU (BU C), (А ПВ) NC=A N (B ПО). 
(d A N (BU O-(An B U (ANC), 
‘AU (B N C)-(AU B) N (А U ©). 
(e) X ~ (A U B)=(X ~ A) N (X ~B), 
X~ (А N B)=(X ~ A) U (X ~ B). 
2, IfA and B are sets, then 
AxB={(x, y): x € A, y € В). 
3. LetS be a non-empty set. A function from 5х5 toS is called a binary 
operation on S, 
4, Let Sbe a non-empty set and let * be a binary operation on S. 
(0 * i is to be associative if a * (b * с) =(а * b) * c for all a, b, 
сєз. 
(il) * is said to be commutative if a * b=b * a for alla, b € S. 
(iii) An element e € S is said tobe a neutral elementfor '*' ifa * e= 
e * a—a, for alla € S. : 
An element b Є S is said to be an inverse of an element a € S it a * b 
=b* a=e. 


HISTORICAL NOTE 


Set Theory was created by the German mathematician Georg Cantor 
, (1845—1918). Тһе rule ‘complement of the union of a family of sets is the 
int.rsection of their complements, and complement of the intersection of a 
family of sets is tke union of their complements’ is due to the British mathe- 
matician Augustus De Morgan (1806—1871). Incidentaly, De Morgan was born 
in India. Venn diag aris were.introduced by the English logician John Venn 
(1834—19.3). The name ofthe famous Swiss Mathematician Leonhard Euler 
(1707—1787) is also associated with these diagrams and therefore, they are 
sometimes also called Euler-Venn diagrams. 
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e GIUSEPPE PEANO (1858—1932) 


Giuseppe Peano was born in Italy in the year 1858. He undertook the task 
of deducing the Properties of natural numbers from a set of explicitly stated 


accordance with his new method. The principle of mathematical induction is a 
re-statement of one of the Peano’s Axioms, = 
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CHAPTER 2 


Mathematical Induction 


2:1. INTRODUCTION 
Consider the set N of natural numbers. М has two characte- - 
sistic properties : 
(i) N contains the natural number 1. 
(ii) Niis closed with respect to addition of 1 to each of its . 
numbers. 


Therefore, to determine whether a set K consisting of natural 
«numbers is the set of all natural numbers, we have to verify the 
following two conditions on K : 

(i) Does 1 EK? 
(ii) For each natural number КЄК, is it true that K+ 1EK ? 

When the answer to both the questions is ‘yes’, then (and only 
'then) K is N. It gives several important principles for establishing 
the truth of certain classes of statements. In the present chapter we 
«shall describe the simplest of all such principles. 

2:2, PRINCIPLE OF FINITE INDUCTION (PFI) 

The following principle, commonly known as the principle of 
finite induction (abbreviated as PFI) isthe simplest of all the prin- 
-ciples of mathematical induction. It may be stated as follows : 

Let (T (n) n€ N) be a set of Statements, one for each natural 
number n. If T(1)is true and the truth of T(k) implies that of 
7T (k4-1), then T(n) is true for all n. 

The method of induction is a powerful tool (perhaps the most 
powerful single tool !) for proving theorems. A proof by induction 
«may be likened to climbing an infinite ladder (at least mathema- 
ticians can imagine such ladaers !). Just as to climb such a ladder 
-one must climb the first rung of the ladder, and having climbed any 
such rung, the next rung should be climbed, similarly to work out a 
»proof by PFI one must show that the statement under considera- 
"Поп holds for n=1, and that whenever it holds for a natural number 
.k,italso holds for k--1. For the sake of convenience, we shall 
"refer to these two requirements as step 1 and step 2 respectively. 
‘Both the steps happen to be equally important. Failure of either 
«of these may lead to dire consequences. - 
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Throughout our study of mathematics we shall have numerous. 
Occasions to use PFI. For the sake of illustration, let us consider 
the following : 

Example 1. Show that the number of subsets of a set consisting: 
of n elements is 2”. : 

Solution. Here Т(л) is the statément that ‘if S isa set having 
n elements, then P(S) has 2" elements’. 

Step 1. T (1) is true. ; 

In fact, if S={a}, then P(S)={¢, {a}; so that if S is a set 
having one element, then P(S) has 2! elements. 

Step 2. Assume that Т (k) is true, i.e., assume that every set 
consisting of k members has 2* subsets. 

Consider now a set S consisting of k+1 elements. Let 

S={a,, аз» ~, а). 

For each subset Е of S, exactly one of the following is true : 

Either бю, € F or акы © Е, 

.. Now the collection of all those subsets of Sthat do not con- 
tain аъ, is precisely P(S*), where : 
S*={a,, аз, ....-- ‚ ak), 

Since S* contains k elements, therefore, by our hypothesis. 
P(S’) consists of 2* elements. 

In other words, there are exactly 2* subsets of S'none of which. 
contains the element ар. 

Again, each subset G. of S containingar;; can be obtained from: 
one subset F of S* by adding a;4, to it (and all sets G. thus obtained~ 
Obviously satisfy the Property that GC P(S) and ak} &G), and 
therefore, there are exactly 2* subsets ofS each of Which. contains. 
91. 

The total number of subsets of S is, therefore, 2842", je, 
2*. so that T(k-+1) is true, - 

"The proof is now complete by PFI . ч 

Example 2. Let T(k) be the statement 25 

dicil 1+3+5 +o Hkk O i n 

Show that T(k) is true > T(k-- 1) is true. Can we conclude bye. 
applying PEI that T(n) is true for all п? a P1 

Solution. Assumejthat TO is true. 

s Then: : 143+- E (2k— 1) (284-1), 
2 - <F (2k+ H 
=(k+1)?+10, - 
so that T(k+ 1) is true. ы 
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We have proved that for the given statement, the truth. of 
T(k) implies that of T(k--1). But what about T(1)? Obviously, 
Т(1) is not true and this leads to the breakdown of a possible proof 
by PFI. 

Conclusion: T (п) is not true for alln. 

Example3. Find the fallacy in the:following ‘proof’? bv PFI 
of the statement ‘all numbers in a set of n natural numbers are equal’. 


Proof. Denote the statement in question by T(a), 


Step 1. T(1) is clearly true. 
Step 2. Let us assume that T(k) is true and let 
fai, day +, акы} c 
be an arbitrary set consisting of K 4-1 natural nnmbers. 

By our hypothesis, all members of the set a, a, ---, ак consist- 
ing of k elements are equal, 
ie., a= 437 --—4k, soy 
and similarly all elements of the set Ías, d5--.4241) consisting of k 
elements are equal, 

i.e., A= 0377... Akt 
By the transitivity property of equality it follows that 
0177037 Gb — GEH 
and consequently T(k-+ 1) is true. 
м By PFI, T(n) is true for all n. 

Argument. Proof of step 2 is fallacious in as much as 
it is not valid for K=1, 2, as in these cases transitivity of equality is 
not applicable. 

Example 4. Use mathematical induction to prove that 27" 
4-3.5"—5 is divisible by 24 for all n>0. (LLT., J.E.E. 1985) 

Solution. Let T(n) be the statement : 

fn) =2.7"-+3'5"—5 is divisible by 24 for n>0., 

Step 1. /(1)—2.74-3.5—5—24, 
which is divisible by 24. 

Therefore, T(1) is true. 

Step 2. Let us assume that Т(К) is true. 

FRED. 7*1 43,5445, axe i 
f(k)--2.1*-- 3.55 —5, Ў 
SEEDS OARS > 
12,7 412.5, 


ATE LS, which is. divisible: Бу 24. si 
74-58 is always even. " s 
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Now fik--1)—f(k) is a multiple of 24, and fik) is also а 


multiple of 24. It follows that f(k--1) is a multiple of 24, and 
consequently T(k-- 1) is true. 


19. 


By PFI, T(n) is true for all и. 


EXERCISE 2(a) 
Prove that the following statements are true Jor all n€ N : 


12-34 bne rn (n4-1). 
P4243 bnt n (nt T) On D. 


1-254394. bn TL n (n4. 


(3e EY eg) (e Eoo 


142.24+3.24. 1.27715 1 4: (n—1)2", 
акеде 

п%—п is divisible by 30. 

28” 4- 32"—2 is divisible by 5. 

23^— | is divisible by 7. 

n(n* 2-5) is divisible by 6. 
5:012—24n—25 is divisible by 576. 


1 1 1 1 
12,1 29h aa а) 515 
If x>—1, then (1--x)^ 214-zx. 
If a1, ау, +++, dn are any real numbers, then 
| aitat- Fan | < Га | + |a | F4 tse 


A length V7 units can be constructed by mea 
a compass. : ed by means of a ruler.and 


32п— 1 is divisible by 8. 
1 1 1 1 
ta ta Tetm S . 


Use PFI to prove that if the sum of the dio; 
number is divisible by 9, so is the Rii idt piel on 


1 c 
If 1+2-+..-+Еп=--(2л-Е1)* is true for some natural number 
n=k, then show that it is also true for n=k+1. Can we 


227 onclude that the statement is true for all n ? 
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20. Determine whether the following statements are true for alb 
natural numbers п: ` 
(a) r?—n--41 is a prime. 
(b) n?--n--17 isa prime, 
(c) 2n*4-29 is a prime. 
23. A REMARK ABOUT THE PRINCIPLE OF FINITE. 
INDUCTION 
The principle of finite induction can also be stated in the 
following equivalent form : 

к! Let (T(n) : nEN} be a set of statements, one for each natura? 
number п. If (i) T (I) is-true, and (ii) if for each natural number k, 
the truth of T (m) for all m<k implies the truth of T(k), then T(n) is 
true for all n. i 

Two important consequences of this form are the following 
theorems which we state without proof. 

Theorem 1, (Generalised Associative Law for Addition), 
Any sum ay--a3--...--an of natural numbers is independent of the 
position of parentheses. ~ 

Theorem 2. (Generalised Associative Law for Multi- 
plication), Any product of natural numbers ay, а,,..., an iS indepen- 
dent of the position of parentheses. : 

Example 5. The number (2++/3)"+(2—¥3)" is an integer 
Sor each natural number n. : 1! 

Solution. Let T(n) stand for the proposition that ‘(24+ 43)» 
T: (2—4/3)" is an integer’. ' 

Step 1. T(1) is true. ; 

Step 2. Let T(m) be true for all m<k. 

Then a*-EB*-—(g*-1-- bk?) (a-- b) — ab(a*-? -- b*72), 
where a=2+\ 3, b—2— УЗ. ЖА 

Now a+b, ab are integers. By our hypothesis, g*—--5*-! and: 
ak~2-+ DF are also integers. This implies that a+b" is an integer.. 
Thus.by PFI, (2+ 73)"+(2—4/3)* is an integer for all nEN. 

Example 6. Let a&—an 3--an.s for all n>2, and a4—1, a=1. 


" n 
Then an < (7) for all nEN. х 


^ n 
Solution. Let T (5) be the statement that a» — (+) 3 


1 
Step 1. Since. ак=1 <(+) > therefore, T(1) is true. 


Step 2. Let Т(п) be true for all n<k. 
Now, 17 dk-1 - Gk. s, 


(s) сш 
Hai n) 
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(тут, 
PNA 2 
түз B) 
<(7) m) 
7 үх: 
«) 
7 ү» 1 
By. PFI, achi) forall nEN. 


Example 7. Let R=(5 V 5+11)”+ttand f— R—[R], where [ ] 
denotes the greatest integer function. Prove that Кр 49+, 

: (LLT., Ј.Е.Е. 1988) 

Solution. Here [R] stands for the integral part of R, and f 
is the fractional part of R. veo 

We shall show that the fractional part of Ris (5 45— 11)2»*, 
In order to do so, we must prove that 

(i) (5 W5--11y^1— (5 V 5—11)!n* is an integer for all п. 
(ii) (5 45—11)'" lies between 0 and 1 for all n. 

Let us denote both the above statements by Т(л). 

Step 1. Since (5 V5+11)—(5 45—11)—22, which isa positive 
integer, 
and 0<(5 45—11)«1, 
therefore, T(0) is true, : 

Step 2. Assuming that T(z) is true for all м<, we shall 
show that T(K) is true. 

Consider the identit 

Pkt} — (428—1. p2k-3 (a? ра) —a?b?(a?k-3— pi), 

If we take a—545-F11, b—545—11, we find that by the 
induction hypothesis a?*-1— 2-1 and 25-3. - р22-3 are integers. Also, 
4 3-3 —492, a? D* 16 are integers. Consequently a?*t1—p2'+1 is an 
integer. Since a?F72-1, and b<] for all К, therefore, а?Ё+1— роі 
is a positive integer. 

Hence T(k) is true, Consequently f, the fractional part of R, 
is (54 5—11)?n*1, : 
Rf—(V/554-11)9 (5 45— | 1), 

(GV 5-4-11)(5,/5—11)]mt, 
L4 

Remark, Notethat in the above example induction starts 

with n=0. 
EXERCISE 2(5) 
l. Prove that for all natural numbers n, (3+ V5)^--(3— V5)" is 

divisible by 27, 


2; oe the integer next greater than (77+ 73)?" is divisible 
у 2". : 
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3. If aj dg, ds, «are natural numbers such that 4,76, 
4579, and j 
an=3an-1 +! 8an- for n>2 
show that for all natural numbers п, ап is divisible by 3". 
3:4. ANOTHER REMARK ABOUT THE PRINCIPLE OF 
FINITE INDUCTION ; е 
The principle of finite induction can also Бе stated as follows : 
Let (T(n) : n € N} be a set of statements, one for each natural 
number n. If (i) Tia) is true for. some natural number a, and (ii) T(k) 
ds true implies T(k-+-1) is true for all k > a, then T(n) is true for-all 
n >a. 
We now give an example to illustrate its application. 
Example 8. Show that for each natural “number in > 2, 
3" > 314-10. 
Solution. For n € М, let T(n) be the -statement that 
43% > 3n+ 10. 
ı Step 1. Since 33227—3.3-- 10-8, 
> 3.3+10, 
therefore, T(3) is true. 
Step 2. Let T(k) be true and k > 2. 
Then $93 (3F) > 3 (3010), 
=9k+30, .. i 
—3(k-E-1) 3-10-F 6k +17, 
23 (kK+1)+10, 
Therefore, T(k-++1) is true. - £ 
By PFI, the result is true for z 2322. 
EXERCISE 2(c) 
1. Show that for all natural numbers п > 3, 2^ > 2n4-1. 
‘2. Show that for all natural numbers n > 1, 


1 1 1 4 
г) еур > Vn. 
Show that for all natural numbers п > 5, 2" > m^. 


Show that for all natural numbers n > 4, 2^ < 1.2.3.7 
lfn > 2, prove that Й 


СУХЕ И 


6. А diary costs Rs 3 and а реп costs Rs 7. Show by using the 
principle of induction that any amount (in exact rupees) 
exceeding Rs 11 can be spent in buying:diaries and pens. 
25. RECURSIVE DEFINITIONS н 

An important application of the axiom of induction isin 
recursive definitions. Suppose a isa given natural number. What 
do we mean by the symbol а", n being а natural number? The 
answer is ‘a multiplied by itself m times". But there is a difficulty. 


RS 
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Multiplication is a binary operation: How to overcome this. 
difficulty ? This is done by setting at=a, a"*1—a^ a, By PFI, o^ 
is thus defined for each n € N. Such definitions as this one are 
called. recursive (or inductive). 


We shall.come across many examples of recursive definitions: 


throughout the book. 


ME 


REVIEW EXERCISE II ` 


Use the principle of mathematical induction to prove that 


14447 buh 0n—2)— 7n GhI): (ALS S.E., 1987) 


Apply the principle of mathematical induction to prove that 
for all natural numbers 7, 


13-35-577-- E Qn— Dn 1) — nlan 6n— 1). 


. я 1 (41.5 S.E., 1985) 
Apply the principle of mathematical induction to prove that: 
for all natural numbers л, 102"-1+-1 is divisible by 11. 

i (A.LS.S.E., 1986) 
Prove that x(x"71—ng"72)--a^(n—1). is divisible. by (х—а)?: 
for all positive integers п > E (LIT, J.E E., 1977) 
Use mathematical induction to prove that ifn is any odd: 
positive integer, then n (n*— 1) is divisible by 24. 
Letu,—1,u,—l, and иези: Рип forn > 1. Use mathe- 
matical induction to show that 


ARE) 1+ 45 ү" 1— 45 4^ 
m= va ( 2 r4 a) |югайл>1, 


Me: (LLT., J.E.E., 1981) 
Use mathematical induction’ to prove that for all natural 
numbers n, 11?*? 1229+2 is divisible by 133. 
(Roorkee. Entrance, 1982) 

Ifp be a natural number, then prove that p+ +(p+1)?"- is 
divisible by p*-+-p-+1 for every positive integer п. 

(LLT., J.E E., 1984), 
Apply mathematical induction to prove that for all natural 
numbers n, 7*^--2?n-5; 3972 is divisible by 25. 

(LLT., J.E.E., 1982), 
Prove each of the following by applying the principle of finite 
induction : 


123-234-3454... HAHH) nn 1 0H-204-3). 


1 n 
‘Teas noe Fa- Dar 2п+-1` 
12 2? 33 n(n4-1) 


n 
13 Fas sq Uu ane) 7 2(2л-ЕТу - 


eiiam 
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ш 


1 1 1 1 п 
M4, то та а FT 
ао 1 ИР 
15 75,9 7 943 777 (44—3Y4n31) ^ 4n41 
16. n distinct straight lines-im a plane, all passing through one- 


, point, divide the plane into 2n parts. 
А 1 
17. Li + xs deed E > A , for all. natural numbers. 
; п> 1 
*18 4" (20)! 
` nl (л 1% 
**19, sin x+2 sin 2x+-3 sin 3х-+Ь....--Еп sin mx. 


_ (1-0 sin nx—n sin (n4-1) x 
4 sin? (x/2) к 


+20), Tes х+соѕ 2x4----cos пх=-- sin ( n у 
1 
cos c (+ * ) 
SUMMARY 


1. Let(T(n):n € N} be a set of statements, one for each natural number 
n. If (i) Т(1) is true and (ii) the truth of T(k) implies that of T(k+1), 
then T (n) is true for all n. А 

2. Let {T(n) : n& N} be a set of statements, one for each natural number n, If 
(i) T(1) is true and (ii) if for each natural number &, the truth of T (m): 
for all m < k implies the truth of T (k), then Tọn) is true for all л. 

3. Let {T(n): € Nj be a set of statements, one for each natural number 
n. -If (i) T(a) istrue for some natural number a, and (if) T (k) is true- 

implies T (k--1) is true for all k > a, then T(z) is true for all n > a. 


HISTORICAL NOTE 

The discovery of the principle of mathematical induction is generally” 
attributed to the French mathematician Blaise Разса! (1623-1662), However, 
the principle had been used earlier by the Italian mathematician Francesco 
Maurolycus (1494-1575) in his writings. Tne writings of Bhaskaracharya 
(1150 A.D.) also lead us to believe that he knew of this principle. 

The first one to use the name ‘induction’ was the English: mathematician. 
John Wallis (1616-1703). Later on the Swiss mathematician James Bernoulli 
(1655-1705) used the principle to provide a proof of the Binomial Theorem 
about wh ch we shall learn later in this book. He did not, however, use the... 
name induction. 

The name *mathematical induction' in the modera sense was used by 
the Engllsh mathemat cian, Augustus De Morgan (1806-1871) in his article 
‘Induction’ (Mathematics) in Penny Cyclopedia, London, 1838. The name 
gained immediate acceptance by the mathematical community, and during the. 
next fifty years or so it was universally accepted, 


*To be attempted after studying Chapter 6. 
**To be attempted after studying Chapter 13. 


DE dI 


SIR WILLIAM ROWAN HAMILTON (1805-1865) 


Sir William Rowan Hamilton was born at midnight between the 3rd and 
4th of August, 1805. -He'showed ‘promise of extraordiuary brilliance even as a 
child. At the age of four he could read Greek, Hebrew and Latin. By the age 
‘of ten, he had learnt French, Italian, Persian and several other languages. At 
othe age of. 22 he became professor at Trinity College, Dublin. During the years 
11824-1832 he made important contributions to the theory of optics. In 1833 he 
"developed the notion of a complex number as an ordinary pair of real num- 
“bers. In 1835 he was elected President of the Royal Irish Academy. October 16, 
1843 was the greatest day of his life, for it was on this day that he discovered 
‘the Quaternions. The next twenty yearsofhis life were devoted to the study 
“of Quaternions on which he wrote two monumental books. 


In 1865 he became a victim of a severe attack of gout which lasted for 
some months until his death on the 2nd September, 1865. 
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CHAPTER 3 


Complex Numbers 


ү 


31. INTRODUCTION 
Historically, imaginary and complex numbers arose as a result 
of the efforts to solve algebraic equations like 
хї-Е1=0, 
which have no real roots. 
Leonhard Euler was the first to use the symbol i, for у —1, 
having the property 


He was thus able to discover the hitherto unknown roots of 

the equation 
2+1=0. 

This discovery of Euler is an important landmark in the history of 
mathematical progress, for it enabled the number system. to be 
extended. Euler called the symbol i imaginary, and the numbers 
‘developed before the creation of the symbol i, came to be known as 
real numbers. 


As a sequel to the introduction of the symbol i, the symbol 
a+bi (where a and b are any real numbers) also came into being. 
This symbol was called a complex number. A systematic use of the 
symbols i and a--bi led to quite a number of interesting results. 
it was found that many results which can be stated and demonstra- 
ted by the sole use of real'numbers could be established much more 
easily by using complex numbers, and this provided a justification 
for their use. 

For a long time, real and complex numbers were used without 
providing a logically sound basis. The theory of complex numbers 
was put on a solid foundation by Sir William Rowan Hamilton 
OR and by К.Е. Gauss only after the superstructure had. been 
raised. 

32. COMPLEX NUMBERS IN THE FORM a--bi 


Since the square of every real number is non-negative, there- 
fore, there does not exist any real number whose square is — 1. More 
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generally, there is no real "number whose Square is —m* (where mm is. 


а real number other than Zero). In other words, the equation 
x’=— m, (та non-zero real number) 


has no solution in R. In Order to be able to work with such equa- 
tion we need another set of numbers, namely the set of numbers. 
whose squares are negative real numbers, Elements of this set are 


called imaginary numbers. For example, V —1, 4/5; 4/17 


аге imaginary numbers. А typical element of this Set is y —m?, 
where m is real. y 


Since V тау p —1) — mt V=1=mi, where i= IT; 
therefore, every imaginary number сап be written in the form mi, 


where m is a real number and i= / —]. 


If mi and ni are two imaginary numbers, then mini, mi—nrt 


are either imaginary numbers or Zero. Also, (ті) (п) = mni*— — mn, 
80 that the product of two imaginary numbers is real, Similarly , the: 
quotient of two imaginary numbers is à real number, 


Illustrations : 


Titsi =12i, 

Ti--(—7)i—0, 

8i—3i =Si, 

8i-(8) =0, 

(71).(50). —35i1— —35, 

(7i)/(Si) =7/5. 
Powers of i can also be Simplified by using the relation #=—1. 
For example, 2—2, i-—i, PS(#P5(—1)2=], Boi | [=], [без 
i“. 2=?=—], and so on. 


When we add a real number and an imaginary number, the 


is a+bi or (a+ib), where a and b can have any real value (including 
zero). If a=0, we get numbers of the form bi, i.e., imaginary 


33. REPRESENTATION OF COMPLEX NUMBERS BY 
POINTS IN A PLANE : 


In 1797 a Danish Surveyor, Casper Wessel, published an article 
describing how to interpret complex numbers geometrically, but his 
work remained unnoticed for quite some time. In 1806 a French 
accountant J.R. Argand re-discovered this geometric interpretation. 
A fuller treatment was given by Karl Friedrich Gauss in 1831. 
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The idea of representing. а complex number by a point in 
the plane is a very simple Y 
one. Draw, in a plane Z, a 
pair of rectangular axes OX, 
"OY and choose a scale of 
measurement. With a com- 
plex number z—x4-iy, asso- 
ciate a point Z whose co- 
ordinates relative to OX, 
OY and the chosen scale of 
measurement are (x, y). The 
point Z, associated with the 
complex number z is called 
the representative or image 
„point or simply the image 
of z. Fig. 3:1. 

Every complex number z determines just one point Z in the 
manner stated above. Conversely each point W whose co-ordinates 
with respect to OX, OY are (и, v) in the complex plane is the image 
of a unique complex number u+iv. The complex number u--iv is 
called the affix or complex co-ordinate of the point W. 

There is, thus, a one-to-one correspondence between the set of 
all complex numbers and the set of all points in a plane. The repre- 
sentative plane is called the Gauss plane or the Cauchy plane or 
the Argand plane or the z-plane. To everyset Sof complex 
numbers there corresponds a set of image points. The graph of these 
points is called the Argand diagram for the set S. 5 

Example 1. Represent the complex numbers 3 +2i,—3+2i, 
—3—2i and 3—2i on the Argand plane. І 


2 (x +у) 


8(—3+21) А 34-21) 
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Solution. Draw a pair of perpendicular lines X'OX and 
Y'OY and choose a suitable scale. Plot the points A, B, C and D 
whose co-ordinates with respect to the axes are (3,2), (—3, 2), 
(—3, —2), and (3, —2) respectively. , 

The points A, B,C and D represent the complex numbers. 
34-21, —3+2i, —3—2i and 3—2i respectively, and are the desired 
points. 

Remark. Observe that the point A and D representing, the 
complex numbets 3--2i and 3—2i respectively are reflections of each 
other in the x-axis. Similarly the points B. and С representing the 
complex numbers —3-F-2j and —3 —2i respectively are reflections of 
each other in the x-axis. In general, the points representing the 
complex numbers x+yi and x—yi are always reflections of each 
other in the x-axis. Е 

The points A and В representing the complex numbers 34-2 
and —3-F2i are reflections of each other in the y-axis. Also, the 
points C and D representing the complex numbers—3 —2 and 3—2i 
are the reflections of each other in the y-axis. In general, the points. 
representing the complex numbers x+-yi and —x--yiare reflections 
of each other in the y-axis, 

The points Aand. C representing the complex numbers. 3--27 
and—3—2i are reflections of each other in the origin. Similarly B- 
and D are reflections of each other in the origin. In general, the 
points representing the complex numbers x--yi and —x—yi are 
reflections of each other in the origin. 

EXERCISE 3(a) 
. Represent the complex numbers 3-+-4i, 3—41, 4+3i and 4—37 
on the Argand plane. 
2. The co-ordinates of a point are (7, 5). What complex number 
does it represent ? 
3. Given that p=5, q=3, represent the complex numbers- Dt qi, 

q— pi,—p--qi, —q—pi on the Argand plane. 

3:4. ALGEBRA OF COMPLEX NUMBERS 
34'1. Equality of Complex Numbers 


Two complex numbers a+bi ahd.c--di are defined to be:equal 
if and only if 


a=c, b=d, | 
Symbolically, } 
a+bi=c+di = a=c and b=d. 
` 342. Addition of Complex Numbers 
If a=a+ ib and B=c-+id be two complex numbers, we define 
the sum a+ to be the complex number (a-c) - (b t- d)i. 
Symbolically, у 
(a+bi)+ (c+di)=(a+e)+(b+d)i. 
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ni 


For example, х9 
(3-+-41)--(1—20=4-+-24, 
(2p di) +(р—340= 3p—2gi. 
We shall now state and prove the four fundamental Properties. 
of addition on complex numbers. 
A1. Addition of coniplex numbers is associative, 


For, if «—a--bi, B=e+di, Y=e+fi be any three complex. 
numbers, then 
(a+8)+y=[(a+bi)+(c+di)]-+ (e+/i), 
` (aco d- Od) ijt Ce fi), 
—(a ce) bcd - f): 
=(at+e-+e)+(b+d+/ )i, 
=(a+bi)+[(c+e)+(dAf)i], 
=(a+bi)-+[(c-+-di)+(e+fi)], 
=а+(8+ү). 
A2, Addition of complex numbers is commutative. 
For, if a=a-+-bi, B=c+-di be any two complex numbers, then. 
a+B=(a+bi)-+(c+di), 
=(a+c)+(b+d)i, 
=(c+a)+(d+5)i, 
=(c+di)+(a+bi), 
=B-+a, 
A3, Existence of zero 
The complex number 0--0i is the zero (or identity) for addition - 
For, if a=a+bi be any complex number, then 
a+(0+0i)=(a+bi)+(0+0i), 
© =(@4+0)+(6+0)i, 
=a+bi, 
=a, а а 
Notation. In future we shall denote the complex number- 
0+0/ by 0. This need not create any confusion, for we shall.» 
always be able to find’ out from the context, ds to whether the. 
symbol 0 denotes the real number 0 or the complex number 04-0j. 
A4. Existence of Negatives QUY 2 
The complex number (—a)--(—b)i i$ the negative of a-+-bi. 
For, — (a+bi)+((—a)+(—6))=0+01, ` 
Notation. The negative of a+-6/ is also written as 
—(a+bi) or —a—bi. 


" 
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"3'43. Subtraction of Complex Numbers 
If a, B be two complex numbers, then we have by definition, 


a—p-a-4-(— 8). 
Tf «=a-+bi, B=c+di, 
"then 2—B—a-F(—B), 
—(a-Fbi)-H(—c)-- (—d)i], 
=[a+(—c)] -Db 3-(—4)]i, 


=(a—c)+(b—d)i. 
For example, 
G-F41)—( —21)— (3 —1) -(44-2)1, 
=2+61. 
23'4'4. Multiplication of Complex Numbers 
If «—a-L-bi and B=c+di be two complex numbers, we define 


"the product af to be the complex number (ac—bd)4-(ad-- bc) i. In 
symbols, we write 


(a+bi)(c+di)=(ac — b) + (ad-- bc)i. 
For example, 
G-F2i — 14-5) - (3(—1)—2.5) --(3.5-E 20 D); 
——134-13i. 
We shall now prove the four fundamental properties of multi- 
plication of complex numbers. ) 
"MI. Multiplication of complex numbers is associative. 
For, if a=a+bi, B=c+di, Y-etfi be any three complex“ 
»numbers, then > 
(8) y=[(a+bil(e+di)\(e+fi), 
=[(ae—bd) + (ad -bc)i] (e+/fi), TR 
= (ас) e~(ad+ bc) f T-[(ac— ba)f-EF (ad-- bc) eli, 
=[a(ce~d f )—b(cf--de)] -[aCcf-^-de)--b(ce— df DA 
c(a-Fbi)(ce— df) 3- (cf-^- de)i], 
(abi) (e +di)(e+-fi)], 
=a(By). : : 
3M2. Multiplication of complex numbers is 
| For, if a=a+bi; Be+di be an: 
%B=(a+-bi)(c+di), 
=(ac—bd)+(ad+bc)i, 
\ = (ca—db)+ (da+eb)i, 
=(c+di)(a+bi), 
cit es 


commutative, 
y two complex numbers, then 
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M3. Existence of Unity 

The complex number 1-- 0i is an identity for multiplication. 

For, if a—a--bi be any complex number, then 

a(l +01) —(a--biY(1--0i), - 

=(a.1—b.0)(a.0-++b.1)i, 
=a+bi=a. 

The complex number 1--0/ behaves in the same way for 
multiplication of complex numbers as the real number | does for 
multiplication of real numbers. In future we shall denote the 
complex number 1+0i by the symbol 1. As we shall see, this will 
not create any confusion. 


M4. Existence of Inverses (or Reciprocals) 
Every complex number other than 0--0i possesses an inverse with 
respect to multiplication. 


We shall show that corresponding to any complex number 
a+ bi other than 0+0; (so that a and Б are not both zero), there 
always exists a complex number x--yi such that 

(a--bi)'x yi) 1-- 0i. 
For, (a+bi)(x-+yi)=1+0i, 
=. (ax—by)+(ay+bx)i=1+0i, 
zs алет (1) 
ay+bx=0, ...)2( 
Solving (1) and (2) for x and y, we have 
х=а/(а?-+Ь%), у= —b[(a*-- b2). 

Thus every non-zero complex number possesses a multipli- 

cative inverse, Denoting by a~ the inverse of a, we have ES 
a mb. 
(abi)? = ye Tai i. 


; The multiplicative inverse of a complex number is also called 
its reciprocal. 


So far we have established properties which related either to 
addition or to multiplication. We shall now establish a property 
which connects addition and multiplication. 

344. Distributivity of Multiplication with "Respect to 
Addition p Е ” 
If a, B, ү be any three complex numbers, then 
a(B-- y) —a8--ay. 
Writing a=(a+bi), 
B=(c+di), 
y=(e+fi), 
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we have 
a(8--3) =la tbet di) +(e - fi). 

=(a+bi)[(e+e) - (d4-/)i], 
=[a(e+e)—-b(d+f)]+lald+f)+6(c+ eNi, 
=[(ac—bd)+(ad+ be i] --[(ae —bf ) - (cf -- be)i), 
= (a-Fbi)(c--di)-- (a+ bile Ff), 
=аф+аү. 

3:45. Division of Complex Numbers 


If a, @ be any two eomplex numbeis (8520), then by definition 
a-—-p-ap^7. 


The symbols = or a/B are also used for «+8. 


P 
3:4:6. Powers of Complex Numbers 
Positive integral powers : 
Let a be a complex number. We define o", where n is a pos:- 
tive integer, by the following rule : 
al—a, 
ag. a", 
It can be easily proved that 
aJ ad — a*1, 
(x?)t— а?а, 
р, q being arbitrary positive integers. 
Negative integral powers of a non-zero complex number : 


If а be a non-zero complex number, and k be any positive 
integer, then we define a-* as (#71. Also we agree to write a?—1. 
It cau be shown that ifa be any complex number other than zero, 
and p, q be any integers, then 


& 7? —(a71)?, a? q0— a?*t, (a7)? =g, 


Example 2. Given that z,—2--3i, z,—4— 5i, express each of 
the numbers 21-23) 21 —253:21235 Z% in the form a+bi. 
Solution, Since z;=2+3i, z,—4— 5i, therefore, 
3 zı +za=(2+3i)+(4— 5i), Ў 
=(2+4)+3+(—5))i, 
=6—21.. 
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z—z5—(2-4-3i)— (4—5i), 
=(2—-4)+(3+5)i, 
=— 24 8i. 

z32577 (24-31) (4— 5i), 
—(2.4—3(—5))4-Q(—5): 3.4), 
=234-2i. 
22=(2+3i)?, 

=4+12i+97*, 
—4412i—9, ` 
=—5+12i. 

Remark. To find „жд .we could as, well multiply 2--3i and 
4—5i as if they are binomials in i, and then put i*—-——1, You will 
find it more convenient than to directly apply the definition of the 

product of complex numbersu If we do:so; we shall:have: | 


zi =(2 +30 (4—5i)} 
—8-4-12i—10i— 15i?, 
= =8--21--15, since P=—1, ^ 0100: 0 
Р ERE 10911 i r 
Example 3. Find the inverse of 3-21... . 
Solution. ‘Let the inverse of 3:21 be Xp. 


Then (3-21) (x—yi)=1, i 
ie. (3Х—2у)+(2х+3у)г=1=140 sip (10) 
From (1), we.have : ` d 
3x2yzl mo 
2x+3y=0 (РУ 
Solving the eqvations (2) for x and y, we have ^ j 
- 3 42 l 
: xc qus Daan ру? 
. Therefore, the inverse of 3-127 is 
3352. 
cists 
EXERCISE 3 (4) 55 
1. Add the following pairs of complex numbers i. + 
(a) 2—5i and 3+4i (b) 44-2i and 3—5i 
(c). 2—7i and 44-9; (d). a3-bi and 2a—3bi. 


2. Subtract the second number: гот the’ first in-each ‘of the 
following pairs of complex numbers: +.“ 


(a) 3—4i and 2—i (b). 6—8i and 3421 
(с) 15-3 апа 24-517... (d) 1-4 and.3—67. 
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3. Simplify : 


(а) (2—3i) (34-41) (b) (5—41) (7-1) 

(с) (3—41) (3+40 - (d) (2+1)? 

(e) (2+08 (f) (141) (1—0)8, 
4. Find the inverse of : 

(a) 2—i (b) 1--3i 

(с) 344% i (d) 54-121. 


5. Given that z,—3—2i and %=4+3i, find z,7, 2,71, z,/z, and 
23/21. 


. Given that 2= 14-1, find 2-1, art 
3'5. REAL AND IMAGINARY PARTS OF A COMPLEX 
NUMBER 


If z—x-Fiy be any complex number, then x, у respectively are 

called the real and imaginary parts of z. We write 
x=Re(z), y=Im (z). 

- Thus, for example, if z=3— 4i, Re(z)=3, Im(z)- —4. A complex 
number z is said to be purely real if Im(z)=0, (i.e., if its imaginary 
part is zero) and purely imaginary if Re(z)=0 (i e., if its real part 
is zero) The purely real number x-+0/ is written simply as x. In 
particular, the number 1+0; is denoted by | and the number 04-0; 
is written simply as 0. The purely imaginary number 0+-yi is written 
simply as yi. 

The complex number x—iy is called the complex-conjugate 
(or simply the conjugate) of the complex number z. We use the 
symbol Z to denote the complex. conjugate of the complex number z. 
Thus, if z=x+ iy, then Z—-x— iy. 

It is obvious that if Z be the complex-conjugate of z, then z is 
the complex-conjugate of 2. The relation of conjugacy between 
complex numbers is a symmetric one. We may, therefore, say that 
z, Ж are conjugate complex numbers rather than saying that Z is the 
complex-conjugate of z. 


The following facts are worth noting : 


I The sum of two conjugate complex numbers is a real 
number. 

For, if z—x-Fiy, then 2—x— iy, so that 

2+%=2x=2 Re(z). 

П The difference of two conjugate complex numbers is, 

in general, purely imaginary. 
- For, if z=x+yi, then'2— x— yi, 
z—Z—2yi—(2 Im(z))i, 

-Which is purely imaginary except when Im(z)—0. 
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III The product of two conjugate complex numbers is 
a non-negative real number, ` 
For, if z=x+-yi, then £— x— yi, and 
z£— (x4-yi) (х=) =), 
Which is a non-negative real number, 
The above Property ПІ is often used to express the quotient 
Oftwo complex numbers asa complex number in the form a-t ib, 


Where a and b are real numbers, This is illustrated in the following 
example. 


Example 4. Express a in the form P+qi where p, q are 


5i 
14-3i 
real numbers, 

Solution. Multiplying the numerator and denominator of 
the given expression by the complex-conjugate of the denominator, 
ie., by 1—3i, we have 

DE (2-—5f) (1—3), 
1+3 = (E31) (153i) 
[2.1—(—5) (~3)]+[2 (—3)--C- 5).1]i 
dE 124-32 ; 


—13-4(—11) 
m 10 x 


Remark. The above process is often referred to as realizing 
the denominator. J : 
EXERCISE З(с) 
1: Find the real and imaginary parts of ; 
(а) (8--1) (2+i) (b) (3—2), 
2. .. Solve the following equations for x andy: 
(а) x+yi=(2—i) (32-21) (b) x+yi=(1 +i) (4—31). 
3. Realize the denominator of each of the following and herce 
express each in the form p4-gi : 


3 2 


@ тур wm. 
3i b 
(Od qas (d) fem 


4. Solve the following equations for x and y : 
е s 2—5i 
(9 3-464500) 0) ES osi P 
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5... Given that z—1--3i, express z+ 2 inthe form a+bi, where a 
and b are real. " 


6. Given thal (1—5i) p-24—3—7i, find p and а ‘where р, q are 
conjugate complex numbers. 


7. If 21, Za be any two complex numbers, prove that 
(a).-Re(z, bz) m Re(z)--Re(z) + 
(b) Re(z, —z3) = Re(zi) = Ке(2,) 
(c) Tm(i za) = Tm(z,)--Im(2;) 
(d) Im(z,—2,) —1m(z) —Im(zj). 
ree 2н Zu fa be, two complex numbers, show. by suitable examples 


(a) Re(z, 2) and Re(z,) Re(z;) need not be equal. 

‚ D) «Im(zy za) and. Im(z;) Im(z;) need not: be equal. 1 оізаїоё 
ПЕ ¥4 Be any tivo cómplex numbers, Lo that, 2 
9. CE Rd MS MA NALE 5 

10. z,—z,— = SE 7) 

Th mI eee E OE (@—)-—1© 

12. (zz) = = Z,, provided za Æ 0. 

36. MODULUS AND ARGUMENT ¢ ores COMPLEX 

NUMBER 

Let a—a--bi be any comple E Ье r be a non-negative 
real number, and let 0 be a real umber such such 

a--bi-r(cos 0--i sin 0), ; 
so tHE о! i ИШЕ #1. ёзэозц 37008 ody rect (1 
E pinnin pi 
From (1) and (2), we PST аётояяхя 
COM ай. гїтвч visnigsmi bns івет 9101 һа. (3)! 

Аз you will see шыг. êê bà Chbsen in infinitely Shiny ways and 

any two values of thoy samer differ fronajeach petiibfibyia aaultiple’ 

of 2n. GER ER = n OSL) GS) а (и) 


ay berr, aw: s the.n iv те, oot. 
of? dou été ti л PUT d ig NR h le lo; S o E 
Thus , |al = | a+ib| — gp à, 
Also, 9 is called an argument (or(dmplitude) of a. We эше (e! 
ü—arg. а (or amp. a). 


The value of 0, such that Hr<0<n is called the principal value 
of the argument and is generally denoted by 


тарар а eoulsups suiwcllol эй) vio? -> 
XL. Section 3°6 — m Veptudiedaffér(Ghapierd—6 (©) 
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If there is no chance of confusion, pr arg. а is also called the 
argument of ‘a’. à 
Example 5. Find the modulus and principal argument of 14-і. 


Solution. Let |-Fi—r (cos 04-1 sin 0). (1) 
Comparing real and imaginary parts, we have from (1) 

1=г cos 0, wow (2) 

l—r sin 0. (3) 
Squaring and adding (2) and (3), we have 

2275 ! 
Therefore, r= V2. 2 (4) 
From (2), (3) and (4), we have [5135 

cos 0—1/ 42, sin 81/42: E Äi sone O) 


The value of 0 satisfying (5) and suclothat s5, > |= | 
ББА iesto oqo bwT лә 
„ıı, Thus the modulus and principal argument of 1+i are 4/2 and 
те хе, D ety ааа 
bndxample-6. Find:the modulus. and. principal argument of zu): 
190p for! Y« vis s 12.30 2ulubom э slat эло 


.21iad mu 


NIA) aA FFAS OFF WB SA ura: Ve UE 
Е 12--12i 323-121 75 
Solution. 7—(2—3017 T(E) 1. 
mz 1—r (cos 0-22 sin REC ХП. 
7A E EA ка ENS 


., Comparing real and imaginary parts on both sides, we haye 
zd .oviiBysn-don гі тэс xsiqmoo 5 jo sulubom: rit 2те, 

isdi 2ИФОВ 964) 10 2sbiz diodio 21001 5180р? odd ДИЙЛ в! 
ПИАР Т Е EE (3) 


From (2) and (3) we have r=, 90,5 ,= | i, 
Hence the modulus is.] and the principal argument is 0. 
jodExaanple T 2bKind ctliesmodulus.and principab argument of the 

CORRE WRF Oak rolyo ows Yo lowhowg STOPS zuhinom sis 

Solution. Since — 6350 (uS SEMA s) Vo от Si Yo туло 
théreforesthe moduli is 5 нарнаар непе x. (720011 

Example 8. Find the modulus and principal argument of the 
compie hambar Biss syno owi cmo ad es, SM . vision 

Solution. Writing 3i 3(cos n2: sf jo], "ule Enu ЫН | 
modulus is 3 and-pripciparargament ison oy Oss ai 30014 


" 


72 А ТЕХТ-ВООК OF MATHEMATICS 


Example 9, If 2 be any complex number, show that 
(а) |2| =0 = 2=0 (b) 22= | 2-| ? 

() =| z| 6 Re (2) < lz |. 

Solution. (a) Let z=x+iy. 


Then z= +73, 
Now |z| =0 + x*+y?=0 = x=0 and y=0 = 2=0. 
(b) If z=x+iy, 
2=х—іу; 
22=(x+iy) (x—iy)--x*4-y?— | z | *. 
(c) If z=x+iy, 
٣ [Re (2f =x? € x*--y*— | 2 | °. 5 
Since [Re (2? < | z | °, we have 
—|z| SRE < |2]. 


3:61. Two Important Properties of the Moduli 


We shall now state and prove two important properties of the 
moduli of complex numbers, the first one of which relates to the 
modulus of the product oftwo complex numbers, and the second 
one relates to the modulus of the sum of two complex numbers. 

Property I. If 21, z; be any two complex numbers, then 

Iaal*-5lallzl. 
Proof. | zz | *=(2122)(z,z,), 
= و22(‎ (2124), 
(nA) (2:22), 
-I1nli*|al* 
=( |z, | | za 1). (1) 
. Since the modulus of a complex number is non-negative, by 
taking the square roots of both sides of (1), it follows that 


[д 2 | = [2,1 Fz l 


^^ The above property is often expressed in words by saying that 
the modulus of the product of two complex numbers is lti 
product of the moduli of the complex Leere : «бо 


Property I has an important il i 
vendis р corollary, whieh we state (and 


h Corollary. ЈУ 2;, 2, be any t I 
te ГӨ ШАН а шш л л лу мл 


Proof. Since 2,550, we may write az). 


ہے سوہ 
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Since the modulus of the product of two complex numbers 

equals the product of their moduli, therefore, 
| zy | = | (21/22).22 |41 2/22 1 | ғ 1. 

Dividing both sides by the non-zero real number | z, |, we 

have 
[21/121 = 121/221, 

і.е. [ез2 lini zl. 

Property II. If z,, z, be any two complex numbers, then 

f Iatal«!azl-ct!znl!. 

Proof. | 21423 | *=(z1+22) (z1 F z4), 


= (2, +29) (814-4), 
= 2,214 Z2 + Gt An), d 
= |z, |24 1 za | H+): 00) 
Since z,Z, and 2,2, are conjugate complex numbers, therefore, 
2,252 2,72 Reza) € 2| 2,2) |. (2) 


From (1) and (2) we have, 
Intzal*«]|zlit-!/zlt*-2lz5l,; 


or latal*«|alt*-Izlit'*-2lal151; 
or (zatz l? < 121.12 | 2 | +21211 lal, -@) 
since || = 12,1. 


Taking positive square roots of both sides of (3), we have 


Iatal«&izniTlal:. 


The above property is often expressed in words by saying that 
the modulus of the sum of two complex numbers is always less than 
or equal to the sum of theese moduli of these complex numbers. 


It is usually referred to ав the triangle inequality. Property 11 
has an important corollary which we state (and prove) below : 


Corollary. If 21, 2, be any complex numbers, then 
[21-2121 1211 = 12211. 
Prof. |z | = | (21—20+2,16 | 21-2, 1 + 12.1, 
sothat “|z |— [221% |21—2,1. (13 
Interchanging 2, and z, in (D, we have ` : 
Inl—-lal«lza-al; 

or -(Inl-lzl«la-2al; (2) 

since | 22—21 |= 21—24 | Я 
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, From (1) and (2), we find that 


Таа 21а |1, 
апа J arabe (112.0 | 21). 
Since the non-negative rea! number, | 21—231 is either. pant 
than ог equal to |21| — | 2, | and its negative —( | 2; | — | za 
therefore, 
Iz-z|21 alla. 


In the following examples we shall see that the above two 


properties I апа can. be easily, generalized to the сазе. оё 7. complex 
numbers. | 


Example 10. Let 2, 23,...,2п be any complex numbers. Show 
\ 3 8 oc i 


that à 
(а) |z-tzc- ало Ei han 
(b) |zzw-zelz342zdd2 ert Zn 
(1) Solution: (å) -Wet pen prove the result md the principle 
оа даян сули a ХӘшпоэ ot! quince этВ 42,2 bns «ўуз 90ni2 


({) Step 1. The Test holdssfor: next, 
Step 2. Assume that the result holds for any Fs ER num- 
bers 21, 22,..:, ZF, i.e., assume that 


latata lg la| Flat. Fal, 
for any k complex numbers 25524,1 э2Е. Se n 
Өзү nula be any КІ complex aber ‘then 
| zzi Eze {5 Ше, sonia 
over ow (E5 thi dads. dete equip oviti tod gaidst 
. Statat +a Pima 
«lal lz || P- (asa (I La] 
аг | ж beet ert 
sedi Bavedheapsulicholdetfoneierde-idsto ai «11018 svods er T 
soiByFPItheproof isseompleteios ov) Yo wiz sio Yo vilior эліт 
(b) женип prove чета ыы) trefaitepriaeipre'orinduetbd "^ 
il увер Tbheresult: howe for: 2; OF boustor Vissen ei al 
Step’ 212^ АЗЕ НЕ tht vh testi t HOAs TT Car pelo iin ber 
21, Zgy Zh; Le. SS Su meithat x»lamoo yun sd ¢3 „уу \\ зани 
| 222-201 Ње 24 11,231 f deck = 5 
for any k complex numbers zy £p... ы 17. eee 
If IR any Ei | Som | E | беп, b n eus 
u= ae А hen 6j 08 
| 2122-26 [= Va 
г aver. DH: 12) pi bet 15 gdigasdotstal 
(Пага L3 bet) Feber | 


40 


10 


Se zer LPN. ep deg; |a 12— 10 


Thus the result holds for џ=/--1.-Ву RFI the proof is complete: 


ҳи 
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EXERCISE 3(d) 


1. Find the modulus and the principle argument of each of the 
following complex numbers : ! 


19а) ti (p) =1+ (ce) —1—i 
(ау -3 Ў (е) 2i (f£) —4. 
2. Express in the form r(cos Oi sin 0) : р 
(а) 3+1 (b) 1+-/3i (с) 13i 
2 (@@ itti) © 0—0 O 
3 If z,27— i, z,—1-Fi, find the modulus of 
(а) 23—22 (b). 2128 (е), aa ^ 


4. Ifu-3-i, v=1—2i, es the“ тфа "of 
(a) 2u4-3v (b) == Ns 


5. Verify that 
2 pr. arg. ce =e arg. (—1)®. 
6. Verify that P 8 t 
pr. ange {rbd repr. дой пезоса ФАР CAE DBUO 


37 SQUARE ROOTS OFA: COMPLEX NUMBER 9Y Bt i W 
anor ae" A ities aR phe op От ag ie 


ca Y sil a гё, pr М Tide ur 
JOIO E 

E Very, Fe ji т has y Ki e] HN уң alsupe doidw 10 doss 

Just as every real шибе has two square roots, giniilatly every” 
complex, nymber also has two Square LRA" nobianos 10 bror inl 

odusthe following omampie wil illstate the тено? finding 

square roots of a complex number. viu to 21003 rit 101 bus 21001 

Example 11. Find the square rootsiof 3d HDA edad 186 


551 Solution: x Let ¥ GAN To} агро £ sd iuum s 25 F0) 


where x and y are real numbers. атэбошп 
Squaring both sides of (1), we hayge s nod T 


3—4 / Tia (cr iym Зла EES (0° 
Equating real and imaginary "parti bi Both ‘ibs of (о), we? 
havegys ow .eabie diod по BG YISA! igsmi bau: 1891 злілвд под 
(1) ?—у*%=3, Am wi - fs 0) 
ея 41. کت0‎ (4) 


(S) 
. From (3) nag, me eer а оди avsi ow (S) mort 


эч ,0:=ч 


oy Ap 


| 
> 
TM REE GN 
8 
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=3?+(—477)?=9+112=121, (5) 
ог ж№+у= 1. (6) 


(Observe that since x and y are real numbers, therefore, x* жу? 
must be positive, and consequently we have taken only the positive 
sign while taking the square roots of both sides of (5)). 


From (3) and (6), we have 


x!—7, so that x= + V7. (7) 
When х= #7, from (4), we have )——2. ...)8( 
When x=— 47, from (4), we have y—2. (9) 


Hence the required square roots are 
"07—21 and — 74-21, iè., +( 47—2i). 


EXERCISE 3(e) 
Find the square roots of 
1. 846i ; 2. 6--8i 
3. —8i 4. 1+2 V6i 
5. 4ab—2 (a!—b5)i 6. 13—20 3i 
7. 3+4 VTi 8. xti xt xttl. 


38. CUBE ROOTS AND FOURTH ROOTS OF UNITY 


We have seen that every complex number has two square 
Toots. In particular, -Е1 are, the two square roots of unity. These 
are only special cases of the general result that every complex 
number has п nth roots, i.e., given a complex number w, there are 
п complex numbers (some of which may be equal !) the nth power of 


each of which equals w. When the given number is taken to be bó 
we get the nth roots of unity. 5: 


Instead of considering the general case, we shall only consider 


the cases n=3 and n=4, i.e, we shall restrict our attention to cube 
roots and fourth roots of unity. 


3'81. Cube Roots of Unity 


Let z=u-+vi be a cube root of unity, where и and у are real 
numbers, 


Then P=(u+viP=, 
or и 3и?уі--Зиу 218—1, 
ог (—3uv?)+ (3и2у —55); — 1. 
Comparing real and imaginary parts on both sides, we have 
u3— 3u =], (1) 
3 y— ر‎ =0 ...)2( 


From (2), we have three different possibilities : 
=0, v= 43u, v=—V3u, 
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Let us consider them one by one. 
(i). Let v2 0. From (1), we have =1, i.e., и= 1. 
(ii) Let y= 43u. From (1), we have —81?—1, so that 


Жазын кэ SLE) 
НОТЕ À 
(iii) Let у=— ¥3u. From (1), we have —812— 1, so that 


de Ere EN 
и= 2" VE 2 


From (i), (її) and (iii) we find that the three values of u-t-vi 


are 
1 43. 1 43. 
1, => ава cde 


Thus the three cube roots of unity are 


EN lee se: 
b rp E 


Observe that of the three cube roots of unity, one is purely 
real, and the remaining two are complex-conjugates of each other. 


1 The two complex cube-roofs of unity are related to each other 
in a very special way : i 


Cte Gs og recon ) 
(5-3) 


9/507 i ; 25 e (T) 


=z tai. 50) 


From (1).and (2) we find that each of the two complex cube 
roots of unity is the square of the other. If we denote either of them 
by the greek letter w, the other would then be denoted by «*, Hence- 
forth we shall denote the cube roots of unity by 1, o, 0°, where w is 


any one of the complex numbers و‎ 
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The cube roots of unity have'the interesting property that 
У : 24 1 43. 
their sum is zéro. For, 1| —5 75! H az! ) 
=0. Thus we find that if 1, o, о? be the three cube roots of unity, 
then i у 


14-04 62—0, | 
ПД oA Fes Чашма». eR ur sess 
..3/8/2. Fourth Roots of Unity i ; 
Let z=u-+iv bea fourth root of unity, where u, v are real 
numbers. 


Then (и-Ей›)#=1, 
от [uti t=], - 
or [(u2@—v*) + 2uvi?=1, 
or [002 — y —4u*v*] H-4uv (u$ —y*)il. NO 


Equating real and imaginary parts on both sides of (1), we 
have à 

(=y) Aul, (2) 

Р Auy(u* —?) —0. (3) 

From (3) we have uy(w—v?)=0. Three different- cases arise 

according as и=0, v=0, or 4?—v'=0, Let us consider them one 


by one. 

Саве (i. u=0: From (2), we then have y*—1, which gives 
y2=1, since v? is non-negative. This, in turn gives v= 4:1. Therefore, 
uiv ci. У 

Case (ii). v-0. From (2), we then. have u’=1, and consequ- 
ently u= 2-1. Therefore, u+iv= +1. 

Case (iii). 12—=0. From (2), we then have —4uy*—1, 
which is not possible. à 

From cases (i)—(iii) above we have the four fourth roots of 
unity to be +1, +i. 

Remark. Since Ё=—1, P=i?. i=—i, ji (i-(— 1-1, 


therefore, the fourth roots of unity can be written as 7, i*; i? and i*. 
4 Example 12. /f 1, ©, o? be the three cube roots of unity, prove 
that 
(2—9)2—9902—*)0— (1) 49. 
Solution. LH S.=2—0)(2—0?)(2—o!)(2—0), р 
У =(2—0)(2—07}(2—0® .ay2—u* . o). 
—(2—9)02—«8)(2—o)(2—9), since w=), 
={(2—0)(2—«*)}, 
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* 


—(4—2 (o--o?) +o}, 
=(4+2+ 1), since o+ o?— — 1, 93—], 
=49, 
EXERCISE 3( f) 
«Jf 1, e, ware the three cube roots-of unity, prove that 

PO qieu ро 89) 4. [ES 
(1:)(1—99)(t— 95)(1—05)—9. 

(4—30.—302)3—343. 

‚ (x+y) (xt ey) Ger ety) xt ry". ‘ 
(tyt (xto toz) (х9) wz) X? 4-3 2?— 3xyz. 
(ота) а) (14-8) „40 10 factors =l. ao -- 
Prove that 


Eo paren a 


8. Prove that 
1 —3y] e pce 12 
Беэ БЕ 


9. Find the value of (1-++20+3w?)(3+20+0%), 
39. GEOMETRY OF COMPLEX NUMBERS* 


The properties of a set of complex numbers can often be 
studied easily by considering the corresponding Argand diagram. 
In the next few pages we propose to develop this technique for 
studying properties of complex numbers. 


3:91. DISTANCE BETWEEN TWO POINTS 


Let z2 =x Fiy, and Za= x+ iys, be two complex numbers and 
let Z}, Za be the points on the Argand plane representing 2, zs res- 
pectively. 4 x 


Then \ 
Z,Z,= J) (Qr —21)* + (Yaa) "3, 
= | (ха) 00а) y 


-|z-al. 


о л ш э en 


*This section may. be omitted on first reading and may be-studied after 


^ studying chapters IX and X. 
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X Thus, we find that if 
VA 7л, Z, represent the com- 
plex numbers 21, 23 respec- 
tively on the Argand plane, 
then ZiZ;— | 22—2, |. 


“tS 2 ~ The above fundamen- 

ee E 2 tal result has many import- 

2 ant applications, one of 

which is contained in the 
following theorem : 


Theorem 3'1. Let z,, 


: О X 23, za be any three complex 
numbers such that their 


Fig, 33. images A, B, C on the Argand 


. plane are non-collinear, and let P, О be the images of the complex 


numbers 23—21, 28—21 respectively on the Argand plane. The triangles 
ABC and OPQ are congruent. 


с 


Fig. 3:4, 


Proof. OP-|z-2al, part 
= AB, 
OQ= | 2,—2, |, 
=AC, 
PQ= | (z—2)— (z,—2z) |, 
= |. 25-221, 
=BC, 


Since. OP=AB, PQ=BC, QO=CA. th | i 
UN LUE АВС ice ЫТ Q erefore, the triangles 
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Example 13. Prove that the points P, Q, R, S representing the 


complex numbers —1, 31, 34-21, and 2—i respectively on the Argand 
plane are the vertices of a square. ; 


Solution. 

PQ= | 3i+1 | 24/10, 

QR= | (3+2i)—3i | = | 3—i | —4/10, 

RS= | 2—i)—(34-2i) | = | —1—3i | —4/10, 

SP= | —1—(2—i) | = | —3+i| =./10. 
Since PQ=QR=RS=SP, therefore, PQRS is a rhombus. 
Also, PR= | (3+2i)—(—1) | = | 442i | —4/20, 


"therefore, PR*—PQ'--QR*?. E 1) 


Э; 


From (1) we find that / POR isa right angle. 
Hence PQRS is a square. 
EXERCISE 3(g) 


The complex numbers 1 +i, —4--4i and 44-6j are represented 
on the Argand plane by the points A, B and C respectively. 
Prove that the triangle ABC is isosceles. 

Prove that the points representing the complex numbers 3+3i, 
—3—3i, —34/3--34/3i on the Argand planeare the vertices 
of an equilateral triangle. 

Prove that the triangle formed by the points representing the 
complex numbers 10+8i, —24-4i and —114-31i on the 
Argand plane is right-angled. 

Prove that the points representing the complex numbers 3+-7i, 
94-9i, and 11 +3; are the vertices of a right-angled isosceles 


. triangle. 


Prove that the points representing the complex numbers —1, ` 
3+i, 2+-2i, and —2+i on the Argand plane are the vertices 
of a* parallelogram. 


Prove that the points representing the complex numbers 3+7, 
4+6i, —1--5i and —2 on the Argand plane are the vertices 
of a rhombus. 


Show that the points representing the complex numbers 2i, 
1+i, 4--4i and 3+5i on the Argand plane are the vertices of. 
a rectangle. í 


Show that the points representing the complex numbers 5+3i, 
1+-2i, 2—2i and 6—i on the Argand plane are the vertices of 
a square, 


Show that the points representing the complex numbers 3--4i, 
5—2i and —1--16i on the Argand plane are collinear. 
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10. Show that the points representing the complex numbers 1-++3i,. 


5-- i and 3+2i on the Argand plane are collinear. 
3:92. POINT DIVIDING A LINE-SEGMENT IN A GIVEN 
RATIO 


Let zy, xis 
and Za=Xa + lys; j 
be the affixes of the points Z;, Za respectively, in the Argand plane: 
If A be a real number (74—1), then there is a unique point Z on. 
Z,Za such that 
ZiZ:ZZ,—2:l. 


The co-ordinates of Z 
are 
( ху Ах» nie), 
I-A * 124 
The affix of Z is, there- 
fore, 
Anm, 
J+A 
Remarks. 1. The affix 
of the mid-point of 2123 is 
3(2+23). 
2. If z4, Zas za, be the 
- affixes of the vertices of a 
0 x’ triangle in the Argand plane, 
б the centroid of the triangle 
Fig. 35. has affix 3(zi -- zs 28). 
Example 1d. ABCD is a parallelogram on the Argand plane.. 
The affixes of A, B, C ате 8451, —7—Si and —5+5i respectively. 
Find the affiz of D. " 
Solution. Let the affix of D be 2. 


pum affix of the mid-point of AC is 4((84-5))-(—54-5i)), i.e, 
1. 

. The affix of the mid-point of BD is #{(—7—Si+z)}. Since the 
diagonals of a parallelogram bisect each other, therefore, 
${(—71—5i)+2z)}}=2+5i, 


"whence 2210-6151. 
Hence the affix of D is 104151. 
EXERCISE 3(/) 


A The complex numbers 8+10j and 7+6i are represented by the 
; UM E respectively on the Argand plane. Find the. 
mpleX number represented by the point dividing inter- 

nally in the ratio 4 | 3. Vp go sed 
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2. The points A, B on the Argand plane represent the complex 
numbers —7--8i and 4—3i respectively. If C divides the join 
of A and B externally in the ratio 5: 7, what complex num- 
ber does C represent ? 

3. Aand Bare the points representing the, complex numbers; 
1--2iand —9+ 7i. Find the affixes of the points P and 
which divide the line segment AB internally and externally in 
the ratio 2 : 3. 

4, The complex numbers —4+3i, 5--12i are represented on the 
Argand plane by the points A and B respectively. If C and D 
divide AB internally and externally in the ratio 5 : 13, find the 
complex numbers represented by C and D. 

5. The points A, B on the Argand plane represent the complex 
numbers —5—5i and 25--10i respectively. Find the affixes of 
the points of trisection of the line segment AB. 

6. The points A, B, C on the Argand plane represent the complex} · 
numbers 1—2i, 4--7i and —5—20i respectively. In what ratio 
does C divide the join of A and B? : 

© 7. . Show that the points representing the complex numbers 6—1, 
7--3i, 8-Е21 and 7—21 on the Argand plane are the vertices of 
a parallelogram. 

8. The complex numbers 8+Si, —3-ti, —2—3i are represented? 
on the Argand plane by the points A, B, C respectively. Find 
the modulus and argument of the complex number represented; 
by the centroid of the triangle ABC. 

[9. The points A, В, C, represent the complex numbers 21, Za, 28 
respectively and G is the centroid of the triangle ABC. If 
4z,+Z_+Z3=0, show that the origin is the mid-point of AG. 
10. Ifthe vertices of a triangle ABC represent 21, Zo, Zs respec- 
tively, show that the orthocentre represents 
(az, sec A+bz, sec B--cz, sec C)/(a sec A+b sec B+c sec C). 
Determine also the complex numbers represented by the 
in-centre and the circumcentre. 


3:93. GEOMETRICAL REPRESENTATION OF ADDITION 
IN C 


Let 71, Za be the image points in the Argand plane of tbe 
complex numbers z; —2x; iyi and z,—x,--iy, respectively. 

If Z is the fourth vertex of the parallelogram of which OZzi, 
OZ, are adjacent sides, then from elementary geometry we know 
that the co-ordinates of Z are: (x1+x,, yitye). Hence the affix of 
Z is (x, -x9 +i (Jı Fa) ie, 21428. The above construction for 
the image point Z of the sum of the affixes of the points Z,, Z, can 
.also be stated in the following form : 


——— EFE 
*An elementary idea of vectors has been used in sections 3:9'3 and 3'94. 
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If the complex numbers zı, Za have for images the points Zi, 
` Za their sum 
Z=2+2Z, 
has for: image the point Z such that the points О, 7л, Z, 7 are the 
vertices of a parallelogram taken in order. 


Z (2,+2,) 


Z, (z) 


Fig. 36. 


Remarks 1. Since the moduli of z;, 23, z;-z, are given Tes- 
pectively by the lengths OZ,, OZ, (which is equal in length to Z,Z), 
OZ and since the length of OZ cannot exceed the sum of the lengths 
OZ, ZiZ, it follows that 


Iztalslal-tlal: 
Hence the modulus of the sum of two complex numbers never 
exceeds the sum of their moduli. 


We have already established the above inequality by algebraic 
‚ methods in section 3 6*1. 


2. In the language of vectors, the above result can be stated 
thus : x 


If the complex numbers 21, z, are represental by the vectors OZ, 
OZ, respectively, the complex number 


¢ Z—2,--Zs 

is represented by the vector sum 
OZ-—OZ,--OZ, 

of the corresponding vectors. 
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39:4. GEOMETRICAL REPRESENTATION OF SUBTRAC- 
TION INC 


Let Z;, Za, be the image points in the Argand plane of the 
complex numbers z, —2; iy, and z;—x,--iy, respectively. If Z,O be 
produced to a point Z4 such that O is the mid-point of 7,75, then 7» 
is symmetric to Z, with respect to the origin О. The affix of Z, is, 


2, (-2,) 


Fig, 3°7. 


therefore, —z,. (Alternatively, the co-ordinates of Z, are (— Xa, — Ya) 
so that its affix is (—x,)+i(—y,), i.e., —z, If we complete the 
parallelogram OZ; Z Z,, Z will be the image point of the complex 
number zi4-(—2;), i.e., of z, — Zo. 


Remarks 1. In the language of vectors, the above fresult can 
be stated thus : 


If the complex numbers z,, z, are represented by the vectors OZ,,. 
OZ, respectively, the complex number ` 


Z—2—2, ` 
is represented by the vector difference’ 
OZ=0Z,—OZ, 
of the corresponding vectors. 
2. If 21, Z, Z be the image points of 21, Za 21—23 


respectively, then OZZ,Z, isa parallelogram, so that 2.21 and OZ 
are parallel and in the same sense, and have equal lengths. 


Therefore, 
Z,Z,=OZ. 
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We may, therefore, take 
the vector Z,Z, as representing 
the complex number 2;—2s 
where zı, к, are the affixes of 
the terminal and initial points 
respectively, of 221. 


It may be noted that this 
representation is in perfect 
agreement with the geometrical 
representation discussed in 
section 3°3 and is only an 
extension of the same. For, in 
accordance with what has been 


Z said just now, OZ represents 
the complex number 2—0, i.e., 
Fig .3°8° у | 
3:955. GEOMETRICAL REPRESENTATION OF MULTIPLI- 
CATION INC 


Let Z4, Z, be the representative points, іп the Argand plane, 
of the complex numbers z,—2;-- iy, and 2,—x,--iy,. If the modulus 

, and argument of z, be rı, 0, respectively and those of 2, be Fa, O, ° 
/ respectively, the modulus and argument of 2123 ате rjr, and 6, 4-8, 
respectively. To construct the point Z representing the complex 
number z,z, we have to construct the point with polar co-ordinates. 


Z en) 
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(rira, 012-0,). This can be done by taking the point I representing the 
number 1 (and therefore, having cartesian co-ordinates (1, 0) and 
drawing the triangle OZ;Z similar to the triangle OIZ;. The point 
-Z is the required point. For, 


OZ _ 0% 
OZ, ОГ’ 
` so that ^ 
, OZ=0Z,.0Z,=rire, 
and LZ40Z- ZXOZ,=§,, 
50 that LXOZ=ZX0OZ,+ ZXOZ;,, 
—60,-4-0,. 


Hence Z has polar co-ordinates (rr, 6)-1-0,). 

Remark. If z,— +i, n=l, $735. the polar co-ordinates 
of Z are ( гу, 0k; , ie., OZ=OZ, and / 2,07 is a right angle. 
Hence multiplying a complex number z by +i is equivalent to rotating 
dts representative vector through an angle Rx 


396. GO MERRIE REPRESENTATION OF DIVISION 
1 


Let Z1, Za be the representative points, in the Argand plane, of 
ithe complex numbers z, and z,(40) respectively. If the modulus 


Y 


Fig. 3°10. 
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and argument of 2, be rı, 0, respectively and those of 2, be rz, 0, 
respecti yely, the modulus and argument of 121/2, are rı/r, and 0—05 
respectively. 
Д To construct the point Z representing the complex number 
Cm we have to construct the point with polar co- -ordinates (ri/rs,. 
—6,) This can be done by taking the point I representing the 
DN land drawing the triangle OZ,Z directly similar to’ the 
triangle OZ,I. The point Z so obtained is the required point. Fore 


OZ, OZ 
Op OZ" 
so that OZ=r,/r9. 


Also, ZXOZ=Z XOZ,— 7 Z0Z,— / XOZ,— LX0Z,=0,- 0... 
Hence Z has polar co-ordinates (7/7, 0,— 03). 
Remarks. 1. If z; —1, the point Z, coincides with I. The lines. 
OZ, and OZ are symmetric with respect to XO and 


ү 1 
02 ,س‎ 

192 | ROT 
ie, | OZ|.| OZ, | =1. 
M Therefore, if Z be the reflection of Z in theline OX, the points 
Z, Z, are corresponding points under an inversion having centre O’ 
and radius I. 

Hence the representative point of i is the reflection in OX of 


the inverse of Za under the inversion hatg centre O and radius 1. 
(Two points A, B in the plane of a circle whose centre is O and 
whose radius is r are said to be inverse points with respect to the 
circle if O, A, B are collinear and ОА. OB=r’), 


Y 


Fig. 3:11, 
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2. If zy Za Zp: ze be the 
affixes of four points 21, Za, 
Z» Z, respectively, in the 
Argand plane, then 2,7, is 
inclined to Z,Z, at an angle 


arg. 202%, Therefore, 27 
23—24 


and 747. are at right angles 
provided 

21—23 x 
21—24 


arg. 


i.e., provided z; —2,7 :ЕЇК(2,— 2), Fig. 3°12. 
where К is a non-zero red number, 


3. The following result is a straight-forward application of the 
geometrical representation of division of complex numbers : 


An important result. Jf ;, zs, z, be the affixes of the vertices 
of a triangle ABC described in counterclockwise aai. a 
(zy—1)/(z,—21) — (CA/BA) (cos ai sin a), 
where Z ВАС=а. 
Proof. Let P and Q be the points in the Argand plane having: 
affixes z,—z, and z,—z, respectively. The triangles OPQ and AB 
C (z) are congruent, so that 


CA/BA=QO/PO, 
and — ZPOQ-a.' 

By the rule, for division of 
complex numbers, the complex 
number 

(23— 21)/022— 21) 


, has modulus OQ/OP and 
X argument a. 


Fig. 3:13. 
Hence . (23—21)/(2:—21) 7 (OQ/OP) (cos a+i sin a) 
=(CA/BA) (cos a--/ sin a). i 
Remark. The above theorem is very useful in dealing with 
problems relating to triangles, parallelograms, rectangles, rhombuses 
and squares. In fact, it is useful whenever the magnitude of any 
angle is involved. 
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Example 15. Show ihat a necessary and sufficient condition 
that the points Zi, Zs, 2з representing the numbers zi, Zz, 2, respec- 
tively on the Argand plane be the vertices of an equilateral triangle is 
-that 

(Za— zs) + (Za— 21) + (z1 —24)-1—0. 

Solution. The triangle Z;Z,Z, is equilateral if and only if 

,2,— ZZ, and / Z,Z,Z,=n/3, and this holds if and only if 


73771 cos n/3-Li sin 2/3, (0) 


23—21 
"the positive sign being taken in case Z,Z,Z, is described іп the 
counter-clockwise sense [аз in Fig. 3'14(a)], and the negative sign 
being taken in case Z,Z,Z, is described in the clockwise sence [as in 
Fig. 3'14(5)]. 
Putting z,—2,—a, 25—216, 2) — z,—Y so that a--83-Y—0, we 
find that (1) is equivalent to t 


Y 


Fig. 3:14 @ Fig. 3:14 (5) 
1 43 
В-тү (4+ 5) , 
(8--1*-1y* —0, 
6+ Вү+ү? =0, 
By+ya+aß=0, since a+p+y=0, 
1/«4-1/82-1/1—0, 
(23—23) 1+ (z25—2)) + (2,—2,)1—0. 

Example 15. ABCD is a rhombus in the-Argand plane. If the 
affixes of the vertices be 21, Za, zs, z, respectively and angle CBA be 
*m/3, show that Р 

| (i) 22,—z, (1 Fi 3) z(1— 2/3), 
(й) 22 =2, (1 —is/3)+2,(1+i4/3). 


$9094 


M————— 
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Solution. Since the diago- 
nals of a parallelogram bisect 
each other, and since every 
rhombus is a parallelogram, 
therefore the affix of the point 
of intersection of the diagonals 
is 

3--2)—10 +28): (1) 


Again, since 


AB=BC, 
апа ZLCBA=z/3, 
therefore Fig. 3:15. 
(21—2;)/(2а— 2з) =COS 1/3--i sin 1/3, 
at HAS 
Solving (2) for z, in terms of z, and Za we have 
z,—4z(l in/3)+42,(1—i/3)- (3). 
From (1), we have 
Zg +Z =Z Ze. © (4) 


Subtracting both sides of (3) from the corresponding side of 
(4), we have | { 
za (0 18/3) +a i 3). (5) 

From (3) and (5), we have the desired result. 

Example 16. If 21, 22, Za 24 be the affixes of the vertices ef a 
square ABCD in the Argand plane taken in the anti-clockwise order, 
prove that ; 

za=— iz (0-29 243(1 t)z iz. 

Solution. Since AB—BC, 

ZCBA=n/2, Y 
‚ therefore 
21—231 = | او سو‎ 


GEE) з 
апа arg. ies x /2- 


Thus 2—2=i, 


23—23 
d.e., 21—23= (23—24) 0) 
Similarly à 
zy—z i232) А (2) 
From (1) and (2), we have 
ze —iz, + (1 +i)za o 


a--Üz iz. Fig. 3°16. 


92 A TEXT-BOOK OF MATHEMATICS- 


Example 17. If the points Ai, As, =, Ав representing the 
complex numbers zy, Za, »» ze respectively, be the vertices of a regular- 
hexagon, and if zy be the complex number corresponding to the centroid 
A, of the hexagon, then prove that 

zi zai nui 629. 

Solution. Each of the six triangles А, А; As, ---, Ao Ac А; is 

equilateral. Therefore 
2— ==(тү— Zo) cis 1/3, 
Zg—zo— (zy— zo) cis 7/3, 


ў Zg—Zg—(zg—Zo) cis x/3, where cis 0 stands for 

cos 0+i sin 9. 
From the above relations 

we have Y 


Zy—zg—(zi—zo) cis. [3 
2у—@0==(2ү— Zo) cis 27/3 
Z4 —Zo—(23— Zo) cis 31/3 
Zg— Zo (z1 — zo) cis 47/3 
Zg—Ze— (21 —z,) cis 57/3 


Squaring and adding, we 
have 


6 
У (ж--26)%- 
i=1 


5 
-(z,—zy* X cis (2гт/3) 
r=0 


Fio.}3'17. 


5 
=0, since ен (2rn/5)=0, 
re d 
6 $ 


6 i 
or > zi-—22, punc 3 (D 
i- 


i= 
Since 20 is the complex number corresponding to the centroid: 
of the hexagon, therefore j 
Zo=$ (zy zi ze) (2) 
‘From (1) and (2) we have 


6 
X z= 620. 
i21 
EXERCISE 3 (i) 

1. The numbers 44- 7i, 2+4i, 5+2i and 7--5i аге represented on 
the Argand plane by the points A, B, C, D respectively. Show 
that she quadrilateral ABCD is a square and find the length of 
its side. 
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2: 


10. 


11. 


Reduce each of the numbers 
4 3 4 2(—18+i) 5(—3+i) 
3—5,50-0 (CHE. m onn 
to the form x--iy. If they are represented on the Argand plane 
by the points A, B, C, D respectively, show that ABCD is a 
square. 
Reduce each of the numbers 
2119. —2—T"i 3+5i SSH 

goo quen geo OE TET) 
to the form x--iy. If they are represented on the Argand 
plane by the points A, B, C, D respectively, show that ABCD 
is a square. 
The numbers 2+3i, 8+11i, 17i are represented on the’ Argand 
diagram by the points A, B, C respectively. Show that A, B, C 
are three vertices of a square and find the complex number 
represented by the fourth vertex. 
A,B,C, D are the vertices of a square described in the 
counter-clockwise sense. If the affixes of A and B аге — 1+4i, 
and —3 respectively, find the affixes of the other vertices and 
of the centre of the square. А 
In the Argand plane, ABCD is a square described in the 
counter-clockwise sense. A represents the complex number 
1-2; and the centre of the square represents the complex 
number 6—i. Find the numbers represented by B, C, and 
D. 
The vertices of a square taken in counter-clockwise order 
represent the numbers zi, Ze, 28 and z, Prove that 

z=} +i) а-л, 

z,7Y1—i) ate zs. 
OPQ is an equilateral triangle in the Argand plane, named in 
the counter-clockwise order. If P and Q represent the complex 
numbers z, and z; respectively, show that E 

zy —z(3-i 3/2). 
Show that the origin and the points representing the roots of 
the equation 


z +pz+q4=0 


.on the Argand plane form an equilateral triangle if 


р?=34. 
ABC is ап equilateral triangle іп the Argand plane. If A, B 
represent the complex numbers 1, 7 respectively, find the 
affixes of two possible positions of the third vertex. 
Show that a necessary and sufficent condition that z;, 22, 23 be 
the affixes of an equilateral triangle is that 


2 + 2g 2g = 222g 2321-1 2122. 


94 
12. 


13. 
14. 
15. 


16. 


17. 


18. 


19. 


20. 
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Prove that the complex numbers zı, Zs, zg are represented on 
the Argand plane by the vertices of an equilateral triangle if 
and only if 

21 Zg | 23 


Prove that the complex numbers 21, Ze, zg are represented on 
the Argand plane by the vertices of an equilateral triangle if 


and only if { 

(za —23)* + (za —21)* + (z; —2,)* —0. 
If Zi» Za Za be the affixes of the vertices of an equilateral: 
triangle, and z) be the affix of the centroid of the triangle 


prove that 

z? E zo! - 243—329. 
If 21,25, ---, Zn be the affixes of the vertices of a regular 
polygon of n sides and zy be the affix of the centroid of the 
polygon, prove that t 

zy bz, Hz nz. 


The complex numbers Zı, 2з, Za Z4 are represented on the 


Argand plane by the points A, B, C, D respectively. If 
Z1—23—2,—25, Show that ABCD is a parallelogram and that 
the affix of the centre of the parallelogram is 
X iit Zat Za +24. 
ABCD is a rhombus, described in the clockwise sense, in the 
Argand plane. Ifthe affixes of the vertices be 2, Ze, Za, 24. 
respectively and angle CBA be 27/3, show that 

243z,—z( ¥3—i)+2,( 43i), 

243z,—z( V3+ii+29( W3—i). 
Show that the points representing the complex numbers 
a {cos ( e (+s ( s J r-0,1,2, = n—1 
form the vertices of a regular n-sided polygon. 
If 2, Za Zs 74 75 Ze is a regular hexagon in the Argand plane- 


and the affixes of Z;, Z, are the complex numbers zı, z, res- 
pectively, then show that the affixes of the remaining vertices. 


4 (z,+2,) +4 (а—2,) (cos 0+ sin 0), 
where 0 has the values --r/3, +27/3. 
Show that the numbers 
2fm |. DR 
5 ( 1—cos zi sin zz), r=0, 1, 2,3,4 


are the affixes of the vertices of a regular pentagon. What is- 
the affix of its centre ? Е 
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TEST YOUR UNDERSTANDING IH 
In each of the following problems only one of the several alter- 


native answers is correct. Write down the letter corresponding to the- 
correct answers. 


1. 


10. 


Given that p and q are real numbers such that p4-4i—3-- di,. 
the value of p*--g* is 
(a) 12 (b) 7 
(c) 25 (4) .—25. 
(3--41)(4— 31) equals 
(а) 9i (b) 24-71 
(с) 7i : (d) 12—7i 
If 2—3— 4i, then z equals 
(a) —3—4i f (b) 4—3i 
(с) 4+3i (d) 3+4i. 
If z-1=—1-++i, then z equals 
(a) —1—i (b) 2(—1+0) 
(с) $ (—1—i) (d) 4 C D. 
If z,7,—3--i and z,—1--2i, then z, equals 
(a) 1—i (Б) 1+1. 
(с) 543i (d) 4 (+i). 
The modulus of 5—4i is 
(a 1 (b) 9 
() VAL к (d) 20. 
The principal argument of —1—i is 

T —T" 
а) 2 (B) ae 

—3n 5x 
€) ва (2. 
The modulus of a complex number is2, andthe principal 


А т + 
„argument is —-. The complex number is 


3 s 
(a) —1—4/3i (b) —14+/3i 
(с) 14+/3i (d) 1—4/3i. 


If e is a Я ae 
Q9 Lom ола ig plex cube root of unity, the value of. 


(a) 1 (b) =] 
7100-4 1001 4 71002 + 71003 equals 
чо (0) i 


(OE st En (d) 1. 


10. 


Aor OR Ove PREMO" je 


10. 
M. 


12. 
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REVIEW EXERCISE III 
Mark in an Argand diagram the points representing the 
4i 
complex numbers 3--4i, 3—4i and I AA. 4 


Express the complex number est i in the form a--bi. 


If z—x--yi, find the real and imaginary parts of z4- 1. 
If z=4+ 3i, express z+ 5. in its simplest form. 


The complex numbers z,;= T Z= where p and q 


АША‏ ا 
1—2 
are real, are such that z,--z,—1. Find p and q.‏ 
Given that z= V 3+ i, find the modulus and principal argument‏ 
ofz.‏ 
If z=x-+iy and 22=р-|-ді, where x, y, p, gare real, prove that‏ 
CET +P.‏ 

Given that the complex number zand its conjugate 2 satisfy 
z2+2i(z+2Z)=12+8i, find the possible values of 2. 
Find the two square roots of 9i in the form a+bi. 
If 1, o, o? are the three cube roots of unity, find the value of 
(Oo), 

aan 


SUMMARY 
a+bi=c+di < a=b and bed, 
(a+bi)+(c+di)=(at+c)+(b+d)i 
(a+bi)—(c+di)=(a—c)+(b—d)i 
(a+bi) (c+di)=(ac—bd)+(ad+ be)i 
Re (x+-yi)=x, Im (x+yi)=y. 

If z=x+yi, then Z=x—yi. 
2+2 is purely real and z—Z is purely imaginary. 
| abi | уаз, 
If zı, z, be complex numbers, then 
|atalzial-4 zi; t 5 
[а 2 | = 121 12]. 


Every complex number has two square roots. 


The cube roots of unity (1, о, w2) satisfy the relations 


1+o+o°=0, 9*—1. 
"The four fourth roots of unity are 
+1, +i. 
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HISTORICAL NOTE 


The Greek mathematicians seem to have realized that the square root of a 
negative real number does not exist in the set of real numbers. However, it was 
the Jain mathematician Ma*aviracharya, who in his work Ganita Sara Sangraha 
written in 850 A.D. first sated this difficulty clearly. He writes ‘аз in the 
nature of things a negative (quantity) is not a square (quantity), it has, there- 
fore, no square root”. Bhaskaracharya, another famous Hindu mathematicians 
‘writes in his well-known work Bijaganita (aronnd 1150 A.D.). “There is no 
square-root of a negative quantity, for it is not a square". Н 


Leonhard Euler (1707-87), the famous Swiss mathematician was the first'to 
use the symboli for 4—1. He called the symbol i, imaginary. The French 
mathematician Rene Descartes (1596-1650) used the words real and imaginary in 
his famous work “La Geometrie" written in 1637. Another equally great 
French mathematician Augustin. Louis Cauchy (1789-1857) is credited with 
coining the word modulus in 1821. The credit for giving the name complex 
number to a number of the form a+b ¥ Zp goes to Karl Friedrich Gauss 
(1777-1855), the prince of mathematicians. The theory of complex numbers 
was put on a firm foundation by the Irish mathematician Sir Willian К, 
Hamilton (1805 1865). The Danish surveyor Casper Wessel, the French 
accountant James К. Argand and the German mathematician Karl Friedrich 
Gauss were responsible for the geometrical representation of complex numbers. 


a 


NIELS HENRIK{ABEL (1802-1829) 


Niels Henrik Abel was born on the 5th August, 1802 in the family ofa 
poor Norwegian country minister. When he was 18, his father expired and thus 
he inherited a destitute family of six children from his widowed mother. Devoid 
of any resources he managed to enter the university with financial aid from his 
friends and teachers. In the university he earned the reputation of being a 
genius. He published his first paper at the age of 20. At the age of 22, he proved 
that it was impossible to solve the general equation of the fifth degree by 
radicais. He died of tuberculosis on 8th April, 1829 at the early age of 27. 


Abel was a genius of the highest order, It was unfortunate that his work 
was not recognised during his life-time. 
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CHAPTER 4 


Quadratic Equations 


41. IDENTITIES AND EQUATIONS 
Consider the following statements : 
(1) x®8—4=(x-+2) (x—2). 
(2) x8+y8 (x+y) (PHxyty’). 
1 1 


Unc А, етер $ 
(4) 2x+4=x—3. 

1 2 3 
©) xxr x2 xt 


(1) holds true for all values of x. 

.(2) holds true for all values of x and у. 

(3) holds true for ail permissible values of x, i.e., for all those 
values of x for which the two sides have a meaning. (Both sides of 
(3) have a meaning for ali values of x except x—1 and х= —1.) 

(4) does not hold true for all permissible values of х. Here | 
both sides have a meaning for all values of x but the statement 
holds true only when x=—7. 

(5) -does not hold truc for all. permissible values of x. Here 
both sides have a meaning except when x= —1, —2, or —3, but the 
statement holds true only when x= — 3/2. 

A statement. that holds true for all permissible values of the 
variables is called an identity. Since (1), (2 anû (3) hold true for 
all permissible values of the variables, they are identities. 

A statement that docs not hold true for all the permissible values 
of the variables is called a conditional equation, or simply an 
equation, Since (4) and (5) do not hold true forall the permissible 
values of x, they are not identities ; they are equations. 

: In the present chapter we shall devote ourselves to the study of 
quadratic equations. 


42. SOLUTION OF A QUADRATIC EQUATION 
An equation of the form 
ах?--Ьх+с= ia 


(99) 
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where a0, and a,b,c € R is called a quadratic equation with 
real coefficients. If a, b, c € С, then (1) is said to be a quadratic 
equation with complex coefficients. 

A complex number a is said to be a root of (1) if and only if 

qa? - ba-- c— 0. 

The process of finding the roots of an equation is often called 
‘solving the equation’. There are several methods available for 
solving a quadratic equation. Weshall describe some of them one 
by one. The methods are applicable to equations with complex 
coefficients but we shall concern ourselves with quadratic equations 
with real coefficients only, unless stated otherwise. 

4'21. Solution of a Quadratic Equation by Factorization 


If it is possible to express the left hand side of (1) as a product 
of linear factors, then (1) can be solved easily. For example, con- 
sider the equation 

2x? —5x+3=0. 
2x*—5x+3=0, . 
2x! —3x—2x4-3-—0, 
x(2x—3)—(2x—3)=0, 
(x—1) 2x—3)—0, 
x—1=0 or 2x —3-0, 
x=T or 3/2. 

Therefore, the roots of the given equation are 1 and 3/2. 

Factorization method is useful when the roots are rational, 
specially when the left hand side can be factorized easily. 

422. Solution of a Quadratic Equation by Completing the 
Square 
Consider the equation 
ax*4 bx +c=0, where a740, a, b, c € В, EXE LY 


$990 > 


b 
е + Eb és =0, (Dividing throughout by a) 


2 Б 
LHI. 52 р 


2а а 
; з pe 
= (х+ x) e, 
2: xt Pet iO dan 
= x=— LN 
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_ b+ v(bi-a4ae) . 
25 2а 
Remarks. 1. The above method is called ‘the method of com- 


pleting the square’ because we have added 5?/4a? to both sides in 
order to express the left hand side as a perfect Square. 


2. Since each step in the above working is reversible, therefore, 
it follows that the equation (1) has two roots. 


42/3. Solution of a Quadratic Equation by the Formula Method 


The above working gives the following. formula for writing 
down the roots of equation ax?+bx+c=0 : 


< 


х= СРЕМ fac (A) 
2a 


Instead of factorizing or completing the square, we can directly 
use formula (A) for solving a quadratic equation. When we do so, 
we say that we have solved the equation by the formu a method. 


Remark. Formula (A) is valid even when a, b, с are complex 
numbers. We are, therefore, in a position to solve the equation. 


aa? --bx--c— 0, where az£0, a, b, c € С. 
Example 1. Solve the equation by the factorization method : 
(b— c)x*-- (e—a) x+(a—b)=0, 


Solution. By inspection we find that the. left hand side 
vanishes when x=1, я : 


x=1 must be a factor of the left hand side. 
The given equation may be written as 
(b— c)x*— (b— c)x — (a— b)x-- (a— b)=0, 


or (b —c) x (x—1)— (a=b) (x—1)=0, 
or (x—1) (b —e)x— (a —b)) —0. 
Either x —1—0, i e., x—1, 
or (b—e)x—(a—b)=0, 
4 "t -a—b 
i.e., E ; 
a—b 
Hence the roots are 1 and Honc 
Example 2. Solve the equation : 
2x*—3x —9—0; 1 › 

by completing the square. : 

Solution. 2x?—3x—9=0, 

x =0, (Dividing throughout by 2);‏ .2—3 جه 
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where a0, and a,b,c € R is called a quadratic equation with 
real coefficients. If a, 5, c Є С, then (1) is said to be a quadratic 
equation with complex coefficients. 

A complex number a is said to be a root of (1) if and only if 

qo? - ba - c— 0. 

The process of finding the roots of an equation is often called 
‘solving the equation’. There are several methods available for 
solving a quadratic equation. We shall describe some of them one 
by one. The methods are applicable to equations with complex 
coefficients but we shall concern ourselves with quadratic equations 
with real coefficients only, unless stated otherwise. 

42:1. Solution of a Quadratic Equation by Factorization 


If it is possible to express the left hand side of (1) as a product 
of linear factors, then (1) can be solved easily. For example, con- 
sider the equation 


2x?—5x+3=0. 
2x*—5x4-3-—0,. 
2x*—3x—2x-F3-—0, 
x(2x—3) — (2x— 3)--0, 
(x—1) Qx—3)—0, 
x—1=0 or 2x—3=0, 
x=! or 3/2. 
Therefore, the roots of the given equation are | and 3/2, 
Factorization method is useful when the roots are tational, 
specially when the left hand side can be factorized easily, 
422. Solution of a Quadratic Equation by Completing the 


$4 $04 


Square 
Consider the equation 
ax*4 bx +c=0, where a740, a, b,c € В, « (1) 
^ Е 
= 9+ wt = =0, (Dividing throughout by a) 
as нд б с, 
2а а 
Ь D NUR СОДА р ЫЫ 
242, — —)=(— A: 
Tod “2a an ip )-(z.) E 
b Y — b:—4ac 
> (x + z) = Ja > 
b |, V(b'—4ac) 
= xt 5 + 25 2 


noob QN —4ac) 
5t z 2a decal os Ts 


E E ee ee 
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A _ b+ V(b? —4ae) . 
SE 2a 

Remarks. 1. The above méthod is called ‘the method of com- 
pleting the square’ because we have added 5?/4a? to both sides in 
order to express the left hand side as a perfect square. 


2. Since each step in the above working is reversible, therefore, 
it follows that the equation (1) has two roots. 


423. Solution of a Quadratic Equation by the Formula Method 


The above working gives the following, formula for writing 
down the roots of equation ax?--bx--c-0 : : 


stivi ie E 


x: 


Instead of factorizing or completing the square, we can directly 
use formula (A) for solving a quadratic equation. When we do so, 
we say that we have solved the equation by the formu a method. 

Remark. Formula (A) is valid even when а, b, c are complex 
numbers. We are, therefore, in a position to solve the equation. 

aa? +bx-+-c=0, where a40, a, b, c € C. 
Example 1. Solve the equation by the factorization method : 
(b— c)x*-F (e—a) x+-(a—b)=0. 
Solution. By inspection we find that the. left hand side 
vanishes when x—1. ; 
x=1 must be a factor of the left hand side, 
The given equation may be written as 
(b— c)x*— (b— c)x — (a— b)x-- (a— b) —0, 


or (=e) x (x—1)—(a— b) (x—1)--0, 
or (x—1) ((b—c)x—(a —5)) =0. 
Either x -1—0, i e., x— i, 
or (b—c)x—(a—b)=0, 
Р Ibo 
i.e., xc puo 1 
a—b 
Hence the roots are 1 and br 
Example 2. Solve the equation : 
2x*—3x 9—0; : ; 

by completing the square. : 

Solution. 2x?—3x—9-—0, 

= wad x =0, (Dividing throughout by 2), 
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3 S: RIN 
= 2—2. + -H 
Е 
4] 16 

3 9 
> x= * =} ТД. 

3. 9 3 
< х= eub or nu 
Example 3. Solve the equation 

x24+3x+4=0 
by the formula method. 


we 


Solution. Comparing the given equation with ax®+bx+c=0 
find that a=1, b=3, c—4. 
(o —b+ V(b?—4ac) 
117 2a 


ә aN —444 
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EXERCISE 4 (a) 


Which of the following are identities ? 
(D (¥—1)2+2(%—1) +1 = 2? ; 

Gi) (х+1)#—х#=х4+х+1; 

(ii) x*—1=(x—1) (+1) (2-1). 


2. Solve by the factorization method : 


(i) х2—3х+2=0; (i) x*—4x4-3-0; 
(ii) х24-2х—15=0; (iv) 6х2—5х--1=0. 
3. Solve the following equations by the method of completing 
the square : 
(i) x*—6x-F8—0; (i) %—8х-+-15=0; 
(ii) 16x3—24x--5—0 ; (y) х2—9х+4=0. 


4. Solve the following equations by using the formula : 


(i) x1—6x4-5—0 ; (ii) 2z22—3x--1—0 
(iii) 3x®—5x+1=0 ; = (iv) 422—7х-+13=0. 
Solve the following : 


5. x!—9x-L-8—0. 


6. x1—5x—14-0. 
7. 3x*-+-x—24=0. 
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8. 


12. 


x*— (a-4-b)x ab —0. : 
(a—b)x2+(b—c)x + (c—a) —0: - 
a(b—c)x?+-b(c—a)x+c(a—b)=0. 
(4—2,/3)х#+2(/3—1)х— 15-0. 
(7—4 43)xt —(2—4/3)x—2- 0. 


43. EQUATIONS REDUCIBLE TO QUADRATIC EQUATIONS 


There are certain types of equations which, though not quad- 


ratic, can be reduced to quadratic form by making suitable substi- 
tutions, performing. algebraic operations such as squaring, or using 
certain artifices. In the present section we sball deal with equations 
which can be solved in this manner. 


or 


Example 4. Solve : x°—9x°+8=0. 
Solution. Putting х3 —y, we have 
yi—9y-F8—0, 
(y—1)(y—8)=0. 
y=! or 8. 


When y=1, x*—1, so that x*—1=0, 


or 


(х= D Q8-H-x4-1)—0, 
SETEN 
ee 


x=1, oF 


When y=8, x*=8, so that x—8=0, 


or 


or 


(x—2)(x2+2x+4)=0, 
X= 2, OF 2418, ie. —1\/ poe 


Hence the roots are 1, 2, akc VIB 


Example 5. Solve : 3*%— 10.3*--9—0. 
Solution. Putting 3°=y, we have 


y?—10y+9=0, 
(у= 0(у—9)=0.: 
у=1 ог 9. 


When у= 1, 3#=1 =3°, so that x—0. 
When y=9, 37=9=3, so that x—2. 


Hence the Toots are 0 and 2. 
Example 6. Solve ; 
2x1 | 2x-L 252. 
А221 №21 23:5 
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Solution. Puttin 2x41 , we have 2 
olution. g у om y 
y- tat 
y , 
or 3y1!—8y—3-0, 
or o GBy+1)(y—3)=90. 
y=—} or 3. 
NE ite 2х1 9 Ж d 
When у= 3 s, aco] d 3 , ( ) 
2х+1 1 * 
or teal Өг? li) 
or 18x -9—2x—1, -- Hil) 
or 16x---10, -(iv) 
or ‘ х=. (у) 


ог 16x=10, so that x 

By actual substitution we find that Mm x= T satisfies the 
given equation, = does not satisfy it. Therefore, - is 
notaroot. Hence ihi only root is Y 


Scan 2 
Note. cg isa number which we have obtained asa value 


‘of x by solving the given equation but which does not satisfy 
it. are has entered the solution in ‘the irreversible process of 


squaring (i) ; for proceeding backwards [from (у) we find by actual 
verification that whereas х= —-5— satisfies (v, (iv), (iif) and (ii), it 


‚ does not satisfy (i). The ; Ae ce 
Lan 101, . process transforming (i) to (ii) is an 
-irreversible one. We thus find that Ed 2 perform any 


ble operation such as squarin: i 
ersib 8, we should verify by actual 
Substitution as to whether the values obtained as a result OF such an 


* v 2 
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operation actually satisfy such an equation or not. The value which 


does not satisfy the equation should be rejected. / 
Example 7. Solve (x— D(x—3)(x—5)(x--7)—9. 
Solution. The given equation may be written as 
(x—1)(x—7)/x—3)(x—5)-—9, 
or (x? —8x+7)(x?—8x+15)=9. E 
Putting x*—8x=a, (i) becomes 
(a+7)(a+15)=9, . 


or a?+22a+-105=9, 
or a@?+22a+96=0, 
or (a+16)(a+6)=0. 
5% а=—16 or —6. 
When a=—16, x*—8x=— 16, 
or х2—8х+16=0, 
ie, (x—4)*—0, or x=4, 4. 
When а= —6, x?—8x— —6, 
or x!—8x4- 6-0, ў 
i.e, x= ЗЕМЕ 4 


Hence the roots are 4, 4, 44/10: 
Example 8. Solve x*--x?— 4x? - x4 1— 0. 


Solution. In this equation the coefficients of the terms 
equidistant from the beginning and the end are equal. We shall 
solve it by dividing throughout by x?. 


Dividing throughout by x*, we have 
A pd fy edo 
4 x—4+- x + x =0, 


1 1 
DER ally kee pee 
or X Adde 0, 


o ( ++) +(#++)-6-0 
5 ua x ) "m. 
Putting E we have 


yy—6-0,: 
or (›—2)(у-+Е3)=0. 
i y=2 or —3. 


When y=2,x+ LL ie., x —2x4-1—0, 


ies Oxo, {7 
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When y——3, х+--=—3, Le, 33410; 
3 пы, 


Hence the roots are 1, 1 and 
Example 9. Solve : 

x2 +2x+2 4 (33-- 2x 3) — 12. 
Solution. Putting V(x?+-2x+3) =y, we have 


y?—3+2y=12, 
or y?+2y—15=0, 
ог (y+5)(y—3)=0. 
ve y=—5 ог 3. Ў 
When у= —5,. V(x?+2x+3)=°-5 or x?+2x+3=25, 
ie, x?-4+2x—22=0. 


Therefore, xc 2k EE =-1t33, 


When y=3, V(x?-+2x-43)=3 ог 02-239; 
Le., xi--2x -6-— 0. 


Therefore ел =—1+ #7. 


Let us check up by substitution whether х=—1# МЭЗ апа 
x=—14 ¥7 satisfy the given equation. First, let us consider 
х= —1z vV 23. Since х= lk 23 > (x+1)2=23 = x?+2x=22, 
therefore, by substituting _х%+4-2х=22 in the given equation, we find 
that L.H.S.—22--2 4/ 224-3—22--10—32, which is not equal to 
the right hand side. Therefore х= —12-4/23 do not satisfy the 
given equation. : 

Next let us consider x=-—-1+4¥7. Since х= 1 77 > 
(x+1)2=7 = x*4-2x—6, therefore, by substituting х?+2х=6 in 
the given equation, we find that L.H.S.=6+2/ 6+3 —6-4-2.3—12. 


^ Therefore, х= —1-z4 7 satisfy the given equation. 


Hence the roots are — 1+ V7. 
Example 10. Solve V/.x+54+/x+12=\/ 2x 41. 
Solution, Squaring both sides of the given equation, we have 
(x+4+5)-+(x+12)4+2 4 (4-5) (x12) —2x--41, 
OL AL Sees 2.4 (x24-17x+60)=24, 
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or 
or 
or 


or 


or 


or 


By actual substitution we find that x—5 do: 


Squaring again, we have 
x?--17x 4-60— 144, 


x?-+17x—84=0, 
(x—4)(x4-21)—0, 
x=4 or —21. 
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By actual substitution we find that whereas x—4 satisfies 
the given equation, x= —2 does not satisfy it. 


Hence the only root is 4. 
Example 11. Solve J X34— A X-1=5. 
Solution, The given equation may be written as 
J IFI=5 FIXET.. ^ 
Squaring both sides of (i), we have 
x--4—254-(x—1)4-10V/ X -1 , 
—20-104/x—1, 
—2=,/х—1. 
Squaring again, we have 
4==х—1, 
x=5. 


equation. 


or 


or 


or 


Hence the given equation has no root. 


Example 12. Solve /О?— 16)—(x—4)=/ Qà— 5x +4). 


Solution. The given equation may be written as 
A/ (4x —4)} — V (G— 1 — AA 6: D}=0, 
M(x—4) (u/(x4-4)— V (x4) —V (x= DO 
Either /x—4=0, к. 
Mx 4— V x-4— у X= 1=0. 
When V/x—4 =0, x—4. - 
When VX LAA x—4—¥/ x—1=0, 
we have D XR Am RN 
Squaring both sides, we have: 22; 
(x--4)4- (x4) -24/ G8 —16)—— ls. 
х+1=2/0®-—16). 5 


H 


s not satisfy the given 


А 
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Squaring again we have 
x34-2x 4-12 4(x*? — 16), 


or ^ 5/333 4x— 65-20, 
or (х— §)(3x-+-13)=0. 
x=5 or >. 


By actual substitution we find that whereas х==4, 5 satisfy the 


given equation, х=—13. does not satisfy it. 


Hence the roots aré 4 and 5. 


Note. Inthe above example we found that y(x—4) was a 


common factor throughout. We should always first of all examine 
if there is any such common factor. 


Example 13. Solve /(5x2—6x--8) —4/(332—6x—7)— 1. 
(Roorkee Entrance 1984) 


Solution. Let 4(5x'—6x--8)—a, V(5x°—6x—7)=b ...(1) . 


The given equation then becomes 


-a—b=1 -. (ii) 
Also, a — b*—(53*—6x-4-8)— (5x3—6x— 7), у 
2 =15. (ili) 
_ Dividing both sides of (iii) by (ii), we have 
a+b=15,. : *.. Qv) 
Adding (ii) and (iv), we have 
`` 2a=16, 


or a=8. 
з М/(5х®—6х--8)=8 
Squaring both sides, we have 


5x3 —6x--8— 64, 
or 5х2—6х—56=0. 
x— SEV 3641120 _ 6:34  ,. 14 
wmm 10 c Жз 
: By actual substitution we find that 4, AS both satisfy the 


Ss 5 
given equation. 


Hence the roots are 4 and -4 x 
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Example 14. Solve 4/3332—7x—30— y 220 — 7x —577x—5. 
Solution. Let 4/333 —7x —30 — 6 \/2х%*—7х—5= b Qr 
The given equation then becomes 


a—b-x-—5. 00) 
Also, а2—02=(32—7х— 30) — (2x? — 7x —5), 
==х%—25. (шї) 
Dividing both sides of (iii) by (ii), we have 
3 E 
abu 2 4 - (iy) 


Now two different cases arise : 
Case I: x—5=0, so that x=5. 


By actual substitution we find that x=5 is indeed a root of. 
the given equation. 
Case II : x— 5520. From (iv), we have 


a#b=x+5. y) 
Adding corresponding sides of (ii) and (v), we have 
2a=2x, 
or a=x, 
or v 333 —1x —30—x. 


Squaring both sides, we have 
3x1—'71x—30-—x*, 


or 2х2—7х—30=0, 
ог (x—6)(2x+5)=0. 
x=6 or SA 
ЭС. 


‚ By actual substitution we find that x—6 and -— both satisfy 
the given equation. at 


Hence the roots are 5, 6, — i 


EXERCISE 4 (b) 
Solve : 
|. x1— 7x*4-12—0. 
2. 4+4 41-2 10. 


а mI x Ae. 
Ad x 
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3x? 71+x2 \ 
NENG 
5. (x l)ix+2)(x+3)(x+4)+1=0. 
6. х(х+1)? (х+2)=72. 
7. 16х(х++1)(х++2)0(х+3)=9. 
8. (х-+-2)(3х++4)(3х+Е7)(х-Е3)=2600. 
9. x#+8x9-+17x*—8x+ 1=0. 
10. x*J-6x?—5x?-4-6x--1-— 0. 
M. 2x43 0733x420. 
12. 2э4—3х+Е2\/(2х%—5х-+}+13)=2Х—5. 
13. © 3х#4-15х—2=2,/(ха--5х+ 1), 
14. 3x°—7434/(3x2—16x-+21)= 16x: 
15. y x34—A/ x—4—4. 
16. uis ELEIFEN XH. 
ros (à 4x3) М G9 9x4 18) Sey 3 
18. J 02—3x- 36) — V GP — 9x9) 73. 
19. / (338—249) / o9 2x4) 13: 
20. кузат) / Ох TED 3, 
44. RELATION BETWEEN THE ROOTS AND 
COEFFICIENTS GF AN EQUATION 
Let а and 8 be the roots of the quadratic equation 
ax?+-bx-+c=0. SNT) 
Since a and p are the roots of (i), therefore, (xa) aid (x— 8) 
must both be factors of ax?-+ bx + c. Again, since ax*-- bx-c is of 
the second degree in x, the only other factor must be a constant. 
qx + bx-- ccs a(x- a)x—B". 
Dividing throughout bya (240) we have, 
pee £L (eia B) (a аф .. (ii) 
Comparing the coefficients of x and the constant terms on 
both sides of the identity (ii), we have ; 
c 
> == —(a-t Q^ Au = ep. 


Hence «+ = -Ł, T (А) 
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coefficient of x 
Sum of the roots— — SEED ӨРҮ 


le4 (В) 


constant term 
Product of the ТОО ficient of od 


which are the required relations. 


Aliter. Let a, B be the roots of the quadratic equation 


ax*4-bx4- c0. 
an PN (b'—Aac) | ge 9 ¥ (*—4ac) чай 
2а 2а 
Adding the relations (7), we have 
a-d-p— E (їй) 


Multiplying the corresponding sides of the relations (i), we 
have 


age P V9—4ac) у 6—3 (6а дас) | 
2a 2a 


C5 (b —4ae) _ 
14a* yy 


TUR 

a" 

H b c 
ence EE and ibm қ 


Example 15. Jf one root of the quadratic equation ax*-- bx c 
=0 is equal to the nth power of the other, then show that 
1 1 


n+l ntl 2 
(асп) Harc) +b=c, (LLT. J.E.E., 1983) 
Solution. Let the roots of the equation 
ax*+bx+c=0° 
bea, B. Then " 
b і 
a+p=— oz i (1) 
с 
а=, i 0) 


Since one roots is the nth power of the other, we have 


а=". * a (3) 
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We have to eliminate a and 8 from relations (1)— 


(2) and (3), we have 


and 


or 


€ 
gn ےس1‎ 3 


MEET 
п 
=)" i 


a= p=) s 


Substituting the values of a and Bin (1), we have 


c \at+t c Mil b 
К) ES ee 
nl ntl 
(ac^) +(a"c) +5=0. 
EXERCISE 4 (c) 
Find the condition that the roots of the equation 
Ix*-+-2mx-+-n=0 
may be equal in magnitude but opposite in Sign. 
Find the condition that one root of the equation 
i ax*+bx4+c=0 
may be double the other. 
Find the condition that one root of the equation 
ax*-Ebx4- c-0 
may be four times the other, 


What is the value of m in the equation 4 
2x?— 10x4-m— 0, 


К when one root is 2/3 of the other ? 


Find the condition that the roots of the equation 
1? +2тх+п=0 
may be reciprocals of each other. 


(3). From 


-(4) 


Find the cordition that one root of the equation 


px?-+qx-+r=0 
may be square of the other. 


If k be the ratio: of the roots of the equation x*—px-- q— 0, 


show that 
KH pt= 2g 


k q 
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8. If the roots of the equation x*—px--q—0 differ from each 
2 other by unity, prove-that . 
w pt-4g4-1 
9. If the roots of the equation ax*--bx-I-c—0 be such. that their 
sum is equal to the sum of their squares, show that 
2ac—ab-4-b*. 
10. If the roots of the equation ах? + cx--c—0 be in the ratio р: q, 
show that 


a B i X 2 il © шо, 
4 p a 
-45. NATURE OF THE ROOTS OF THE ‘QUADRATIC 

EQUATION ax?+bx+c=0, WHERE a, b,c ARE REAL 

NUMBERS 

The roots of the equation ax*+bx+c=0 are 

а zb (b?—4ac) У dag) (A) 
E 2a Ad 

The following different cases arise : 

(i) b*—4ac-0. When b?—4ac>0,«, B are both real and 
-different from each other. Hence the roots аге real and unequal. 

Conversely, if a, В аге real and unequal, 4/(b*—4ac) must be 
teal and different from zero, i e., b* —4ac7 0. 

As a special case, if a, b, c be rational numbers. such that 
.b'—4acis the square of a rational number, then « and B are 
rational Hence the roots are rational. 

(ii) b*—4ac-—0. When b?—4ac=0, a and В are real and equal 
Чо each other. Hence the roots are real and equal. 

Conversely, if a, 8 are equal, we must have b*—4ac—0. 

(iii) b*—4ac<0. When b?—4ac<0, a and 6 are both imagi- 
mary. Hence the roots are imaginary. К 

Conversely, if a, В arê. imaginary, A/(b*—4ac) must be an 


` imaginary number, i.e., 5?—4ac« 0. 


Thus we have the following results : 
The roots of the equation ax*-Fbx--c—0 (a, b, c being real 
numbers! are 
(i) real and unequal if and only if. b?—4ac»0 ; real, rational 
and unequal whenever a, b, c are rational and b?—4ac is a perfect 
-Square ; M 
(ii) real and equal if and only if à—4ac—0 ; 
(i) imaginary if and only if 5*—4ac-0. 
Cor. 1. From (А) we find that when а, Б, c are rational 
numbers, then if a is irrational, § is also irrational, and if В is irra- 
*tional, a is also irrational ; i.e., a and B are either both rational or 
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both irrational, and are conjugate numbers in the latter саве. Hence 
we have the following result : 

In a quadratic equation with rational coefficients either no root 
is irrational or both roots are irrational. 

Cor.2. From (A) we find that when a, b, care any real. 
numbers whatever, then if any one of a or В is complex, so also is 
the other ie., х and @ are either both real or both complex, and are. 
conjugate numbers in the latter case. Hence we have the following. 
result : 

In a quadratic equation with real coefficients, either no root is 
imaginary or both roots are imaginary. 

Note. From the above discussion we find that the nature of 
roots of the quadratic equation ax*-Fbx--c--0 depends on the 
expression b*—4ac, which 15 generally called the discriminant of 
the equation. 

- Example 16. Examine the nature of the roots of the follow~ 
ing equations : 

(i) x—5x—3-0, 

(ii) 2x*—7x+3=0, 

(iii) x*—6x+9=0, 

(iv) х2—х+1=0. \ 

Solution, (i) The discriminant— (—5)*—4(1)(—3)— 37. Since: 
the discriminant is positive, but is not the square of a rational 
number, the roots are real, unequal and irrational. 

Gi) The discriminant—7?—4.2,3—25—5*. Since the discrimi- 
nant is non-zero and the square of a rational number, the roots are. 
rational and unequal. - 

(iii) The discriminant—6?—4.1.9.—0. Since the discrimi 
is zero, the roots are real and equal. Ее gieeriminant 

(iv) The discriminant=(—1)?—4.1.1.=— i "ein 
minant is negative, the roots are Eri =o re Mic аыр: 

Example 17. For what value of m will the equation 

(m-+-1)x*+-2(m-+3)x-+m+8=0 have equal roots ? 

Solution. Discriminant =4(m+-3)?—4(m+J)(m+8), 

=4(—3m-+ 1). 


` If the given equati iscrimi 
a given equation has equal roots, the discriminant must be: 


12-90 3a 1=0% oF n-. 
Hence inse. 


3 
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Example 18. Give reasons for the following : 

() The discriminant of the equation z*—iz—1=0 is positive, 
but still is has imaginary roots. 

(ii) The discriminant of the equation х2—24/ 3x —1—0 is а 
perfect square, but still it has irrational roots. 

Solution. (i) Here the coefficient of zis imaginary. This. 
explains as to why the roots ate imaginary even though the discri-- 
minant is positive. 

(ii) Here the coefficient of x is irrational. This explains as to- 
why the roots are irrational even though the discriminant is a 
perfect square. 

Note. The examples show that the nature of -the roots 
depends not only on the sign of b*—4ac, but also on the nature.of 
the coefficients a, b, c. 

Example 19. Show that the roots of the equation 

(x—a) (x—b)=h? 
are always real, a, b, h being real numbers. 
Solution. The given equation is 
(x—a) (x—b)—h?=0, 
or x*—(a+b)x+ab—h?=0. 
The discriminant— (a--5)?* —4(ab —/*), 
—(a—by--4h*, 
which is never negative. 

Hence the roots of the given equation are always real. 

Example20. Jf the roots of the equation (a*+b*)+x* 
2(ac+-bdix+c*+d?=0 be real, show that they are also equal, a, b; 
с, d, being real numbers. 

‚Нон The discriminant —4(ac 4-bd)*—4(a*-F b?) (+ d?),. 

—4(2abcd —a*d* — b*c*). 
= — (ad —bc)*. 

If the roots of the given d are real, the discriminant 
must be greater than or equal to zero. 

: We must have —4(ad—bc)?>0 


or (ad—bc)?<0 E 
Since (ad— bc)? is the square of a real number, 
S (ad—bc) 20 (й) 
From (i) and (ii), we have 
(ad—bc)?=0, 


ie., the discriminant is zero. 
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Hence the roots of the given equation are equal. 
_ Example 21. Show that if the roots of the equation ax?+2bx 
-Ес=0 are real and unequal, then those of 
1 (a?—ac-- 25?) x*+2b(a+ c)x--c?— ac--252—0 
are either imaginary, or real and equal, a, b; c being real numbers. 
Solution, The discriminant D of the equation 
(&*—ac--2b*)x* J-2b(a--c)x4-c?*—ac--252— (i) 
is given by D=46? (a+c)?—4(a?—ac-+26?)(c?—ac+2b?). 
—4lb*(a-- c)*-- ac(a— c —2b*(a— c)? —4), 
—A(4Pac--ac(a— c)! —b*(a—c)* — 4b5), 
==4(ac—b*){(a—c)?-+-4b3}, (й) 
А If the roots of the equation ax*--25x--c--0 are real, we must 
ave 


4b*—4ac 20, 
ie., b?—ac>0. 
When b?—ac>0, from (ii) we find that D<0, so that the 
Toots of the equation (i) are either imaginary, or real and equal. 
EXERCISE 4 (4) 
1. Examine the nature of the roots of the following equations : 


(i) х2—7х+3=0 (ii) 2x®—5x+7=0 
Uii) x*—12x4-36—0 (iv) 3*—x--12—0. 

2. Find the values of m for which the following equations have 
equal roots : 


(а). (m-F1)x*--2(m--3)x4-2m--3—0 
(b) x*—15—m(2x—8)—0. 
3. For what values of m will the equation 
x*—2(14-39)x--T(32-2m)— 0 have equal roots ? 
4. Prove that the roots of the equation 
(a—b--c) х24-4(а—Ь) x+(a—b—c)=0 
are real, a, b, c, being real numbers. * 
5. Ifa, b, c be real numbers, prove that the roots of the equation 
Gc a) (x—5)--(x— b)(x— c) -(x— e)(x —a)— 0 
are always real and they cannot be equal unless a=b=c. 
a, b, c being real numbers. 
| [Hint: Discriminant=2{(a—bj?-+-(b=c)?+(c—a,3}.] 
6. If the roots of the equation x?+a?=8x+6a be real; show that 
a must lie between —2 and 8. 


7. Prove that the roots of (a+c—b)x*+2cex+(c+b—a)=0 are 
rational, a, b, c being rational. К 
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8.7 If a+b+e=0, show that the roots of the equation ax*-- bx 
-r€ —0 will be rational, a, b, c being rational. Hence show that 
the roots of (p-+q)x*—2px-+(p—q)=0 are rational, p; q being. 
rational. К 

9. If the roots of the equation x*—2cx-+ab=0 be real and un- 
equal, them prove that the. roots of х2— 2(a -- b)x-4- a + b? 
+2c?=0 will be imaginary, а, b, с being all real. 

10. Ifa, b are rational, prove that the equation 
2ax* -(2a- b)x -b—0 f 
has rational roots. ` 
11. Show that fab, then the roots of the equation 
2(a* --b*)x?--2(a - b)x 4- 1—0. 
are imaginary. 
46. FORMATION OF OUADRATIC EQUATIONS WITH 
GIVEN ROOTS 
We have already studied as to how to solve a given quadratic: 
equation. We shall now consider the converse problem, i.e., to find 
the quadratic equation whose roots are given. 


Suppose we are required to find the equation whose roots are 
a and 8 
Let the required equation be 
ax*+-bx+c=0 (where a»40*. ES 
Since а, B are the roots of (i), (x—a) and (х— 8) must both be 
factors of ax*-J-bx --c. р 
Again, since ax*--bx--c is of the second degree in x, the only 
other factor must be a constant. . 
v ax*--bx--cea(x— a)(x— В) 
The required equation is 
a(x—a)(x— 8)-- 0. 


ie., (x—a)(x—ß)=0, since a0. (lp) 
Now (ii) may also be written as _ 
x!— (4- B)x--aB—0, (iii) 


or  a'—x(sum of the roots)+product of the roots=0, ...(iy) 


^ Remark. From the form of equation (iij) we find that there 
is only one quadratic equation (apart from a constant factor) having 
a given pair of numbers a and Basits roots. We are, therefore, 
justified in the use of the phrase *the quadratic equation whose 
Toots are a and p'. 


Example 22. Form the quadratic equation whose roots are 2 
and 3. 
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Solution, Since 2,3 are roots of the equation, therefore, 
(x—2) and (x—3) must be both factors of the left hand side of the 
equation. 

Е The required equation is 
(x—2)(x—3)=0, 

Hey x?—5x+6=0. 

Hence the required equation is x*—5x--6—0. 

Example 23. Form the quadratic equation whose roots 
are: 


gb wb 
a+b "a—b 
= + 
Solution. Let oF م,‎ 


a—b ,actb  2(d--b*) 


x SR Ee Caan eB’ 
sb э AED 
ya Sar =1. 


The required equation (having a and f as its roots) is 
x*— («+ 8)-+«В=0, 


x 2(a*-- b*) 


de, E EEE Ah =0. 


Example 24. Form the quadratic equation with rational co- 
«efficients one of whose roots is 24-4/3. 


Solution. Sincethe required quadratic must have rational 

«coefficients, if 2+ 43 is one root, the other root must be 2— 3. 
Sum of the roots=(2+-4/3)+(2— 43)--4. 
Product of the roots—-(2--4/3)2—4/3)—1. 
Hence the required equation is 
x*—4x+1=0, 
Aliter. Let x=2+ 73. 
By transposition and squaring, we have 
(x—2)?=3, 

i.e. х2—4х+1=0, 
which is the required equation. 


Example 25. Form the quadratic equation with real i 
‘haying 2+-i УЗ as one of its roots. 3 kena 


Solution. Since the required quadratic equation must have 


real coefficients, if 2--/4/3 is one root, the i 
complex conjugate, i.e., 2—i4/3. ; nce qe re E 


X 


VENE 
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Sum of the roots—(2--i4/3)--(2—i4/3)—4. 
Product of the roots—(24-i 43)(2—i 43)—7. 
Hence the required equation is 
х2—4х+7=0. 
Aliter. Let x=2+i./3. 
By transposition and squaring, we have 
(х—2)#=—3, 

3.e., x*—4x+7=0, 
which is the required equation. 

Example 26. Find the value of x* —9x3--21x!—15x--3 when 
x=3+ 48. 

Solution. The quadratic equation with rational coefficients 


‘and having 3+4/8 as one of its roots is 


(х—3)%=( /8)*, 

4.e., й x*—6x4-1-—0. 

Dividing the given polynomial by x*—6x+1, we have the 
identity 

x3—9x1--21x?—15x-F32x(x!— —6x- o8 —3x--2)4-1. 

Since 3+ V8 isa root of Plinio we find that the 
R.H.S.—1, when x—3--4/8. 

Hence the required value is 1. 


Ў EXERCISE 4 (е) 
Form the quadratic equations whose roots are : 
4.59, BB HOS: 2. 4, -2. 
43/2 43— 43-42. 
3. 2443, 2— V3. emer aa ea ee 
5. 4+/—7,4—/—1. 6.2—\/—3,2+/—3. 
4+0=5 4—V-5 cgo 
d. 8. , a— ib. 
4-MZS '4+у—5 pU al 
DET MV DDR a—ib a+b, 
9. i(a—b), —i(a—b). 10, a тач 


1]. a@—b?, a?+5?. 
12. Form the quadratic equation with rational coefficients one of 
whose roots is 2+ 45 


13. Form the quadratic equation with rational coefficients one of 


Ў 1 
whats roots is Ws" 
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14,. Form the quadratic equation with real coefficients one of 
whose roots is 24-i4/3, 


15. Form the quadratic equation with real coefficients one of 


1 
2+3 ` 
16. Find the value of 222—933— 10x--13, when х=3--4 5. 
17. Find the value of 2x*4-533--732— x 4-37, when x —2— i43. 
18. Find the value of 2x*—233—3x*-- 8x4-5, when 
iE 3+i "5 T 
2 


47. SYMMETRIC FUNCTIONS OF THE ROOTS OF A 
QUADRATIC EQUATION 


An expression involving two quantities a, В is said ќо be sym- 
metric in а, B if it remains unchanged when we interchange a and 
B. The expressions a+ and af are, therefore, symmetric functions. 
of a and p. (Observe that a+ becomes 6-+-a by interchanging a and 
В, and this is the same as a+6. Similarly, by interchanging a and 
B, the expression a8 becomes Ва which is the same aso.) a?+ 6°, 

a8 
Ba 
o*--28*-F« are not symmetric functions of a and p. (In fact iby 
interchanging «and 6, a—$ becomes f—a which is not equal to 
а— 8 ; also, a*--28?--« becomes Q*--2e*--B which is not the same 
as o?--20*-- a.) 

Every symmetric function of a and 8 can be expressed in terms 
of a-- B and af. Since we knowthe values of a+8 and of in terms of 
the coefficients of the equation having a, B as its roots, we can find 
the value of every symmetric function of the roots ofa quadratic 
equation in terms of its coefficients. The following examples. will 
illustrate the method, 


Example 27. Jf a, B be the roots of the equation x*—2x—1—0,. 
find the value of (i) a+ 8®, (ii) (a—9)*, (iii) T. qu v 
a 
Solution. Since a, f are the roots of x*—2x—1=0, therefore, 
«-Е8=2, oà— —1. 


whose roots is 


- are also symmetric functions of «, 6. However, «— and 


Now (i) + g—(a--B— 228—221 2(—1)—-6. 

(ii) (a—8)*— (e-- B*—42p--2:—4(—1)— 8. 

2397 8 ix a?+ p? i (a--B)*—2ap 2?—2(—1) 

Ce ak о eee oo 
Example 28. Jf a, p be the roots of the equation x2— рх+4=0 
2 ” 
Jind the value of ( ati) +( p+). 
B a 
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Solution. Since а, $ are the roots of x'—px--4—0, therefore, 
a+B=p, «p—q. 
: E p BED | (аё+1#, 
Now (et) в) а 


a 
1 
=+ (е), 
_ (b+ ا‎ ^ 
o*9* 
_ (a8 + D (ar )*— 2«p) , 
(а) 
_ G+ UH p29) 
g 
Example 29. If х, В be the roots of the equation 
ax*+bx-+c=0, ` 
find the value of (@+k)(@+k). 
Solution, Since a, 8 are the roots of ax*++-bx-+-c=0, 


therefore, +=, 


с 
-—. 
aß a 


Now (a--k)(8-4-k) — o8--k(a--0) +, 
c b 
usi ath 
__ak*—bk-te 
a 


EXERCISE 4 (f) 


1. Ifa, 6 be the roots of the equation x*—3x+1=0, find the 
2 2 

value of (i) atte, (ii) atg, Gi) 5-46-80) کک‎ 
(v) (a+1)(8+1). 

2. Ка, В be the roots of the equation x*—px4-q—0, find the 

‘value of a+ 8?. 

If a, В be the roots of the equation px*+qx-+r=0, find the 

value of (pa-+g)-*+(p8+4)~. 

4, If a, В be the roots of the equation ax*+bx+c=0, find the 
value of a*--a?*4-Q*. 


w 
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18. 


19. 


equation whose roots are чун 
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If «, 8 be the roots of the equation ax*--bx--c—0, find the 
value of (6-2) D 
If a, B be the roots of x*—4x--1—0, find the value of 
2-2 , 2—8, 
ZEE 44-8 
If p, q be the roots of 222—6x--3—0, find the value of 
p*--q*— 3pa(p* -- a?) — 3pa(p +0). 
Ifa, B be the roots of the equation x*--qx--r—0, find the 
value of ў 
(q+a)(q+8) . 
(Q) `(С—а*г—)* (ii) 38+-B%a, 
If a, B be the roots of the equation 
x*—(1+a")x+4(1+a?+a")=0, 
prove that a*--(?—a*, 
Form the equation whose roots are the squares of the roots of 
the equation x*--x--1—0. 
If a, В be the roots of the equation x*—2x4-5—0, find the 
equation whose roots are а?, 0°. 
If a, B be the roots of the equation x*—2x+3=0, form the 


equation whose roots are Ll 5 = 
If a, 6 be the roots of the equation 2x*--3x—6—0, form the 
equation whose roots are a*--2, 8*--2. 


Ifa, be the roots of the equation x*—x-+1=0, form the 
equation whose roots are а?, 6°, 


If a, B be the roots of the equation 2x*—3x-4-5—0, form the 

equation whose roots are wig: he 

If xı, Xa be the roots of the equation ax*+-bx+-c=0, form an 

equation whose roots аге (x;—2x,)*, (x, -x;)*. 

If a, B be the roots of the equation x*—px--q—0, form the 

equation whose roots are 2a— 8, 28—a, Ü 

If a, B be the roots of the equation 3x*+2x+1=0, form the 

2325 1— 

lYa* 148 

If a, Bare the roots of i equation x*—ax--5—0, form the 
1 

Ts E 


equation whose roots are —— 
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20. 


21. 


22: 
23. 


If a, B be the roots of x*—3x--1—0, form the equation whose 
roots аге î, nb 
L+R’. 1+а 
If «, B be the roots of ax?+bx+c=0, form the equation whose 
1 
в 


Form the equation whose roots ‘exceed by p the roots of the 
equation ax*+ bx-+-c=0, s 


If a, 8 be the roots of the equation х?—рх+@=0, form the 


root are a+ L, B+ 


1 i 1 
equation whose roots are [vp apo" 
TEST YOUR UNDERSTANDING IV 
In each of the following problems, four alternatives are given 


out of which only one is correct. Place a tick mark (¥) against -the 
correct alternative : : 


2. 


The roots of the equation x*4-x—110-—0 are 

(а) 10,11 (Б) 10,—11 (c) —10, 11 (d) —10, —11. 
If 3 is a root of the equation x*—8x+k=0, the value of k is 
(a) 9 (b) —15 (c) 15 (4). 24. 

If х, В be the roots of the equation 3*—2x--3—0, the value of 
о? B? is : £ 

(a) —4 (b) 4 (c) 2 ( —2. 

If the sum of the roots of the equation x*+px+-q=0 is zero, 
the value of p is 

(a) 3 (b) —1 (c) 0 (4) 2. 

The roots of the equation x*—7x+-8=0 are 

(a) rational (b) imaginary . (c) irrational (d) equal. 

If a is one root of the equation 3*--x-- 1—0, the other root is 
(a) —a (b) 2a (c) 1/а (d) 1—a. 

Ifthe roots of the equation x*+-mx+36=0 are equal, then 
a possible value of m is 

(a) 10 (b) 12 (c) 9 (d) 36. 

If a, B be the roots of the equation x*—8x+15=0, then a 
possible value of a+28 equals 

(a) 13 (b) 14 (с) 15 (4) 16. 

The product of the roots of the equation X*--x4-m*—1—0 is 
8. The possible values of m are 

(а) —1,1 . (6) —9,9 (с) —3,3 (d) —8, 8. 
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The quadratic equation with reali coefficients: having 2—3; 
as one of its roots is 


(a) х24-4х—5=0 (b) x*—4x--5—0 
(c) x3—4x—13—0 (d) 33—4x4-13—0. 
REVIEW EXERCISE IV 


Solve the following equatians : 
(b--c—2a)x?- (c--a—2b)x-- (a +b—2c)=0. 
(3—2 ¥2)x?—( ¥2—1)x—12=0, À 


E х—1 1 

У erty ee ee 

EI 
3x21 x^ 51.9. 
(x—3)(x—2)(x—6)(x—4) 1232. 
x5—13x* -3633-3632— 133-1 —0. 
X8—35-p xt —xt- E x — 1—0), 
x5— 5x84.5x3—1=9, 
VIXEN x35 T. 
V 233 —T7x4-1)— vV (2x?—9x+4)=— 1; 
(52-246) —3--(5—2 увух#—3 ү, Q-LT, JE E, 1665) 


Р i bE St 
Form the equation whose roots are TENT and 


e 
2— 43 
Form the equation whose roots are DER. 
If the roots of the equation 
(x—a)ix—b)—k-0 

are c and d, prove that the roots of the equation 

(x—oc)(x—d)--k—0 are a and b. 
If «, В be the roots of the equation x?--x-4- 1— 0, form the 
equation whose roots are «/B and B/a. 


Find the condition that one root of the equation ax*+bx-+c=0 
may be four times the Square of the other. 


1f one root of the equation x?4-x--1—0 is a, prove that the 
other root is a. 


If one root of the equation 4xi--2x— 1-0 is a, prove tbat;the 
other root is 4a?— 3a, 


Show that the roots of the equation 
ax—b — px—q 
bx—a  qx—p 
are equal in magnitude but opposite in sign. 
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20. For what values of m will the equation 
(3--2т\х2—2(1-23т)х+7=0 
have equal roots ? 


SUMMARY 


1. The roots of the quadratic equation ax?--bx4-c— 0 (where a#0) are given 
by, 


БИ (Б Дас) 
Pup m 


2. If«,8be the roots of the quadratic equation ax*+bx-+c=0, (where 

a#0), then 
&-8— — 5а, «8 — сја. Y 

3. The roots of the quadratic equation ax*--bx--c—0, where a, b, c € R, 
аге real and unequal if b2—4ac>0, real and equal if 52—4ac—0, and 
imaginary if 52—4ас<0. 

4. The roots of the quadratic equation ax*--bx--c—0, where a,b,c E О, 
are rational if 62—4ac is the square of a rational number. 

5. If one root of the quadratic equation ax?4-bx--c—0 where a, b, c € О, 
is p4-3/* ر‎ not being the square of a rational number, the other root is 
р-у . 

6. The roots of the quadratic equation. ax-- bx--c—0 where a, b, c € R, 
and b*—4ac<0 are conjugate complex numbers. 


HISTORICAL NOTE 


Interest in the study of quadratic equations goes back to Babylonians 
some 4000 years ago. Clay-tablets, known as Yale tablets and dating back to 
1600 B.C. contain several unsolved problems involving quadratic equations. The 
Greeks also made use of quadratic equations in solving geometrical problems. 

Hindu mathematicians made notable contributions to the solution of 
quadratic equations. Aryabhata (born in 476 A.D.) gave a rule to solve 
geometric series which required solution of quadratic equations. Brahmagupta 
(born in 598 A.D.) in his well-known work ‘Brahma Sphuta Sidhanta' gave a rule 
for solving the quadratic equation x2+-px—g=0 which resembles the modern 
formula and gives one root correctly. Sridhara (11th Century A.D.) ‘was the 
first Hindu mathematician to give the ‘method of completingthe square’ for 
solving quadratic equations. The formula given by him is substantially the 
modern formula. 

The Arab mathematicians Al-khowarizmi (around 805 A.D.) and Omar 
Khayyam (around 1100 A.D ) gave rules for solving quadratic equations. 

The first systematic and detailed study of quadratic equations is found 
in the work of Thomas Hariot (born in 1560 A.D.). His treatise Artis Analyticae 
Praxis published posthumously in 1631 A.D., contains discussion of solution of 
quadratic equations, formation of quadratic equations with given roots, relation 
between the roots and coefficients of an equation, and transformation ofa 
quadratic equation into another. d 


BEN 


CARL FRIEDRICH GAUSS (1777-1855) 


Carl Friedrich Gauss, the prince of mathematicians, was born at!Brunswick- 
on April 30, 1777 in a poor family. He had shown Signs of greatness while he 
wasstillatschool. As the story goes, oneday, in order to keep the class 
occupied, t! e teacher asked all the children to add up all the numbers from 1 to 
100, with instructions that each one should place the slate as „soon as he had 
completed the task. Carl placed his slate on the table almost immediately, say- 
ing," There it is." The teacher looked at him scornfully while the others kept on 
working diligently. When the ieacher checked the results, Gauss’s was the only 
one to have the correct answer, 5050, without any calculetions whatever, The 
ten-year old boy had obviously calculated the sum of the A.P. 14243+...4100., 
Such was Gauss. When he was only nineteen, he proved that a Seventeen-sided. 
regular polygon can be constructed by means of a ruler and compass. He also 
proved the remarkable result that every polynomial can be resolved into real 
factors of the first or second degree. The complex plane is often called the 
Gaussian plane. In 1807 Gauss was made professor and director of the obser- 
vatory at the University of „Gottingen, a position which he held until his death 
on February 23, 1855. In his h«nour the king of Hanover Ordered a medal 
which hailed him as the prince ofmathematicians. In 1880, a memorial column 
ое Wes was a regular polygon of 17 sides was erected in his memory in 

runswick. б 


Gauss was one of the greatest mathematicians of all tim i 
compared with Archimedes and Newton, сао often 
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CHAPTER 5 


Sequences and Series 


[Throughout the present chapter the letters a, b, c, d, ty, tn. 
stand for real numbers and n stands for a natural number, unless 
stated otherwise.) 

51. SEQUENCES 

Any succession of numbers їз, fa, fn Such that to "each 
positive integer mr, there corresponds a number tm, is called a 
finite sequence. Also, a succession of numbers ty, t5,......1n,--... such 
that to each positive integer л there corresponds a number fn, is 
called an infinite sequence. The number oftermsis finite in the 
case ofa finite sequence, but is not so in the case of an infinite 
sequence. A characteristic difference between finite and infinite 
sequences is that whereas every finite sequence has a last term, an, 
infinite sequence has no last term. = 

Consider the following examples : 

(1): 1:355; d. 

(DISS Sas 

(iii) 2, 4, 8, 16, 32, 64. 

j 1 1 1 

(iv) 1, NS و‎ ее To 

(у) 1,2, 3, 4, 5, 6, My = 

(vi). x, x8, х®,......х",-+...‚ where x is any fixed real number. 

(vit) 1, 0, 1, 0, 1, 0,.1, O, б 

In the above examples the first four sequences аге all finite- 
sequences. The last three sequences are all infinite sequences, none- 
of them possessing a last term. 

It is not necessary that all the terms of a sequence be distinct. 
For example, the sequence (vii) is an infinite sequence whose 
members take only two distinct values, namely 0 and 1. 

The order which the various members of a sequence occupy is 
very important. Though the sequences (i) and (ii) consist of the 
same set of. numbers 1, 3, 5, 7, yet the two sequences are distinct 
because the various members do not occupy the same place in the; 
two sequences. If all the members of a sequence are real, numbers, 
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-the sequence is said to be а real sequence. Throughout the remain- 
.der of this book we shall deal with real sequences only and use the 
word sequence so as to mean a real sequence only. 


52. ARITHMETIC PROGRESSION 


A sequence is said to be an Arithmetic Sequence or Arith- 
metic Progression (written briefly as А.Р:) if the difference between 
-any term and the one that precedes it is the same throughout. For 
example, the sequences (i), (ii) and (v) are arithmetic progressions. 
In (i) every term exceeds the preceding term by 2, in (ii) every term 
exceeds the preceding term by —2 and in (v) every term exceeds the 
preceding term by 1. The excess of any term of an А.Р. over the 
preceding term is called the common difference of the A.P. In 
examples (i), (ii) and (у), the common differences are 2, —2 and 1 
respectively. 

In an А.Р. any term may be obtained by adding the common 
-difference to the term that precedes it. Therefore, if any one term 
and the common difference of an A.P. be known, every terni can be 
written out, ie., the A.P. is then completely known. In particular, if 
the first term and the common difference is known, then the A.P. is 
-completely known. The first term and the common difference of an 
A.P. are generally denoted by a and d respectively. 


The A.P. whose first term is a and common difference is d is 
a, a4-d, a+2d, a+3d,...... 


53, TO FIND THE nTH TERM OF THE А.Р, WHOSE FIRST 
TERM AND COMMON DIFFERENCE ARE GIVEN 


Let a be the first term and d the common difference. 

The second term—a--d—a-4-(2—1) d. 

the third term=a+2d=a+(3—1) d, 

the fourth term—a--3d-a-- (4— 1) d. 

From the above pattern we can guess that the nth term must 


‘be a--(n—1)d. We shall prove that this is iudeed the case by 
mathematical induction. . 


Let T(n) be the statement ‘The nth term, say tn, of the A.P. 
having a as, its first term and d as the common difference is 
a+(n—1) d. 

Step 1. Т(1) is true. For, tj=a+(1—1) d=a, which is true. 

Step 2. Let T(x) be true, ie., let ts - a--(k—1) d. 

Then /144,— fsd-d—[a-- (k— 1) d]+d, 

=a+kd=a+(k+1—1) d, 
showing that T (k--1) is true. 


З By PFI it follows that ta=a4+(n—1)d for every positive 
integer n. 
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Thus we find that the nth tern of the A.P. whose first term is а 
«and common difference is d, is а+(п—1) d. 


Example 1. Find the 10th term of the A.P. 2, 7, 12,...... 
Solution. Here a=2, d=5, n=10. 
1,9—2 +(10—1). 5=47, 
Example 2. Which term of the A.P. 21, 18, 15,.....ї5 —81 9 
Solution. Let the nth term be —81. 
The first term=21, 
common difference = —3. 
tn=21+(n—1) (—3)=24—3n. 


as —81=24—3n, 
xor . 3n=24+81=105, 
Or : п=35. 


Thus —81 is the 35th term of the given A.P. 


Example 3. [f the third term of an А.Р. їз 5 and the seventh 
erm is 9, find the 17th term. 


Solution. Let a be the first term and d the common difference. 


Then 
ts=a+2d=5, КО, 
1,—a--64d—9. (ш) 
Subtracting (i) from (ii), we have 
А 4d—4 oro 1-1. E) 
Substituting the value of d in (i), we have 
а+2=5 Ог.#55а=3: (iv) 


15;—a-4-16d—34-16.1—19. 
Hence the 17ih term— 19. 
х EXERCISE 5 (a) 


l. Find the 7th, 15th and (r—1)th terms of the following 
ssequences : · 


(1)-.3,:6,.9; 12) sce (йу =й, 8, 10; —16,...... 


Е ET su IM зл... 


гест S^ 
Which term of the A.P. 8, 12, 16, 20,.....is 48 ? 
Which term of the A.P. 3, 8, 13, 18,-—.-is 78 ? 
How many terms are there in the sequence 7, 13, 19,..., 205? 


The 6th term of an A.P. is 16 and the l4th term is 32. 
Determine the 36th term. 


م س Wik‏ 
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6. The 4th term of an A.P. is —4 and the 8th term is 12. Finds 
the first twelve terms of the A.P. 


1. Ifthe 3rd and 9th terms ofan А.Р. be 4 and —8 respectively, 
which term is zero ? 


з. An A.P. consists of 60 terms. If the first and the last terms. 
be 7 and 125 respectively, find the 31st term. s 


9. An A.P. consists of 50 terms of which the 3rd term, is 12 and 


the last term is 106. Find the 29th term of the A.P. 


10. The sum ofthe 4th and 8th terms of an А.Р. js 24, and the- 
sum of the 6th and 10th terms is 34. Find the first three terms 
of the A.P. Also find the rth term. 


11. Prove that in an A.P., tn - £o9n77 2fn4s. 
12. Is 301 a term of the sequence 5, 11, EAS 
13. The pth term of an A.P. is q, and the qth term is p. Show that 
the rth term is p q—7- 
54. TWO IMPORTANT THEOREMS 
Нее below we state and prove two important theorems relate 
ing to Arithmetic Progressions. 


Theorem 1. Jf the same number is added to each term of an: 
A.P., the resulting sequence is also:an A.P. 


Proof. Let the given A.P. be a, а+4, a+2d,... 
f Adding k to each term of the given A.P., it becomes 
atk, (a+d)+k, (a+2d)+k;..- 
ie, atk, (atk)+d, (a+k)+2d,..- 


which isan A.P. having a+k as the first term and d as the common: 
difference. › 


In the above discussion, К may be positive or negative. 


Theorem 2. If every term of an A.P. be multiplied by the: 
same number, the resulting sequence is also an А.Р. 


Proof. Let the given A.P. be 


a, atd, a 2d... 

Multiplying every term by k, we have the sequence 
ka, k(a+ d), k (a-24),------ 

ie, Ка,Ка+Ка, ka3-2(kd),----—- 


which is an A.P. having ka as the first term and Kd as the common 
difference. 


Corollary. If x, y, z;--- be in A.P. then kx-- s, ky T S kz-+ se 
are also in A.P. Fou, 
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х, у, 2,......being in A.P., by Theorem 2, 

kx, ky, kz,...... 
are also in A.P. Therefore, by Theorem 1, kx--s, Ку+5, kz+5,---.-- 
are also in A.P. 


Example 4. If a (btc), b (c--a), c (a+b) are in A.P., and 
a, b, c are all different from zero, show that a^, Б and с! are also 
in A.P. 
Solution, Since a(b+c), b(c-Fa), c(a+b) are in A.P., 
—a (b+c), —b (ct-a), —c (a+b) are also in A.P. 
Adding ab+bc+ca throughout, we have X 


(ab+bc+ca)—alb+ c), (ab}bc+ca)—b(c+a), (ab+bc+ca) 
—c(a+b) are also in A.P. 


ie., be, ca, ab are also in АР. 
Dividing throughout by abc, we have 
a^, b7!, с are also in A.P. 
Example 5. If a, b, c are in A.P., show that a'(b--c), b*(c+a), 
cXa-- b) are also in A.P. 
Solution. a*(b--c), b*(c--a), (a+b) are in A.P. 
if and only if B*(c-I-a)—aXb--c)  c'(a--b) — Pc a), 
i.e., if and only if (b—a) (ab+-be+ca)=(c—b) (ab+-be+-ca), 
i.e., if and only if b—a-c—b, 
i.e., if and only if a, b, c are in A.P. 
Since a, b, c are given to be in A.P., therefore, 
a*(b+c), b*(c+a), (a+b) are also in A.P. 


1 1 1 
; Example 6. If rc’ Gia’ a+b are in A.P., show that 
а?, b, с? are also in А.Р. 
А Е 1 1 1 4 
Solution. Since bre’ Eng AED are in A.P., 
1 ct T 1 1 
cta bic abb cta. 
"M Dru CEDE ties 
(Бс) (cca) (a+b) (c+a) 
or 02—а2=с2— 0°. 
Hence а, b?, c? are in A.P. 


s (ROG cU Ee o de skat 
Aliter. Since bre” белй} 


throughout by (b+c) (с-а) (a+b), we find that (c+a) (a+b), 
(b+c) (a+b), (b+c) (c--a) are also in A.P. 


are in A.P., multiplying 
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i.e., a!--ab-rbc--ca, b?+-ab+be+ca, c?+ab+be+ca are also in 
A.P. Subtracting ab+-bc+ca from each term we find that a?, b?, c? 
are also in A.P. 

Example 7. Find three numbers in A.P. whose sum is 30 and 
whose product is 990 


Solution. Let the three numbers in A.P. be a—d, a, a+ d. 


Then (a—d)+a+(a+d)=30, 
ie., 3a=30, * 
or a—10, EO) 
Also, а (a—d) (a--d) —990. i) 
Substituting the value of a, we have 
10 (10—4) (10-+d)=990, : 
or 100—d?=99, 
or х а= 1, 
or d-— +1. 


Taking d=1, the numbers are 10—1, 10, 104-1, i.e., 9, 10, 11. 
Takiag d=—1, the numbers are 104-1, 10, 10—1, Że., 11, 10, 9. 
Hence the required numbers are 9, 10 and 11. 


Note. We could have taken the three numbers to be a, a4-d, 
a+2d, but as we have seen above, the working becomes simpler if 
we take the numbers to be a—d, a, a--d. 1 


Example 8, Find four numbers in A.P., whose sum is 20 and 
the sum of whose squares is 120. * 


Solution. Let the numbers be a—3d, a—d, a+d, a+3d. 


Then ^ (a—3d) +-(a—d+-(a+d)+(a+3d)=20 +i) 
cand (a—3d)?+(a—d)?+(a+d\?-+(a+3d)*=120. (її) 
From (i), we have 
4a —20, i.e., a—5. (iii) 
From (ii), we have 4a? --204? —120, 
Or a +54 =30, + 
or 54®= 30—25, 
or d=]. 
US d-— 41. EX 6] 
Taking d—1, the numbers are $—3,5—1, 5+1, 5:3, £e., 2, 4, 6, 8. 


Pese 4=—1, the numbers are 5+3, 5+1, 5—1, 5—3, ie., 8, 6, 


Hence the required numbers are 2, 4, 6 and 8. 


Note. We coul 
а, а+4, a+2d, at 


) 


d have taken the four numbers in A.P. to be 
3d, but as we have seen above, the working 
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becomes simplified if we take the numbers as a—3d, a—d, a+d,, 
a+3d, which als» form an A.P., but with a—d as the first term and: 
2d as the common difference. 
EXERCISE 5 (b) 
1. Ifa, b, care in A.P., prove that 
(b4-cY—a?, (c--a)? —b* and (a+6)*—c? are also in A.P. 


‚ апа ага аге 


Í р 1 1 
2; ? 9g? r2 bei PORE tU] ER 
Tf p®, g?, r? be in A.P., prove that ФЕС ETE pu 


also in A.P. 


3. Ifa, Б, с are in A.P., show that e, ге and 


TED: are in A.P. 
ab 


4. If a. b, c be in A.P., show that (b4-c)*—bc, (c- a)? — са, 
(a+b)*—ab are also in A.P. 


5. Find three numbers in A.P. whose sum is 18 and product is 
192. 


6. Find three numbers in A.P. whose sum is 24 and the sum of 
whose squares is 200. 


7. Find three numbers in A.P. whose sum is 30 and the greatest 
of which is to the least as 3 : 1. 

8. Divide 28 into. four parts in A.P. such that the product of the 
extremes is to the product of the means as 5 : 6. 


9. Find five numbers in A.P. whose sum is 25, and the sum of 
whose squares is 135, | 


10. Find four numbers іп A.P. whose sum is 20 and the sum of 
whose squares is 120. 


55. ARITHMETIC MEANS 
If three numbers are in A.P., the middle one is called the 
arithmetic mean (A.M.) of the other two. For example, 4 is the 


arithmetic mean of 2 and 6; also, 5 is the arithmetic mean of 3 
and 7. 


numbers aand b. For example, 4, 6, 8, 10, 12 are five arithmetic 
means between 2 and 14, : 


5`5`1. To Find the Arithmetic Mean Between Two Given 
Numbers a and b у 


Let А be the arithmetic mean between a and b. Then a, А,Ь 
must be in A.P. 
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jn A—a=b—A, 
or A=} (a+b). 
Hence the A.M. of the numbers a and b is $ (a+b). 
Example 9. Find the arithmetic mean of 15 and 25. 
Solution. Let A be the arithmetic mean of 15 and 25. Then 
the numbers 15, A, 25 are in A.P. 
E A—15—25—A, 
or 2A=40, 
or A=20. 
Thus the arithmetic mean of 15 and 25=20. 


552. To Insert n Arithmetic Means Between the Numbers a 
db 


an 
Let Ay, As, An be the n arithmetic means between a and b. 
Then а, Ay, Ag, An, b must be in A.P. Ifd be the common 
difference of this A.P., we have 
a= a+ (n+2—1)d=b. 
b—a 
d= wl 
dy 2i ad gag odis. LEER 
Now A\=t=atd=at aL Tel 5 


206-4)  (n—Dax2b 


А==а124=а+ AR] 7 nt! 
анаа 30—90 a, 


An=tan=atnd=a+ 0-2) ے‎ 


Hence the required means are 


natb, (n—1)a+2b and a+nb 
n+l FUSE n+l“ 


Example 10, Insert 4 arithmetic means between 5 and 6. 


Solution, Let Ai, Аз, As, A, be the required arithmetic means. 


"Then 5, Ay, Аз, Аз, Aw 6 must be in A.P. 
It dis the common difference of this A.P., we have 
Ў 14=5+51= 6. : 


; i 
i ae 


: E A Ea 
(Pane Ai=5+d=5+ 3= 3^ 
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A,=5+2d=5+ 


TE on 

4 29 
A,—5--4d-5- E^ 
Hence the required arithmetic means are 


: 2 Bnd 


EXERCISE 5 (c) 


r'1. Find the arithmetic mean of (i) —5 and 41, 
(i) 3p—2g and 3p+2q, > (iii) (a+b) and (a—b)*. 
Insert three arithmetic means between 5 and 29, 


1 
Insert five arithmetic means between 47 tand iz 


Insert 8 arithmetic means between 5r—4s and 5s—4r. 


Insert n arithmetic means between п? and 1. 


There аге л arithmetic means between 3 and 35 such that 
6th mean : (n—3)th mean—5 : 9. 


DIN C RA Oy AU 


Find л. 
“7, There are p arithmetic means between 7 and 35 such that 
: (p—3)th mean : pth mean=11 : 24 

Find p. 
+8, Find the value of nfor which 

a+b" 
qn pn ‘ 
is the arithmetic mean between a and b. 


56, FINITE SERIES 


The symbol £44- fa-------- fa is called a finite series. It is said 
sto be the series corresponding to the sequence ti, fo. fn. Thus, 
sto each finite sequence there corresponds a finite series. The. 
ynumbers fı, fa, tn, Which are respectively the first, second, -and 
imth terms of the sequence 4,15, f» are also called the first, 
second,--..and nth terms respectively of the series 1; fg}... ta. 
The sum of all the terms of a series is called the sum of the series, 
In other words, the sum of the series tı 4-fs----- n is the sum of the 
numbers fq, бз, and tn. The sum of tbe series fttt- tm is 


m 
generally denoted by the symbol = Ím Тһе Greek letter È is read 
n= д 
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as sigma and stands for sum. When there is no danger of ambiguity, 


bean A.P.. the corresponding series tyt £5 4- ...... +tn is said to be a: 
series in A.P. Thus 
(i) 10-354... +1, 


(i) 14+24+3-+...-++n, 
Gi) (—5)2-(—3)2-(—1)4-14-34-54-7, 
(iv) at(a+d)+(a+2d)+....+(a+n—Id) 
are all examples of series in A.P. 
The series (iii) is generally written as 
—5-—3—1+1+3+5+7. 
The nth term of the series 
a+(a+-d)+(a+2d)... 
in A.P. is the same as the nth term of sequence 
a, a+d, a+2d,...... 
and is, therefore, a--n— 1 d. 
577. TO FIND THE SUM OF n TERMS OF A GIVEN A. P. 


Let a, d, | and п be respectively the first term, common: 
difference, last term and number of terms ofan A.P. The A.P. is. 


then 
а+(а+4)+---+1. 
If S, denotes the sum of n terms of ће A P., we have 


Sn=a+(a+d)+---+(—d) +1. EX 
Writing the series (i) in the reverse order, we have 
n—I-- (l—d)+------+(a+d)+a. . (ii) 


Adding (i) and (ii) we have 
2Sn=(at+l)+(a+l)+-....-to n terms, 


—n(a-4-1). 
Sn=2- (at). GD 
Also, = a+ (n~ 04. 
From (iii), we have (ivy 


$1——- {ata+n—ld}. 


Hence S= ЕД 1 EO 


Example 11. Find the sum of I0 terms of the A.P. 
4-- 6--84-...... ` 


“ү 


m ——— 


m 
2 
ч 
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Solution. Here a=4, d—2, n=10. 
$u75-Q44(0-1)2)- 130. 
Example 12. Find the sum of 20 terms of an A.P. whose first: 


term is 3 and the last term is 57. ` 
Solution. Here a=3,/=57,n=20. 


Since $ (a+), 
Se (34-57) —600. 


Hence the sum of 20 terms is 600. 


Example 12. How many terms of the series 18+ 154--when* 
added together will amount to 45? Explain the double answer. 


Solution. The given series is an А.Р. whose first term=18 andi 
common difference— — 3. 
Let the sum of п terms be 45. 


S= [2:18--(n—1)(—3)]. 


Ry (39—3n). 
E : 
Yn (39—3n)=45, 
or n’—13n+30=0, 
or (n—3)(n—10)—0. 
i n=3 orn=10, 


Hence the sum of 3 terms=the sum of 10 terms=45. 


Here the common difference is negative. Therefore, some- 
terms of the A.P. are negative. The sum of terms from the 4th to- 
the 10th is zero. It is for this reason that we get a double 


answer. 
Example 14. How many terms of the A.P. —9,—6,—3..., must 
be added together so that the sum may be 66 ? 


Solution. Let 66 be the sum of п terms. 
Here a=—9, d—3. 
n= [2(—9)+ (11). 3-7 (30—21). 


п 
66= (31—21), 


ог п?—7п—44=0, 
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or (n—11)(n+4)=0. 
e n=11 or —4. 
Rejecting the negative value of n, we have n=11. 
Hence the sum of 11 terms of the given A.P. is 66. 


Note. The A.P. in the above problem is —9, —6, —3, 0, 3, 
“6, 9, 12, 15, 18,21. If we begin with the Jast term and count four 
"terms backwards the sum is also 66. Thus we see that though n=—4 
518 not an answer to the given problem, it can be given an intelligent 
‘interpretation. 

Example 15. How many terms of the scries 

264-21+16+--. are together equal to 80 ? 
^ Solution, Letnterms ofthe given series be together equal 

“to 80. 
The given series is an A.P. whose first term—26 and common 
: difference— —5. 


S= [2.26-+(n—1)(—5)]=4 (57—50). 


80=-5 (57—57), 


or 5n?—57n--160—0, 
vor (n—5)(5n—32)—0. 
n=5 22. 
=5 о. 


Rejecting the fractional value of п, we have n—5. 

Hence the sum of 5 terms is 80. 

Note. Тһе value E of n indicates that the sum of 6 terms 
of the given series is greater than 80 and the sum of 7 terms is less 
than 80. 


EXERCISE 5 (4) 
4. Sum the following series : 


fi) 6 st Ie to 25 terms. 
(ii) —3--34-94-154-----to 20 terms. 
(iii) 6+ to 29 terms. 


PRES 
(iv) Iaei$ÍeiIe M to 15 terms. 


12. 


13. 


14. 
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ій) (n—5)--(n—7)--(n—9)9- e to p terms. 

у 3x—2» 5x—3y |... 5 { : 

(iii) CER zu d rS Jess to n terms 

Sum the following series : 

(i) 12-7--34-10--5--13-- 72-167 ---— to 30 terms. 

(ii) 3--4--8--9--13--14--18 4-19 HEU to 20 terms. 
(iii) 144—7+10+13—16+19+22—25+ өөө to 3p terms. 


How many terms of the series 52-7 4-94--- are together equal 
to 77? 


How many terms of the A.P. 18, 16, 14, 12, ... are together 
equal to 78 ? Explain the double answer. | 


The sum of n terms of the series 2+5+8+-~ is 950. Find n. 
1 1 
How many terms of the АР. 1538 З IS 5 015 ZR are 


together equal to 504 ? Explain the double answer. | 

Find the sum of all natural numbers which are less, than. 100 
and are multiples of 5. 

Find the sum of all natural numbers which are multiples of 
7 and lie between 200 and 400. 


Find the sum of all natural numbers which lie between 200 
and 600 and are multiples of 3 or 7 or both. 


Find the sum of п terms ofa sequence whose (i) rth term is 
72-5 (ii) qth term is aq +b (ii) (p+3)th term is 3p-H4. 

[Hint: (i) Putting r=1, 2,3, 4, +5 we find that the given 
sequence is 12, 19, 26, -:- which is an A.P.] 


If the sum of n terms of а series is 3n?-- 6n, find the first term: 
and the common difference. 


Therearetwo series in A.P both having 3 as the first term. 
The common difference of the first series is twice as great as 
that of the second and the sum of the, first ten terms of the 
first is greater than the sum of the same number of terms of 
the second by 9. Find the two series. 


The ratio of the sum ofn terms of two A.P/s is (32 +4) 2 
(5n+6). Find the ratio of their 7th terms. 
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15. The ratio of the sum of terms of two А.Р. is (2n4-3) : 
(3n+4). Find the ratio of their pth terms. 


58. GEOMETRIC PROGRESSION 


A sequence is said to bea geometric progression or G.P. 
(and the terms of a sequence are said to be in geometric pro- 
gression) if the ratio of any term to the preceding term is the- 
same throughout. For example 


(i) 2,4,8,16, 32, ... 
(i) 3, —6, 12, —24, 48, ... 


Mans ee | 1 
5 "30 ° 180 ’ 1080 * 6430 ' 7 
(0) x, x, x3, x4, x5, ... (where x is any fixed real number) are 


all geometric progressions. The ratio of any term of 
(i) to the preceding term is 2. The corresponding ratios. 


in (ii), (iii), (iv), and (o) are —2, + ; + 


tively. The ratio of any term of a G. P. to the preceding 

term is called the common ratio of the G.P. Thus, in the 
1 1 

°З '16 


and x respec- 


above examples the common ratios are 2, —2; 


and x respectively, 


In a G. P. any term may be obtained by multiplying the 
preceding term by the common ratio of the G.P. Therefore, if any 
one term and the common ratio of a G P. be known, any term can 
be written out i,e., the С.Р. is then completely known. In particular 
if the first term and the common ratio are known, the С.Р. is 

‘completely known. The first term and the common ratio of a G. P. 
aré generally denoted by a and r respectively. The G. P. whose first 
term is a and the common ratio is r is a, ar, аг?,... 


59. TO FIND THE nth TERM OF THE G.P. WHOSE FIRST 
TERM AND THE COMMON RATIO ARE GIVEN 


Let a be the first term and r the common ratio. 
The second term=ar=ar? 1, 
The third term=ar?=ar?=, 
The fourth term—ar?—art3; 


From the above pattern we can guess that the nth term must be 
: ; MORS We shall prove by mathematical induction that this is indeed. 
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Let T(n) be the statement, ‘the nth term of the G. P. having а 
газ its first term and г as its common ratio is ara, 


Step 1. T(1) is true. For, t;=a¢=ar°=ar!—, 

Step 2. . Let T(k) be true, i.e. let, гь=ағх-1, 

Then Ua —rig—r(ark7)—ar 9*1, showing that T (k4-1) is 
"true. 

By PFI it follows that fn —ar"^! for every positive integer n, 


Thus the nth term of a С.Р. whose first term is 4 and common 
ratio is r, is ar", 


z Ji par 
Example 16. Find the 10th term of the G.P. 32° 6° p” 


1 
Solution. Here а=зу,г=2. 


по=ағ= E (2%)=16. 


Example 17. Which term of the С.Р. 5, 15, 45, — is 3645? 
Solution. Let 3645, be the nth term, 

The first term=5, 

Common ratio—3. 


+H р n= 5.371 
5.3171—3645, 
-or 3?71—729— 38 
she n—1-6, 
ie n=7. 


“Hence 3645 is the 7th term of the given G.P. 


Example 18. /f the 3rd and the 7th terms of a С.Р. be 15 
-and 135 respectively, find its first term and the common ratio. 


Solution. Let а be the first term and r the common ratio of 
the given G.P. Then 


ts=ar?=15, leg yas 
.and t;—ar5—135. EX)! 
Dividing both sides of (ii) by those of (7), we have 
ri=9, 
-or г= 4/3, considering real values of r only. 
Substituting the value of r in (i), we have 
3a—15, 
-i.e., a=5. 
Hence the first term is 5 and the common ratio is + 43, 


13. 
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EXERCISE 5 (е) 
Find the 10th term of the sequence 4, 12, 36, ..- 


Find the 5th term of the G.P. 1 yd 


Find the 8th term of the sequence — T 1, 23, 9.— 


Find the pth term of the G. P. =e - Le 
п+2 n44 
2n 2n 


Find the nth term of the G.P. xh,x ,x yc 

Find the 15th term of the С.Р. `3, 06, 012, -- 

‘The first two terms of а G.P are 125 and 25 ; find the 5th and 
6th terms. 

Which term of the G.P. 1, 3, 9,...is 243? 


Which term of the С.Р. 5. —27, 18, - is -£ 2 


Which term of the G.P. 27, 9, 3,-is 11? 


Find ће С.Р. whose 6th and 1 Ith terms are 192 and 6144 
respectively. 

The pth and qth terms of a G.P. are x and y respectively. Find: 
the nth term. : 


In a G.P., if the (p--q)th term—m, and the (p—q)th term=n,. 


find the pth and gth terms. 


510. SOME ASSORTED EXAMPLES 


Here below we solve a few prob ems connected with’ geometric 


progressions. 


Example 19. Ifa, b, c, d be in G. P., prove that (a+b), 


(b+c)? and (c+d¥ are also in G.P. 


Solution. Since 4, b, c, d are in G.P., we have 


a bc 
b=ar, c=ar’, d-ar?. 
(a+b)*=(a+ar)*=a(l +7), 
(b+e)*= (ar + ar?)* =a? (1 "EDS 
(c--dt— (ar^ a =ar (1 +r). 


€ — —HÉ 


—— 


SEQUENCES AND SERIES 143> 
The sequence (a+b), (b--c)*, (c+d)? is the same as 
аз(1 +r}, atr*(1--r)*, а®г*(1-+Е+г)#, | 
which is а G.P. with common ratio p 
Hence the numbers (a+b)*, (b+c)? and (c+d)* are in С.Р. 
Example 20. Find three numbers in G.P. whose sum is:14 and ' 
the sum of whose squares is 84. 


Solution. Let the three numbers be me aand ar. Then 
£ +atar= 14, ex) 
a 
and Fe т (ш). 
(i) апа (ii) may also be written as 
a (itr+r?)=14r, xii)" 
(iv) 


and a1 rri) 84°, 
Eliminating a from (iii) and (iv), we have 
(rer? — 196 


5 


1+r2+r4 84 
e 14rO lig Wig 
Іг 3 
or 31 +r+r3)=7(1—r+r?), 
or 2r2—5r+2=0, 
or (2r—1)(r—2)=0. 
m or, 2. 


When ras, from (i) we have a—4. 


The numbers are 8, 4, 2. 
When r=2, from (i), we have а=4. 
The numbers аге 2, 4, 8. 


Hence the numbers are 2,4 and 8. 

Note. Inthe above example we could have taken the three 
numbers to be a, ar and аг, but the working becomes simplified 
when we take the numbers as a/r,a and ar which form a С.Р. 
with a/r as the first term and ras the common ratio. 

Example 21. Divide 175 into four parts in G.P. such that 
the difference between the means may be tə the difference between 
the extremes as 12 is to 37. 
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Solution. Let the four numbers be a, ar, ar, ar®. Then 
a+ar+ar + ar*—175 


“от a(l+r)(L+r°)=175 2-0) 
cer'—ar 12 С 
-Also а-а ~ 37° 
г2—ғ 12 
ог EE 587 
„ог I2r*--12r--12—37r, since r41 
-or 12r?—25r--122« 0, 
сог (3r—4)(4r—3)=0. 
fm on a 
3 4` 
а ДЕВ 
Putting үе зт (i), we have 
«Qo ees 
ог а=27. 


4. the numbers аге 
4 4\2 4 үз 
ла (3). (3) ($): 
AES, 27, 36, 48, 64, 


Similarly, if we take ps ‚ we find that the numbers are 


64, 48, 36, 27. 
Hence the four parts of 175 are 27, 36, 48 and 64, 
Note. понаша it'is?convenient to take four numbers in 


A 


«G.P. as AI od and ar? which form a G.P. with common 
ratio 7®, 
EXERCISE 5 (7) 
f. И © b, c, d be in G.P., show that a—b, b—c, c—d arealso in 


2. Ifa, b,c, d be in G.P., show that a+b +c, ab 
b?-+c2+d? are in С.Р. e 


1 UTE 


‚3. If a, b, с, d be in G.P., show that —— түр ppa arp ае 
c 


also in G.P. 
~4, ү Ptg’, Р4+ г, q+ r° are in G.P., show [that P,q,r are in 
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5. The sum of three numbers in G.P. is 42 апа their product is 
1728. Find the numbers, 


6. Find three numbers in G.P. whose sum is 19 and whose pro- 
duct is 216. 


7. Find three numbers in G.P. whose sum is 19 and the sum of 
whose squares is 133. 


8. Find three numbers in G.P. whose product is 64 and the sum 
of whose products taken in pairs is 56. 


9. The sum of four numbers in G.P. ‘is 60 and the arithmetic 
mean of the first and the last is 18. Find the numbers. 


5'10. GEOMETRIC MEANS 


If three numbers are in G.P., the middle one is called the 
geometric mean (written briefly as G.M.) between the other two. 
For example, 4 is the geometric mean between 2 and 8; also 1 is 
the geometric mean between 2 and 1. 

If n+2 numbers a, G,, Gz, Gn, b be in G.P., the numbers 
Су, G,.., Gn are said to be geometric means between a and b. 
For example, o, 12, 24, 48, 96 are five geometric means between 3 
and 192. : 

5101. To find the Geometric Mean between Two Given 
Numbers a and b, 


Let G be the geometric mean between a and b. Then a, G, b 
must be in С.Р, 


COME 
5X га! 
ог G?-—ab, 
or G-4/ab. -) 


a s the geometric mean between two numbers a and b is 
ab. : 


Note. From (i) we find that the geometric mean between two 
numbers 4 and b is real if the numbers are of the same sign and 
imaginary if they are of opposite signs. Since in: the present . book 
we are dealing with real sequences only, we shall consider only 
real geometric means If the geometric mean between. two 
numbers hippens to be imaginary, we shall simply say that the geo- 


metric mean does not exist, meaning thereby that no real geometric 
mean exists. 


Example 22. Find the geometric mean between 15 and 135. 
Solution. Let G be the required geometric mean. 


` Since.G is the geometric mean between 15 and. 135, therefi 
15, G, 135 must be in G.P. oss 
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G 135 
; 15 GM 
or 92215 х 135, 
ог . б=,/15х135=45. 


Hence 45 is the required geometric mean. 
- 5102. To Interest n Geometric Means Between Two Given 
^ Numbers a and b. 


Let Gy, С,,..., Gn be the n geometric means between a and b. 
Then a, Gy, бз, Ga b must be in С.Р. [Г be the common ratio 
of this G: P., we have 


Ipsa ar tib, 


iva: b nd 
Now G,=ar=a (2) 


Hence the required geometric means аге 
1 2 3 


HE dex d р. FEN E- 


Example 23. Insert ferire means between 3 and 1875. 


Solution. Let Gi, G:,--, G be the required geomet 
between.3 and 1875 then E АИ lo MCN 


3, GG, СТ ЕО) 
are in С.Р. 
If r be the common ratio of (i), we have 
1315-1875 
or r8=625. 


r=+J/5. 


When r-4/5, the required means аге 3(5)", 3(5 mm 
3(5), 3(5)5/2, 3(5)°/ and 3(5). A EN: 
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de; 345,15, 1515, 75,7545, 375 апа 375/5 < (ii) 
When r=— 45, the required means are 3 (—5!/2), 3 (—-51/2)2, 


3( 


Syr. 3 ( 51m)4 3( 51/25. 3 (—51/2)5. and 3 (—512j7, 
ie, —345,15, —15 М5, 75, —75 45, 315 and —375 «5. 
Example 24. Prove that the product of the n geometric. means 


between two given numbers a and b is equal to the nih power of the 
geometric mean between a and b, where a-and b are of the same sign. 


Solution. Let the n geometric means be Gy, G,,..., Gn. : 
a, Gy, Gs,.... Gs, b, sv) 


are in G.P. 


If r be the common ratio of (i), we have 
zahar 
ь \п+1 -(й) 
Inzy—artti-b or r=( 2) Р 
а 
The n geometric means are 
G,=ar, Gsar?,..., Ga ar^, 
Сб, Gy...Ga=ar . ar? . ағ?.-.ағ". 


1 
—n(n4-1) 
p2 


=a" 
1 

уп 

=a" (2) ‚ by (ii) 


=G” 


ZN 
Where G (= V ap ) is the geometric mean between a and b. 


otherwise, Şah is not a real number, and therefore, no real geo- 
metric mean exists. 


The result holds only when a and b are of the same sign, for 


Й 


EXERCISE 5 (g) 


Insert 3 geometric means between i and i $ ў 
Insert 8 geometric means between 26 and لود‎ z 


Insert 5 geometric means between 33 and 40 > 3 


Insert 4 geometric means between 2. апі p. = 


16 
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5. Insert 3 geometric means between Y and 128. 


6. IfAand G respectively are the arithmetic and geometric 
means between two positive numbers, show that A> G. 


1. IfAandG respectively be the arithmetic and geometric means 
between two positive numbers, prove that the numbers are 


Rr mp nd 
A+4/(A-+-G)(A—S). 
qn p» 
8. M —wrp be the geometric mean between a and b, find 


the value of n. 


9, The sum of two numbers is 6 times their geometric mean. 
Show that the numbers are in the ratio 3—24/2 : 33-242. 


10. The arithmetic mean of two positive numbers а and b is to 
` their geometric mean as m * n. Show that 


а: Бету :т+ vy mn. 
5'11. FINITE GEOMETRIC SERIES 
The series, 
apartar? +. tar", 


corresponding to the finite G.P. a, ar, ar?, у ar™ 4, is called a finite 
geometric series or a series in G.P. For example, 


(i) 24448416432, 
(ii) *1--:014-0014-70001, 
PRO Cid eae 
Gi) 3 +33 +35 Ts , 
Pas 1 à 1 —pet 
and (iv) | 1— 3 t3: 5 duos oe 
are all finite series in G.P. 


512, TO FIND THE SUM TO n TERMS OF A SERIES 
IN G.P. 


; Mies Hd ES ay? cw common icd and Sn the sum to 
S,—a tar А-а-ай, ) 0 
FSn=ar tart Har” (й) 
Subtracting (ii) from (i), we have 
Sn (1—r)—a-ar^, 


or Sa= 


— г 
деше , provided г1. (A) 
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The formula (A) may also be written as 
a(r*—1) 2 
Sat , provided r341, (В) 
If / be the nth term ofthe given С.Р:, then /—«r"-!, and we 
may write (A) as 
a—lr t 
Sa= TE provided r7 1. (C) 


It is usual to use the formula (A) or (C) when |r] «1, and 
the formula (B) when | r | >1. 


When r=1, each term is equal to a, and S,— za. 
Example 25. Find the sum to 10 terms of the G.P. 


248+. 
Solution. Here a—2, r—2, n—10. 
220—1 
„= D ملق ر‎ p. 


EXERCISE 5 (Л) 
Sum the following scries : 
1. 4+12+36+-.--to 10 terms. 


i i 
D ur 1, —3, 9,... to 8 terms. 


3. *3+°06+°012+-...{to 15 terms. 
1 1 1 1 
4. g ta tas teetan РА 
1 1 ins Due 
Seed)! rT аз Ко Кеси В 


6. The first term of a С.Р. is 27. If the 8th term be c , what 


will be sum to 10 terms ? 


7. The sum of the first six terms of a G.P. is equal to 65 times 
that of the first three terms. + Find the common ratio. 
8. The sum of tke first 5 terms of a G.P. whose common ratio is 
2 is 7°99744. Find the first term. 
513. CONVERGENT SEQUENCES 


Consider the infinite sequence 
3 4 5 n+! 


n 


GIU a ET 
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Denoting the nth term of the above sequence by fn, we have, 
n+l pu 1 


n n; 


> 


MS 1 : 1 У 
tn differs from 1 by тт Since ah decreases as ji increases, there- 


fore, fn becomes nearer and nearer to 1 as п increases. Also, tho 
difference between fn and 1 сап be made as small as we please, 


i.e., by properly choosing n, it can be made smaller than any given 
positive number howsoever small, e.g., 
3 EE 
O ET „if n2100 
1 : E 
fu— 1 i000. , if n> 1000 


in—14 10725, ifn > 10". 
Thus, howsoever small a positive number k may be, we can find 
a positive integer m, such that the difference between tn and | is 
less than К, for n>m., ° (A) 


1 1 
1002, m=1000 when k= 1000 ' 


خف تارف ہہ الاد کے ج تہج م سے د 


Here m=100 when k= 


m==10 when k= 10729. 
Next, let us consider the sequence 
Ў 1 2 9 п—1 | 
(i) 1, QU RU КЕЛИС 
For this sequence, 


As in the case of sequence (i), we find that in this case also, 
tn becomes nearer and nearer to | as л increases. К 
1 
Also, 1— rd 
Ín io^ if n>100, 


1 
12 SUO n 
n< 1000 * if n>1000, 
1—tn<10™, if n> 101°, 
Thus the statement (A) is true in this case also. 
` Next, let us consider the sequence 


D о, >, do us Sos CD, 


2 3 4 or 
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^ LT 
Hence на CD", 
езШ, 
1 
[та 1 |=— 


п 


As in the above examples (i) and (ii), we find that the 
difference between їз and 1 can be made as small as we please and 
that the statement (A) is true in this case also. 


Finally, consider the sequence 


Р 1 1 1 1 
(5) pus Mur D 
Since =y becomes nearer and nearer to zero asn increases, 


эв 
therefore, tn (and therefore ta0), becomes nearer and. nearear to 
zero as n increases, 


Also, by.a proper choice of n, the difference between tn and 0 
can be made smaller than any small positive number whatsoever 
e.g. 


aes AP ifn>6 j 


Ыг SE jene 10€ 
E gue UN s жас aV. ifn»9. 
1000 aw < 1000, 


11501 mg m < лае Les iEn 100. 


эе 

Thus, howsover small a positive number k may be, we can 
find a positive integer m such that the difference between ra and 0 is 
less than &, for n2 m. 


Here m=6, when k= 
00700; 


Such sequences, as we have considered above, are called 
convergent sequences. A sequence whose nth term is fn is said to be 
convergent if there exists a number / such that having chosen a 
positive-number k, howsoever small, we can find a positive integer m 
such that the difference between fn and 4 is less than k for n>m. 
The number 7 is called the limit of the sequence and the sequence 
is said to converge (or tend) to / as п tends to infinity. Symbolically, 


We write lim ta=/ (or — ta1asu-oo) 
i> o 


d 7-9, when ke ates ;im-100 if 
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In the above examples (i) to (iv), the limits of the four 
sequences considered are 1, 1, 1 and 0 respectively. 


Not every infinite sequence is convergent. For example, none 
of the following sequences is convergent : 
523.3, 8 Oy. dese 


een a Pave 


A sequence which does not converge is called a non-convergent 
Sequence. 


Notes. 1. The notion of convergence is available for infinite 
sequences only. It is meaningless to talk of the convergence or 
otherwise of a finite sequence. 


2. Recall that the absolute value of a number x is written as 
i x | and is read as mod x, e.g., | —5 | =5. The inequality | x | <1 
means that x is numerically less than 1, t.e., —1« x <1. 

3. The absolute value of the defference between two numbers 
a and b is written as | a—b | and is read as ‘mod_a minus b’, eg., 
[57] =| —24 92:1] (729—070 | = | —5+7 | |2 1—2. 

The symbols | a—b | and а ~ b mean the same thing. 

4. Using the above notation, the definition of the limit ofa 
sequence may be written as follows : 


A sequence (tn) is said to converge to l,if given k>0 and. 


arbitrarily small, it is possible to find a positive integer m, such that 
| ta—1 | <k, for all n» m. 


5:14. INFINITE GEOMETRIC SEQUENCES 
The infinite geometric sequence 
ае Пари т aes 


whose nth term is x^, is convergent when | x | <I or x=], and is 
non-convergent when’| x | >l or х=—1. 


Also, 
lim x= when |x| < 1, 
ETE) 1, when x =1. 
In particular, the sequences 
аи 
ао 


CH 


are both convergent, but neither of the two sequences. 
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Boop 
and —6, (=6, (—6)5,...... 
js convergent. 


~ 5°15. INFINITE SERIES 


The symbol 
fy fae de 
is called the infinite series corresponding to the infinite sequence 
fj fo, tg, «»» Thus, to each infinite sequence there corresponds an 
infinite series. For example, 


1 1 1 
i) Ea FA *es 
1234-44 ...-., 
and +> tor do 5 


are the infinite series corresponding to the infinite sequénces 
1 1 1 


1,2,3, 4, 5 
1 1 1 
and 1$ XN ir LE 


respectively. 


If we go on adding up the terms of an infinite series one by 
one, the process would never end; therefore, a priori it is not possi- 
ble to talk of the sum of an infinite series. In some cases, however, 
it is possible to associate a number S with an infinite ѕегіеѕ and 
call it the sum of the series to infinity. When suchis the case, the 
series is said to be convergent. 


5:16. SUM OF AN INFINITE SERIES 


Let fy tgd- tg... to + 


be an infinite series. Denoting the sum to п terms of the above 
series by Sn, we have 


Sn=t fa 1. 


51, $,,...,S,, .. is an infinite sequence called the sequence of partial 
sums of the given series. If this sequence is convergent and tends. 
to S as n tends to infinity, we say that the given series is convergent 
and that its sum to infinity is S. 


: If the sequence Sj, So, ..., Ss +- is not convergent, the given 
series is said to be non-convergent and it is then not possible to talk 
of its sum to infinity. 
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Thus an infinite series is said to be convergent if and only if 
the sequence of its partial sums is convergent. Also, the limit of 


the sequence of partial sums is then called the sum of the series to 
infinity. т 


Note. The sum 5 of a convergent series. is also. called its 
limiting sum, for, as we have said above, itis the limit of the sum 
to n terms as л tends to infinity. As we go on takinga larger and 
larger number of terms of the series, the sum will become closer and 
closer to S but it may never be equal to S. 

/ 


5:17. SUM TO INFINITY OF A GEOMETRIC SERIES 
“Let Sn denote the sum to п terms of the С.Р. 


аага? 
Then 
а(1—г") а аг" н 
И LEON AC DN S REDE "xl. 
Ss quere Neri Let provided rz 


Af|r| «1, r"—0, as поэ 0, 


а 
so that Sn—> TAR as n—- o0, 


. Therefore when | r | «1, the sequence 
of partial sums of the given series, viz. 
Si Sa 


converges to bue so that the given С.Р, is also convergent and 


its sum to infinity is 


a 
Tar : 
И |r|221, or r— —1, г" does not tend to any limit аз 
N-? OD. 
The sequence 
SII SR are 
is non-conyergent, so that the given G.P.is non-convergent. 
If r=1, we have, ab initio — Ў 
Sn=a-+a+-.-..-to n terms, 
=ла. Š 


In this case again, Sn does not tend to any limit, so that the 
given С.Р, is not convergent. 1 


Thus the infinite geometric series a+ art ar}... is conver- 


gent if and only if | r | <I, and its sum to infinity is then = 
; Example 26. Sum the series LER to infinity. 
> v A % А = 


SEQUENCES AND SERIES 155 


Solution. Let S, denote the sum of the given С.Р. to л terms. | 


Since а=, =, we have 


n 
Since (+) 0 as — co, therefore, Sn Li as n>. 


Hence the required sum is i 


1 
Aliter. The given series is a С.Р. having Tee 


Since r— i which is less than 1, therefore, the given series 


is convergent and 


Example 27. Sum the series i -+ Feito infinity. 


Solution. The given series is a G.P. having 
1 


us tae 


Since |r} =|- тш + which is less than 1, therefore, the 


given series is convergent and the sum to infinity 
С 3 


Hence the required sum is + 


Example 28. 7s it possible to sum the series 2+4+84+-16+... 
to infinity ? 
Solution. The given series is a G.P. such that a—2, r—2. 


Since | | =2, which is greater than 1, the given series is 


non-convergent. Therefore, it is not possible to talk of its sum to 
infinity. 
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Example 29. The 2nd term of an infinite convergent С.Р. 


is ES and the sum to infinity is unity. Find the series. 


Solution: Let a be the first term and r the common ratio of 
the given G.P. 


ara (i) 
and 21, i) 
Lem 
Eliminating a, we have 
TENEO INS 
9r1—r) °? 
or 9r?—9r +-2=0, 
or (3r—1)(3r—2)=0. 
1 2 
r= ог g 
1 2 
When Ta from (i) we find that a= 
Therefore, the series is 
2 2 2 à {л 
a ta tate (її) 


When rat, from Gi) we find that a= 


so that the series is 


1 2 2r Fd 
ahi. QR E NE 
Hence the given series is 
E 2 2 2 
es a tar tart WE 
а] 2 2t 3 
or a E te: 


“5'18. RECURRING DECIMALS 


= A recurring decimal can be expressed as an infinite geometric 
series, and thus be converted into a rational fraction. | The follow- _ 
ing examples will illustrate the method. 


Example 30. Express `7 as ап infinite geometric series and 
- hence reduce it to a ratiorial fraction. 

Solution. '7—'777....., A 

or 715712-707 4-007 4-70007 4-...... nhi 
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Since the R.H.S. of (i) is an infinite geometric series having `7 
as the first term and "l'as the common ratio, we have 


EXERCISE 5 (i) 
Sum to infinity the following series : 
] 441°6+°64+--...- 


еди 
3: 9$ 20581 

5, 2+4x+8x2+....., where |x| <}: 

6. Find an infinite geometric series whose second term is 3:and 
the sum is 16. 


7. Find the common ratio ofa G.P., whose first term is 1 and 
each term is twice the sum to infinity of all the terms which 
follow it. 

8, Find by the method of summation of infinite- geometric series 
the value of (1) ^3, (ii) ‘27, (ШШ) "723. 7 pel 


9. The sum of an infinite geometric series is $ and the sum of 


"the G.P. obtained by squaring every term is equal to + 


Find the series. 
519. TO FIND THE SUM OF THE FIRST n NATURAL 
NUMBERS VER 
Let S,—14-24-34- n. wi) 
The above series is an A.P. whose first term is 1 and common 
difference is also 1. 


ED Da (di) 


S= Qx14(1—1) B= 
Thus the sum of the first n natural numbers is § n(n4- 1). 
Denoting the sum of the first n natural numbers by Xn, (ii) 


may also be written as 
Уп=4п (n+1). 
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520. TO FIND THE SUM OF THE SQUARES OF THE FIRST 
n NATURAL NUMBERS. Ж 
Let 5л = 12-23-32 p... ego. 
Consider the identity 
х%—(х— 1)23x1—3x:1. 
Putting x— 1, 2, 3,——, n—1 and n in succession, we have 
15—03—3.1—3.14-1, 
22—]3—3,21—3,24-1, 
31—23—3.31—3.3.4-1, 
(n—1)—(n—2).—3.(n— 1??—3.(n—1)4-1, 
and n3— (n—1)!—352—3n-4- 1, 
Adding, we have 
n= 3(1#-+-24-.......--пї)—3(1--2-- vem +п)+п, 
35.3, PED ү, 


38в=-—- (2n*4-3n 4-1) dx (n--1)(2n4- 1). 
PS nin-t Vn 1). 
: i REET ар 


or 


mE) 
Thus the sum of the Squares of the first natural numbers is 


+ n(n4-1)(2n4-1). 
Denoting the sum of the Squares of the first n natural numbers 
byEmM, > 


(ij) may also be written as 
pul MID a 


i n(id-1)Qn41) 


521. TO FIND THE SUM OF 
-n NATURAL NUMBERS 


Let Sn= 12-22-38... пз, 
Consider the identity 
x*—(x—1) 433—614: 4x—]. 
Putting x—1, 2, 3,......, 1—1 and n in succession, we have 
11—0—4.13—6.124-4.1— 1, 
21—11—4.21—62?-.42—1, 


THE CUBES OF THE FIRST 


„00 
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31—21—4:31— 6.3? 4-4.3— 1, 


(n DR (n2 AQ Ha], 
and n!—(n— 1) 4n8—6n*4- 4n 1. 


Adding, we have 
ni a[134-2? 4- 334r... 2] 6 Хп? 4-AXn—n, 
ар саш оар Mi T FE 


or 
(пап) +n(nF D)2n3-1—2), 
—n(n-- (nt —n-- 1 3-2n—), 
=n(n+1)\(n?-+n), 
=m(n+1). М 
Sa= pala De 
Thus the sum of the cubes of the first n natural numbers 
mr. 
CUTS 


Denoting the sum of the cubes of the first 7 natural numbers. 
by Bn, (ii) may also be written as : 


gı {ED йу, 


E‏ ن 


` Corollary. Since the R.H.S. of (ii) -(En)*, we have 
En$—(Eny. 
522. TO FIND THE SUM TO n TERMS OF THE SERIES. 
WHOSE nTH TERM IS ar?--bn* сп. 

Here tn an? - bn? cn-t- d. 

Putting n=1, 2,3, e+ ,n in succession, we have 
14a. 13--b. 1*4. c.1 +d, 
th=a.P+b.2+c.2+d, 
ty=a.3°+b.3*+¢.3-+d, 


=a +b. +e n d. 
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Adding, we have 
Ss —aXn* + bXn* ¥ cEn-- dn 


a Amy +4 n(n-+1)(2n-+-1) 
+ n(n- 1) dn 


Example 31. Find the sum to n terms of the series 
BLH +o. (2n). 

Solution. Let Sn denote the required sum. 

Then $5,721 -4* 4-63 - H (20), , 
=4{1942?+......4-n%}, 


=4 6 (п 100241) 


DE 2. поп). 
Example 32. pue the sum to n terms of the series whose nth 
term is 3n*+n—2. 


; Solution. Let fn be the nth term and S, the sum to л terms. 
Then Ў 
ta=3n?+n—2. 


Putting n=1, 2, 3,------,2 in succession, we have 


=3n?+n—2. 
Adding, we have 
2 $a—3Xn*--En—2n, 


t х 
=3 g (пп DF (61) 2n, 
. en(i?--2n—1). 
Example33. Find the sum to n terms of the series 
3.57 4.7-F5.9 43- 
Solution, The nth term of the given series 
=nth term of 3, 4, 5,......X nth term of °, 7,9,- 
={3+(n—1). 1}x (54(00—1):2), 
=(n+2)(2n+3), 
or In —2n? +7n-+-6, 


E 
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S, — X 2n*--7n4- 6) -2Xn* -7En + 6n, 
zn Zant DOn D + ер XA 
_ Anh F27n*-- 59n | 
jx 6 
Example 34. Sum to n terms the series 
PHPF 22) (24-22 4- 32) 4-...... 
Solution, If the mth term of the series be denoted by fn, we 
ауе i 
S424 Hn, 
min 1013-1) 
= e 
2n’ +3n +n ў 


I 
a 


+ Stn, 
ê ү „(п Dn--1) 
Ете с 


fect a 
= 0 fain $1) 420141, 


Em (n*4-3n3-2), 
hag viai y(n--2Y. 
EET: 


Hence the sum to п terms is in п (natin +2). 


i imde: 5(j) 

Sum the following series to n terms : 

124-324-5214... 2. B4 334524... 
1.343.545.744 _4. 4,74-7.104- 10.13 4- ...... 
Sum the series : 

62-73 81 T-......--202. 

22--5*-- 8?--..—...to 15 terms, 

5.64-6.7 -- 7.8 4- ......to 25 terms. 

Find the sum to п terms of the series whose nth term is 

2n?—3n+7. 


ын 


ی ف ف 
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9. Find the sum to z terms of the series whose nth term is 
n(n+1)(n+2). 
10. Find the sum of the series 1+(1+-2)+(1+2+3)+.. to n 
terms. 
5:23. ARITHMETICO-GEOMETRIC SERIES 


A series, each term of which is obtained by multiplying: 
the corresponding terms of an A.P. and a G.P., is called an 
Arithmetico-geometric series. As an example, let us consider the 
series Й x 


144х+7х24-...... (i) 


The terms 1, 4х, 722, =... of (i) are formed by multiplying 
corresponding terms of the A.P. 


-and the G.P. l4xTxM.... 
The series (i) is, therefore, an arithmetic-geometric series,- 
The standard form of such a series is UA 
a-r (a-- d)x--(a-- 2d )33 --..-.--- (a--n —1 d) x". 
524. TO FIND THE SUM TO n TERMS OF THE ARITHME-- 
TICO-GEOMETRIC SERIES WHOSE nTH TERM IS 
(a+n—1d) x” 
Let S, denote the sum to п terms of the given series. 
Then Sn=a+(a+d) x+(a+2d) x*----- (a--n— 1d) x", 
xSn= ax — -(acd)xth. (a+n—1d) x". 
By substraction, we have 
(1—x)Sn=a+dx+ dx? +... -- dx! 1— (a--n—1 d) x”, 
pe 
dx1—x*7) — (a*n—1 dix” 


(1—х)* Ta OJ 


— (a4-n—1 d)x". 


a 
багы 


Corollary, If | x | < 1, then х", x" and nx” all >0 as п->оо.. 


3 a` dx 
lin; Ss oe 
is EES q—»* 

Hence the given series is convergent when | x | < 1, and the 
sum to infinity is given by 

a dx 
8-15 e» 

Example 35. Sum to п terms the series 1--3x--5x34- 73 4-..- 

Find also the sum to infinity when |x| < 1. Sh. н 
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Solution. Let t, and Sn denote the nth term and the sum to 
n terms respectively. 
Then ¢n=(nth term of 1, 3, 5, ......) X (nth term of 1, x, a*,...),. 
=(2n—1) х%-1 
S,—1-3xc5x*4ee-— (20 —1) x, 
хЅа= — X43x2-p over +(20—1) x”. 
By subtraction, we have 
(1—x)Sn= 142x428 --.... T-2x^71— (2n — 1) x”, 
a UO. aa ye. 
1 Q2x(1—x97) RTE 
1—х (1—2x)* 1—x 
When | х | <1, then x", x" and nx*-0 as noo. 
1 2x l+x 
-x Чг U 


Sa= 


. lim $42 — — 1 
noo 


1 
Hence the sum to infinity— ces т سے‎ 


Example 36. Sum to n terms and to infinity the series 
E ood 
38 4 127 
Solution. The given series may be written as 
12-2(—4--3(—3 4-4(—3)4-.-. -( —3)77H-.....- 
Let Sn denote the sum to terms. Then, 
=1+2(—®)+3(—4)#+...... Ta-—»- 
(—4)5= (—48)+2(—4)8--...... (0—1) 737 -n( 7-37 
‘By subtraction, we have { 
$ Sa=1+(—3)+(—4)"+ + —n(—9)", 


1=(= 4) 
: Sn=xe{1—(—3)"}—2n(—}). 
Since (—3)* and n (—3)*—0, as п->со, 


аи 


Hence the sum to infinity=—-. E rà 


EXERCISE 5 (X) 
. . Sum the following series to n terms : 
1. 1+2+3 48... 
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o 245x821 Lo t... 


3—7Tx-+11x®—15x8...--- 
Sum the following er to nterms. Also find the sum to 
infinity when |x| < 1 


LA4x HTX eese 

1—х+Е2х#%—3х%-+.-...-- 

Sum the following to series infinity : 

1-2-3x-63--10234--—..., where | x | < 1. 

1 —6x-+15x2—28x8-+ өөө ‚ where x is numerically less than 
Rcs 

1E iustum qe P 
1—-214i1-i-.. 

Prove that when x=2, the sum of the series 
2x--5x1-- 8x3 2-11 3*-45.-... to п terms is d 


TEST YOUR UNDERSTANDING V 
In each of the following problems one of the four alternatives 


ds correct, Write down the letter corresponding to the correct 


alternative. 
1, The sum of the series 1+-5+9+13+...--to 10 terms is : 
(a) 170 (b) 380 
(c) 190 (d) 320. 
2. Thesum of the first » terms of the series 
1 3 ДЕЙ тө ТУ 
B2 TUAE RU pe 
is equal to 
(a). 2°—п—1 (b) 1—2" 
(с) n2: (d) 2"—1.  (LLT. J.E.E., 1988) 
3. The nth term of the sequence 6, 3, 0, —3, —6, is 
(а) бл (b) 3n4-3 
(с) 8—3n . (d) |. 9—3n. 
4. The sum of all the natural numbers with. ‘two digits is 
(a) 5050 (b) 4905 
(c) 4950 (d) 5000. 
5) 3 is the geometric mean of a and b. Possible values of a and 
are 
(a) 1,5 (b) 9,0 
(с) 4,2 (4) 9,1. 


The first term of a G.P. is 2 and the sum to infinity is 6. The 
common ratio is 
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10. 


(a) E (b) + 
(c) 3 (d) T 


The rational number having the decimal expansion 49 is 


49 it 

99 Tm 
49 

(©) бр (4) жү 


The sum to infinity of the series 
UAE UT for —} «x <} is 
1 


@ rs e) Im 
0 Tx (oe 


The sum ofn terms of an A.P.isz(3—2m) The common 
difference is 


(a) —4 (b) 4 

(с): 3 (d) 3. 

The ninth term of a G.P.is 16. Ifthe common ratio is 2, 
the first term is 


1. 1 
( 2% Ө 

1 1 
Seo 9 s 


REVIEW EXERCISE V 
Show that the sum of the first л even integers is equal] to 


( 1+2) times the sum of the first n odd integers. 


If Si, Sa, Sa be the sums of n, 2nand Зл terms of an A.P., 
show that S;=3(S,—S,). E 
If in an A.P.the sum ofp terms be the same as the sum of 
q terms, show that the sum of (p--q) terms is zero. 
The sums of the first p, q,r terms of an АР. are a, b, c res- 
Poe Show that + 

E 5 (=+ Ap +t (p—)=0. 


Find dd sum of eR the even numbers from 100 to 200 both 
inclusive. 
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The sum ofa certain number of terms of an A.P. is 36 and 
the first and the last terms are 1 and 11 respectively. Find 
the number of terms and the common difference. 

Ifthe sum of n terms of an A.P.is 3n+4n?, find the rth 
term. 

The sum ofn terms of each of two given A.P.’s are in the 
ratio 5n+7:7n+9. Find the ratio of their 15th terms. 

Prove that the sum of an even number of terms of an A.P. 
is equal to the sum of the two middle terms шщ by half 
of the number of terms. 

Prove that the sum of an odd number of terms of an A. P. is 
equal to the middle term multiplied by the number of terms. 
Find the sum of the series a+ brt br?-- ar? .....--- to 2n terms. 
Find the sum to үн т I series 


2+5 342 x T 


Prove that '45 = = 


Three numbers whose sum is 15 are іп A.P. If 1,4 and 19 
be added to them respectively, the results are in G.P. Deter- 
mine the numbers. 

Sum 2.5-+5.8-+8.11-++---.. to n terms. 

Sum 1.2?--2.3?--3,4?-- ......to n terms. 

Find the sum to m terms of the series whose nth term is 
n—nl. 

Sum the/series 1 —2x4- 332—435? -L......to n terms. 

Sum the series 1+5x+9x?+......to л terms. Find also the 
sum to infinity when | x | < 1. 

Sum rs Ded to sed 


2 
nF E A Red : 
А 


Ап А.Р, with n terms can be written as 
а, a-d, a+2d, ......, a-(n—1)d, 
where a is;the first term and d is the common difference. 
The sum of the first n terms, S, of an A, Р. whose first term is a and 
common difference is d, is given by 
S [2a--(1—1)d], 
If Lis the last term, then 


5,=5- (a+). 


3. A G.P. with n terms can be wrtiten as 


a, ar, ar*,..... ,ar-t 
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4. The sum to terms Sa, and the sum to infinity ofa G.P. whose first 
term is a and common ratio is r, are given by 


=a), sc jr (provided | r | «D. 
5, The arithmetic mean of two numbers x and y is 3 (x+y). 
6. The geometric mean of two numbers x and y is ./xy, 
7. The sum of the first л natural numbers is given by 
n я 
x k el gina). 
2 
k=1 "NS 
8. The sum of the squares of the first n natural numbers is given by 
n 


kae nnt 1) Ont). 


k=1 
"9. The sum of the cubes of the first n natural numbers is given by 


kal k=1 


HISTORICAL NOTE 

Familiarity with arithemetic sequences goes back to Egyptains. 
Problems involving arithmetic sequences are given in Rhind Papyrus (1550 
B.C.). Aryabhata’s work, Aryabhatiyam, includes a formula for the sum of n 
terms of an A.P. after the pth term. ? 

Babylonians were familiar with geometric sequences. Problems 
involving such sequences are als» given in the Rhind Papyrus. Euclid gave a 
rule for summing a geometric series which is equivalent to the modern 
formula. Bhaskara gives several problems involving geometric progressions 
in his Lilavati. The first modern treatment of a G.P. is found in the 
Algorithmus de Integris of Prosdocimo de Beldamandi written around 1410 A.D. 
The first infinite geometric series known to have been summed is 


+++ ings (YI 


by Archimedes. The general formula for summing an infinite G.P. was given 
by Vieta (1590 A.D.). 

Rules for finding the sum of the squares and cubes of the first n natural 
numbers аге given іп the works of Brahmagupta, Mahavira and Bhaskara. 
Among the medieval western writers, Fibonacci gave rules for finding sum of 
squares of first п even numbers in his Liber Qudratorum (1225 A.D.). Rule 
ái DE s sum of the first п natural numbers is given in Pacioli’s Suma 


00 


JACOB BERNOULLI (1654-1705) 


Also known as James, Jacques, Jakob and Johann, the Swiss mathe- 
matician Jacob Bernoulli was born at Basel, 


Bernoulli's Ars Conjectandi, published posthumously in 1713, is the ffirst 
treatise on the theory of probability. At contains the first adequate proof of 
the binomial theorem for positive integral powers. It also contains a good’ 
account of permutations and combinations. 


Bernoulli was, however, fascinated the most by curves. He found the 
equations of the catenary, tractrix and isochrone, the lemniscate of Bernoulli 
being too well-known to mention. Bernoulli was, however most partial to the: 
logarithmic spiral. He discovered many of its interesting properties and left 
TRIES effect that this curve be inscribed on his tombstone, He died: 
at Basel in i 
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CHAPTER 6: 


Permutations and Combinations 


61. INTRODUCTION М 
We often come across questions such as the following : 


1. In how many ways can three pictures be arranged in a: 
row ? 


2. In how many ways can six people be ‘seated at a round' 
table ? 


3.. In how many ways can a team of five players be selected 
out of a group of eight players ? i 
In how many ways can 8 greeting cards be selected out of 
10 and displayed in.a row ? 

Answers to these questions and many other important and: 
more difficult ones can often be given without actually writing down: 
all the different possibilities. In the present chapter we shall study 
some basic principles of the art of counting without counting which 
will enable us to answer questions such as the ones listed above in. 
an elegant manner. 

62. THE FUNDAMENTAL PRINCIPLE OF COUNTING 

(a) How many-numbers of two digits can be formed out of 
the digits 1, 2, 3, 4, no digit being repeated ? 

The first digit can be any one of the four digits 1, 2, 3, 4, i e., 
the first digit can be chosen in four ways. Having chosen the first 
digit, we are left with three digits from which the second digit can. 
be chosen. Therefore, the possible ways of choosing the two digits: 
ате : 


МИИ 
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Since the first digit can be chosen in four ways and for each 
Choice of the first digit there are three ways of choosing the second 
digit, therefore, there are 4 X 3 ways, i.e., 12 ways of choosing both 
the digits.» Thus 12 numbers can be formed. 


(b) Anupama wishes to buy a birthday card for her brother 
Saurabh and send it by post, Five different types of cards are 
available at the card-shop, and four different types of postage stamps 
are available at the post-office. In how many ways can she choose 
the card and the stamp? She can choose the card in five ways. 
For each choice of the card she has four choices for. the stamp. 
Therefore, there are 5X4 ways, i.e., 20 ways of choosing the card 
and the stamp. 


(c) Ashu wishes to go from Delhi to Bombay by train and 
return from Bombay to Delhi by air. There are six different trains 
from Delhi. to Bombay and five different flights from Bombay to 
Delhi. Ia how many ways can he perform the journey ? 


Since he can choose any one of the six trains for going to 
Bombay, and for each such choice he has five choices for returning 
‘to Delhi, he can perform the journey in 6X 5 ways, i.e., 30 ways. 


The above illustrations suggest that if ore operation can be 
performed independently in m ‘different ways and another opera- 
tion can be performed independently in n different ways, then the 


number of ways in which both the operations can be performed in 
succession is mn. 


The above principle can be generalized to the case of three 


or more operations. We thus have the following Fundamental 
-Principle of Counting, 


If one operation can be performed independently in тү different . 
ways, and if a second operation can be performed in т, different ways, 
and a third operation can be performed in ms different ways and so on 

_for any finite number of operations, then the total number of ways in 
which all the operations can be performed in the stated order is 
тутту э 

Example 1. How many three digit numbers less than 400 сат 
-be formed from the digits 1,2,3,4,5,6? How many of these 
numbers are divisible by 5 ? 


,. Solution. Since the number has to be less than 400, the first 
-digit can be chosen in 3 different ways. (It has to be one of the 
-digits 1, 2 and 3.) 


Having chosen the first digit, the second digit can be chosen 
“to be any one of the remaining five digits, and therefore, it can be 
chosen in 5 different ways. 


Having chosen the first and the second digits, the last digit 
«can be chosen in 4 different ways. 
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By the fundamental principle of counting, all the digits can be 
chosen in 3x 5x4 ways, i.e., 60 ways. 


Thus 60 numbers can be formed. To find as to how many of 
these numbers are divisible by 5, we proceed as follows : 


The first digit can be chosen in 3 different ways, the last digit 
сап be chosen in 1 way (it must be 5), and the middle digit can be 
chosen in 4 different ways (it can be any of the remaining four 
digits). Therefore, by the fundamental principle of counting, there 
are 3X 1X4, i.e., 12 numbers which are divisible by 5. 


EXERCISE 6 (a) 


1. Six roads lead to the top of a mountain. In how many ways 
can a tourist go up and down the mountain ? 


2. There аге 7 kinds of envelopes and 4 kinds of stamps of the 
same denomination. In how many ways can an envelope and 
a stamp be chosen for sending a letter ? 


3.- In how many ways сап a consonant ahd a vowel be chosen 
out of the letters of the word GREAT ? 


4. There аге 25 boys and 15 girls ina class. In how many ways 
can a boy and a girl be selected to represent the class in a 
debate ? 


5. There are 10 varieties of pens and 8 varieties of pencils avai- 
lableata shop. In how many ways can a pen and pencil be 
chosen ? 


6. There are four roads between the cities A and B, and three 
between the cities B and C. In how many ways can a person 
drive from A to С and return back going through B each time, 
without driving on the same road twice ? 

7. How many three digit numbers can be formed by using the 
digits 0, 1; 2, 3? 

8. How many three-digit numbers сап be formed by using the 
digits 0, 6, 7, 8, no digit being repeated ? 

9. How many numbers between 100 and 1000 can be formed if 
all the digits are different, and the digits 0, 1, 3, 5 are not to 
be used ?. 


10. In how many ways can a vowel, a consonant and a digit be 
chosen out of the 26 letters of the English alphabet and the 
10 digits ? 


$3. FACTORIAL NOTATION 
We often come across products of the form 1.2, 1.2.3, 1.2.3.4,... 


Instead of writing all the factors of such a product in full, it 
is convenient to use a special notation. We write 
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11=1, 
21-212, 
3121.23, 


isa ba. 


‘n !’ denotes the product of the first п natural numbers. We read “п!” 
as ‘n factorial’. n ! is also written as ‘|’ and read as ‘factorial m. 
It is easy to see that 


11=1,21=1.2=2, 3 1—1.2.3—6, 4 1—1.2.3.4.—24, and so on. 
Observe that for n > 1, n !=1.2.3.-.(n—1).n, 

=((n—1) ).n, 

—n((n—1) !). (1) 
So far, ‘n factorial’ has been defined for a vel Bye integer n. 


It is озше to give a meaning to 0! as well. By convention, 
0!—1. Now (1) has a meaning even for n=1 


Remarks : 


1. Factorials of fractions and negative integers are not 
defined. 


2. We can use a recursive definition to describe factorial n. 
The relations 


(n-- 1) 1 (14-1) (n 9, forn > 1, 
and 1 !=1 
describe ‘factorial n’ for all п > 1. 


11! 
813r 
M! 1.10987 (6 1) 
Solution? Sq тє тиг 345 


—11,10.9.8.7 
1.2.3.4.5 

Example 2. Show that 
Ge! 


Example 1. Find the value of= 


—462. 


(e ш (п++2)--4о n factors, 


—2.6.10.14.....to n factors. 
Solution. — (2n) 11.23--n (14-1) (n--2).-(2n) 
= (п 9) 0+1) (n+2)--to n factors]. 


en e (ni ) (n--2)--t0 n factors. 


Therefore, 
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Again, (2n) 191.2.3--n (n4-1) (n4-2)-- (2n), 
=(1.3.5--to n factors) (2.4.6..-to п factors), 
=(1,3,5. to'n factors). 2" (n !), 
=(2.6.10--to л factors) n !, 


so that —2.6.10--to n factors. 


(20) 1 
n! 

Example 3. Prove by mathematical induction that 2" < п! for 
all n24. б 
` ' Solution. Let T(r) be the statement 2"<n ! 

Step 1. Since 2:—16, 4 ! —24, therefore, 2* < 4! ie., T(4) 
is true. 

Step 2. Let Т(К) be true for some k>4, so that 2*—k! 
Then 2**1—2.2* «2. (k 1) <(k+1)k 1. Thus. 2*<(k+1) 1, so that 
T(k4-1) is true. Since T(4) is true, and the truth of T(k) implies 
that of T(k-+1), therefore, by the principle of finite induction, T(n) 
is true for all n >4. ; 


EXERCISE 6 (b) 


Find thc value of : 
10 ! 
1.1: 542 2.51! 3. 6! 4 aT 
12! 10! 12! 10! 
5. трт S Se TA] T9131 8. (y 
Write in factorial form : 
9. 6х5х4 10. 12X11 
15x14 14x 13x12 
2 iens CETTE 


Factorize s 
13. n! —(n—1)! 14. (nF)! 3-09:—1) ! 
15. (n+l ! +0 1 (0—1)! T 


16. Solve for x : 
x 2x 


el Gee: 
17. Ifm! =2[(n—2) !], find n. 


6'4. PERMUTATIONS 


Any arrangement of a finite set of objects is called a permuta- 
tion of the set. For example, consider the set (Tea, Coffee, Cocoa}. 
“Coffee, Tea, Cocoa” is a permutation of this set. “Tea, Cocoa, 
Coffee” is another permutation of this set. Since a permutation is 
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an arrangement, therefore, in a permutation the order in which the 
elements are arranged is important. By changing the order we get 
а new permutation. As an illustration let us write down all the 
permutations of the numbers 1,2, 3. There are in all six permuta~ 
tions, namely 


172 8 1 3|3 1 0 


E SOP EOE OD (03:9 c 81 


Let us now consider all the permutations of the four numbers. 
1, 2, 3, 4. There are in all 24 permutations, namely 


1234 2134 3124 4123 


124331 ::2443 3142 4132 
1324 2314 3 2454 | EA UM 
1342 2341 3241 4231 
1423 2413 3412 | 4312 
1432 2431 3421 A 312 1 


Observe that out of these 24 permutations, six have 1 in the first 
place, six have 2 in the first place, and so on. The six permuta- 
tions having ! in the first place can be easily written down if we 
observe that to write a permutation beginning with one we have only 


I Il ш 1 u Ш 
C, C; C3 
С, Сз C2 
€; Cy Gy 
ez СС; 
C3, С, Cy 
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tofollow it by some permutation of 2,3, 4. Conversely, every 
permutation of 2, 3, 4 gives rise to a permutation of 1,2, 3,4 
beginning with 1. Similar is the case with permutations beginning- 
with 2, 3 or 4.. 

Remark. An easy way to list all possible permutations of a 
given set of objects is to make use of tree diagrams. Suppose we 
have three greeting cards (C,, Cs, C3) which we wish to send to 
three friends (I, II, III). We know by the fundamental principle of 
counting that the cards сап be sent to the friends in 3x2x1—6 
different ways. Fig. 62, called a tree diagram, shows these six ways. 


The tree diagram of Fig. 6'3 shows all the permutations оѓ 
four cells A, B, C and D. 


First Second Third Fourth Permutation 

cell cell cell cell 
ABCD 
ABDC 
ACBD 
ACDB 
ADBC 
ADCB 
BACD 
BADC 
BCAD 
BCDA. 
BDAC 
BDCA 
CABD 
CADB 
CBAD 
CBDA. 
CDAB 
CDBA 
DABC 
DACB 

` DBAC 
DBCA 
DCAB 
DCBA. 
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641. The Symbol Р, and its Meaning 

Sometime we wish to consider arrangements of the objects of 
.afinite set but in every arrangement, we want only a specified 
number of objects. For example we may be interested in finding 
all 2-digits numbers where the digits are chosen from the set 
Al, 2, 3, 4): Thus 12, 21, 13, 31 are some of the required arrange- 
ments (there being 12 such arrangements in all). Note that every 
-time we took only two objects from the given objects І, 2, 3. 4. 
These arrangements are called. permutations. of the four digits 
1, 2, 3, 4 taken two. at a time and their number is denoted by ?Р,, 
Thus *Рә=12. More generally, the number of permutations ofn 
objects taken r at a time (n>r) is denoted by "Pr. 


642. Tofind the Number of Permutations of n Different 
"Objects Taken r at a Time 


Imagine that there are r places 


marked 1, 2,.3, «-, r. We have to place r out of the given n objects 
in these places, one object being placed in each place. Each 
distinct way of placing r objects in these r places gives rise to a 
permutation. Therefore, the number of permutations of п objects 
taken r at a time is equal to the number of ways of filling up these r 
«places. j 
The process of filling up the r places can be done by filling up 
the places one by one starting with the first place. 

We can fill up the first place in n ways, for any one of then 
objects may be placed there... Having filled up the first place in any 
-one of these n- ways, we can fill up the second place in (n— 1) 
ways, for any one ofthe remaining (п— 1) objects may be placed 
there. r с 
By the fundamental principle of counting, the first two places 
„сап be filled up in n(n— 1) ways. 

Having filled up the first two places in any one of the above 
n(n—1) ways, the third place may be filled up in (n—2) ways, for 
any one of the remaining (n—2) objects may be placed there. 

Thus the first three places can be filled up in n(n—1)(n—2) 
‘ways, Similarly, the first four places may be filled up in 

n(n—1)(n —2)(n—3) ways, 

-and so on. 
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Proceeding in this manner, we find that all the r places can be 
filled up in 
n(n—1)(n—2) ... (n—r-F1) ways. 
Therefore 


вр, —n(n—1) e (n—r 4-1). (0) 


We can easily express ?P, in factorial notation. Multiplying 
and dividing the right-hand side of (1) throughout by (n—r) !, we 
have 
[n(n—1) +. (0—r4-1)) (n—r) ! L 


пр, = 


(n—r) ! 
! 
ie., spp (2) 


Corollary, The number of permutations of п objects taken 
all at a time is given. by 
à "Pí—n(n—1l) ... l=n! 
Remark. Since we have already agreed to assign the value 
1 to 0 !, therefore, formula (2) is valid for r=n as well. 
Example 4. Find the value of (i) *P, (ii) *P,. 
6! PAL. ! 


Solution. (i) .*P.=——j, (662217 =6.5=30. 
(ii) *P,—7.6.—(7— "es [Using (1)] 
=7,6!}5.4, { 
=840. 


Example 5. Jf "P, : "-!P,—9: 1, find n. 
Solution. ^P, : ?-1p,—9:1 
n(n—1)(—2)(n—3) 9 


€ (n—1)00—2)2—3) ~ T 
= n-9. 


Example 6. Show that 
np,—n-lp, pp. np, 
Solution. The number of permutations of n Objects taken r 
ata time="P,. (i) 
Each ofthe "P, permutations either contains or dces not 
contain a particular object, say ‘x’. 
If we exclude ‘x’, we are left with n—1 objects. 
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The number of permutations of n—1 objects taken rata time 
=P: { NOD 


If we include ‘x’, we first place it in any one of the r places. 
This can be done in r ways. The remaining (r—1) places can be 
filled up from the (n—1) objects that are left, and this can be done 
in ^P, ways. 

+. The number of permutations containing x 

три . (iii) 
From (i), (ii) and (iii), we have 
np, =P, +r. "Pc, 
EXERCISE 6 (c) 


Find the value of 
(i) Pe (ii) 9Ps, (iii) Pa. 
If ^P, : "71P,—8 : 1, find n. 
If P, : °P,-2=3 : 4, find r. 
If Pr g: 5Pr4g= 30800; 1, find р. (Roorkee Entrance, 1983) 
Tf 2Praa: 2°Prys=11 : 52, find r. 
Show that 
nHp,—nP, --rhP, 
7. Find the number of permutations of 6 objects taken 3 at a 
time. 


8. Three students enter a bus in which four seats are vacant. In 
how many ways can they occupy the seats ? 


9. How many words can be formed from the letters of the word 
DELHI using all of them at a time ? 


10. How many numbers of three digits can be formed with the 
digits 2, 4, 5, 6, 7, no digit being repeated ? 


6'5. SOME SIMPLE APPLICATIONS OF PERMUTATIONS 


Example 7. How many numbers greater than 10 can be formed 
out of the digits 4, 5, 6, 7, no digit being repeated ? 

Solution. Since the number has to be greater than 10, it may 
contain two, three or four digits. Thus there are three possibilities 
which are mutually exclusive (i.e, no two of them can hold 
cp and exhaustive (i.e., they cover all the possible 
'cases). 7 


aA LN 


à The number of ways of forming a two-digit number=*Ps 
(224,312. мах 
- The number of ways of forming а -three-digit number Ps 


=4,3,2=24, 
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The number of ways of forming a four-digit number=*P, 
—4.3.2.1—24. 
Since the above three possibilities cover all the possible cases, 
therefore, in all 12--24--24—60 numbers greater than 10 can be 
. formed out of the digits 4, 5, 6 and 7. 


Example 8. In how many ways can 10 books be arranged on 
a shelf so that a particular pair of books shall be (i) always together, 
(ii) never together ? 

Solution. (i) Since we want the books to be always together, 
let us tie them together and consider the pair as one book. Then we 
have 9 books to be arranged on the shelf. The number of ways in 
which this can be done—?P,—9 ! , 

In each of these 9 1 ways, the two. books which have to be 
always together can be arranged among themselves in 2! ways 
without disturbing the others. 

Therefore, the number of ways in which the two: books are 
together—2 !x9 1—2 (9 !). 

(ii) Since 10 books can be arranged in 10 ! ways, therefore, the 
number of arrangements in which the two books are never together 
=10!—2 (9 1)—8 (9 1), 

Example 9.. In how many ways сап 4 ladies and 6 gentlemen 
be seated in a line, so that no two ladies may come together ? 

Solution. We may perform the seating arrangement in two 
operations : 

(i) Seating the 6 gentlemen in a row: 

X G1 X G: X Ga X Gq X G; X Ge X 
Evidently this can be done in 6 ! ways. 

(ii) In between the six gentlemen, there are five places. Also 
„there are two places at the two ends. There are thus 7 places in all. 
If the ladies sit anywhere out of these seven places, no two of them 
are ever together. The number of ways in which the ladies can sit 
thus is 7P,. 

Hence the required number of ways of seating 4 ladies’ and 6 
gentlemen е 

—'PAXÓ ! 
71x61, 
TOI 199 
=120 (70. ! 
EXERCISE 6 (d 
1. In how many of the permutations of 10 things taken4 ata 
time, will a particular thing (i) never occur, (ii) always cccur ? 
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In how many of the permutations of n things taken r ata 
time, wil! three particular things 

(i) not occur, (ii) always occur ? 

]n how many of the arrangements of 12 books taken seven at 
a time will 4 specified books be 

(i) always included, (ii) always excluded ? 

In how many arrangements of the letters in the word 
GOLDEN will the vowels never occur together ? 

In how many arrangements of the letters in the word 
“ENGLISH? will the vowels occur together ? 


Seven papers are to be held for an examination, two of them 
in Mathematics. In how many ways can the papers be held 
so that Mathematics papers are never together ? 


How many arrangements of the letters of the word 
‘DAUGHTER’ can be formed in which the ‘vowels: occur 
together ? 

In how many ways can six books on English, five on Hindi 
and three on Science can be arranged on a shelf so that the 
books on each subject are always together ? 


In how many arrangements of the letters of the word 
‘ARTICLE’ will, 


(i) the vowels occupy even places ; 


(ii) the relative position of the vowels and the consonants 
remain unchanged ? z 


.Find the number of words which can be formed with two 


different consonants and one vowel out of 7 different conso- 
nants and 3 different vowels, so that the vowel may always be 
between the consonants. 


Find the number of ways in which 5 ladies and 5 gentlemen 
may be seated in a row, so that no two Jadies are together. 


Find the number of ways in which m boys and п girls may be 
arranged in a row so that no two of the girls are together, it 
being assumed that m n. 


` The digits 1, 2, 4, 6 are written in every possible order. Find 


the sum of all the numbers so formed. 


[Hint: The digit 1 will occur in unit's place, ten's place, 
hundred's place or thousand's place each in one- 
— fourth of all the numbers formed. etc.] 


The digits 1, 5, 7, 9 are written in every possible. way. Find 
the sum of all the numbers so formed. 
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6'6. PERMUTATIONS INVOLVING IDENTICAL OBJECTS 


Example 10. In how many ways can the letters of the word 
FIFTY be arranged ? 


Solution. The word FIFTY contains two Ез which are 
identical. Let us distinguish them from each other by adding suffixes 
1 and 2, i.e., let us consider Е Fat Y. We can arrange, Fy, I, F,, T, 
Y in 5! ways. Неге the two permutations F, IF; T Y and F, I F; 
T Y have been counted as two separate permutations. This means 
that the arrangement FIFTY is counted twice in the 5 ! permutations 
of2 F’s, I, T, and Y. Since we can arrange F, and Е. in 2! ways, 
every distinct arrangement is counted 2 ! times in the permutations 
of FL 1 F, TY. 

Therefore, the number of arrangements of the letters of FIETY 
E 
18 21-60. $ 

Example 11. Jn how many ways can the letters of the word 
INNINGS be arranged ? 


Solution. There are seven letters in all, three N's, two I’s, 
one б, and one S. 

The number. of permutations of HhNiN;IN;GS is 7 !. Since 
Nj, Ns, Ng can be arranged in 3! ways, and L, I, can be arranged 
in 2 ! ways, therefore, the number of permutations о! IuIN;N,I,N,GS 
is 3 1x 21 times the number of permutations of INNINGS. 

Therefore, the number of permutations of the letters of the 


33 
word INNINGS = 5755 =420. 

Remark. From the above two examples we find that the 
number of permutations of n objects when р of them are alike of one 
kind, q of them are alike of a second kind, r of them are alike of a 

n! 
p!q!r! 

Example 12. Find the number of arrangements which can be 

made out of the letters of the word ‘CALCUTTA’. 


Solution. There are 8 letters in all, of which there-are two 
C's, two A's, two T's, and two others (L, U) are different. 


third kind, and the rest are all different is 


the number of arrangements — 312121 


L8XTX6X5X4x3x2x1 
2XIX2X41x2x1 


—5040. 
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Example 13.: Find the number of arrangements of the letters 
of the word ‘ALGEBRA’ without altering the relative position of the 
vowels and the consonants. 

Solution. There are 7 letters, of which two are A’s and the 
rest are all different. 


The vowels A, A, E occupy | lst, 4th and 7th places. The 


number of ways in which they can be arranged in these places is 
3! 
515 
The consonants L, С, В, R are all different. The number of 
ways in which they can arranged in the remaining places is 4 !. 


Since each way of arranging the vowels can be associated with 
each way of arranging the consonants, we find that the total number 
of arrangements 

=3x¢!, 
=3xX24=72. 

Example 14. A boy has б pockets. In how many ways can he 
put 4 marbles in his pockets ? 

Solution. There is no restriction as to the number of marbles 
that can be put in any pocket. For each marble there are 6 possible 
choices. 


Therefore, the required number of ways=6' =) 296. 


EXERCISE 6 (e) 


1. In how many ways can 15 marbles be arranged іп a row if 7 
of them are red, 5 are blue and 3 are yellow ? 


2. How many different permutations can be made from the letters 


of the word : 
(i) MEERUT, (ii) AMBALA, 
(iii) COLLEGE, (iv) UNDERSTAND. 


3. How many arrangements can be made with the letters of the 
word ‘ALLAHABAD’ and in how many of them the vowels 
occur together ? 


4. In how many ways сап the letters of the word 'ARRANGE' be 
arranged if the two R's are not allowed to come together ? 


5. A library has on one shelf, twenty books, in which there are 
5 copies of one book, 4 copies of another book, and the rest 
of the books are all different. In how many ways can the 
books be arranged on the shelf? - 


6. How many different arrangements of the letters "of the 


expression a?b*cd' can be made when it is written out at full 
length ? 
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How many numbers greater than a million can be formed with 
the digits 2, 3, 0, 3, 4, 2, 3? 

Ја how many ways can the letters of the word ‘CORREC- 
TION' be arranged so that the vowels may occupy the even 
places ? ? 

Inhow many ways сап 5 different things be divided between 
four persons ? (Each person may receive one, more or none 
of the things.) ] 

There are three different routes joining two places. In how 
many ways can a person perform the double journey ? 

There are three candidates for a post, and one is to be elected 
bythe votes of 5 men. Ia how many ways can the votes be 
given ? 

In how many ways can л prizes be given away to п students, 
so that 

(i) each boy may receive a prize, 

(ii) a boy may receive any number of prizes, 

(iii) no boy should receive all the prizes, but may receive more 

than one prize ? 


The firstand second prizes in each of the four subjects— 
English, Mathematics, Physics and Chemistry, are to be 
awarded to a class of 15 students. Find the number of ways in 
which this can be done. 

A letter-lock consists of three rings, each marked with 15 
different letters ; find in how many ways it is possible to make 
an unsuccessful attempt to open the lock. 


[Hiat : All possible attempts except one are unsuccessful] 


How many numbers between 20,000 and 36,000 can be formed 
with the digits 2, 3, 5, 6, 9, if each digit may bc repeated any 
number of times ? 

A purse contains a rupee, a fifty paise piece, a twenty paise 
piece, a ten paise piece and one five paise piece. [n how many 
ways is it possible to draw a sum of money from the bag ? 

A code consists of two different symbols only. How many 
different. messages of 5 symbols each can be formed, the 
symbols being allowed to be repeated ? 


67. CIRCULAR ARRANGEMENTS 


When we arrange objects in a row, there is always a first 


place to consider In the case of arrangements in a circle, there is 
no first, second, third,..., last place. - What really matters is the 
position of an object relative to the others. 
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Example 15. Six persons are invited for a dinner. In how 
many ways can they be seated at a round table ? 


Solution. Since the persons are to be seated at a round table. 
there is no first or last place to be considered. No seat being 
special, we have only to consider the relative positions of the guests, 


A Е 


о 
mn 
m 

e 


A с 


о 
т 


А ^ F 
Fig. 6'5. 
Let us number the chairs from 1 to 6. There are 6 ways of 
selecting a person to occupy first chair, 5 ways of selecting a person 


to occupy the second chair,.. and so on. Thus there are 6 ! ways 
of arranging the guests in the six seats. 


From our point of view, this number is not the correct number 
for (as we shall see just now), it includes arrangements which are 
not essentially different from each other. 


Consider the six arrangements shown in Fig. 6'5 (we have 
labelled the six guests as A, B,..., F). 1 


The second arrangement is obtained from the first by moving 
the guests in the anti-clockwise direction along the table by one seat 
each. The third arrangement is obtained by repeating this process 
with the second arrangement, and so on. in other words, all the 
arrangements shown above can be obtained from the first. one (or 
from any other !) by moving all the guests by a certain number of. 
positions in the anti-clockwise direction along the table. Observe 
that in all the six arrangements shown above every guest has the 
same neighbour to the left, and the same neighbour to the right. 


ferta iple, B is always to the right of A, and F is always to the 
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Therefore, the 6 ! ways of arranging the six guests in the seats 
numbered | to 6 is six times the number of ways in which they can 


be arranged round a circular table, so that there are in all (6!)=5! 


ways of seating the guests at the round table. 
Hence the required number of ways=5 !=120. 


Remarks. 1. Generalizing the above problem, we can easily 
see that the number of ways of arranging п persons ina circle is 
(n-—1) 1. : 

2. In the above example we have assumed that all the chairs 
are identical and there is nothing special about any position. 

Example 16. In how many ways can six persons be seated at 
around table so that all shall not have the same neighbours in any two 
arrangements ? \ 

.. Solution. This example is similar to the previous one but 
with one difference. Consider the following two arrangements : 


Fig. 66 


In both the above arrangements every guest has the same 
neighbours. For example, in the first arrangement A has B to the 
right and F to the left ; in the second arrangement A has B to the 
left and F to the right. In the previous example both these 
arrangements were counted as two different arrangements. In the 

' present example, since we are concerned only with the neighbours 
being the same and not with their being to the left or right, there- 
fore we shall not consider these arrangements as different. The 
total number of arrangements is, therefore, half the number of 
arrangements in the preceding example. 


The required number of arrangements=—> x(5 1), 
=60. 


Example 17. In how many ways can six beads be chosen 
from nine different beads and threaded so as to form a ring ? 
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Solution. The number of ways of arranging six beads, 
chosen from nine different beads in six places numbered | to 6 is 
Pe. Therefore, the number of ways. of arranging six beads (ina 


circle) from nine different beads-is e Pi: For, if A, B, C, D, E, F 


be the six beads selected out of the nine given beads, the following — 
six arrangement are to be regarded as same (and of coure, there 


would be other such sets of six arrangements which are to be 
regarded as same). _ Р 


1 


4 


.Fig. 67. 


Since a ring can be turned upside down 


c the two arrangements 
such as the following are to be regarded as the same : 


Sica Fig. 6:8. 
“tines However, While counting the number of circular arrangements, 
SSe 0 arrangements have been counted as separate arrangements, 


. 
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Therefore, the number of arrangements ina ring must be half the 
number of circular arrangements. Therefore, the number of arrange- 


re EAE 1 1 
ments in à inge (4 Ps E "gh e 9.8. 7.6. 5.4 — 5040. 


EXERCISE 6 (f) 


1. In how many ways сап eight people be seated at a round 
table ? 

2. Inhow many ways can seven persons be seated at a round 
table so that all shall. not have the same neighbours in any 
two arrangements ? 

3. In how many ways can ten beads be threaded so as to form a 
necklace ? 


4. In how many ways can à necklace of seven beads be formed 
out of nine different beads ? 


5. In how many ways can 12 persons be seated at a round table ? 


6. Find the number of ways in which different beads can be 
arranged to form a necklace. 


7. A committee of 11 members sits at a round. table. In how 
many ways can they be seated if the ‘President’ and the 
‘Secretary’ choose to sit together ? 


8. In how many ways сап 8 persons form a ring so that two 
particular persons are never together ? 


9. In how many ways can 5 one-rupec coins and six ten-paise 
coins be arranged in a ring, the two sides of a coin being taken 
as different from each other ? 


10. In how many ways can 6 gentlemen and 4ladies be arranged 
in a ring, so that no two ladies occupy consecutive places ? 

11. In how many ways can 21 beads of which 7are alike of one - 
kind ace 14 are alike of another kind, be formed into a 
ring ? 


68. COMBINATIONS 


Any selection which can be made by taking some (or all) of a 
number of objects is called a combination. For example, a team of 
two players selected out of five players is a combination of 5 players 
taken 2atatime. In the case of a combination, the order of the 
objects does not matter. The objects in a combination when 
arranged give rise to a permutation. The number of combinations 
of n objects taken r at a time is usually denoted by the symbol "C,. 


As ай illustration of the above concepts, consider the four 
letters A, B, C, D. It is possible to select three letters out of these 
in 4 ways, namely, ABC, ABD, ACD and BCD. We say that there 


| 
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are four-combinations of 4 letters taken 3 at time. In symbols, we 
write *C,—4. i 


Each of the four combinations written above gives rise to 3 | 
permutations. For example, ; B, C can be arranged as 
ABC i 
ACB 
BCA 
BAC 
CAB 
CBA. 


ABC, ACB, BCA, BAC, CAB, CBA Tepresent different per- 


mutations but all of them Iepresent the same combination: From 
the above discussion we find that 4P4— 1C, x (3 1). 


We shall see that a similar relation holds between ™P, and 
"Cr, In fact, we shall prove that 


’Pr="C, x (r 1). 


6'81. To Find the Number of Combinations ofn Dissimilar 
Objects Taken r(21) at a Time 


Let the required number of combinations be denoted by "Cr. 


Each of these combinations is a collection of r dissimilar 
objects which can be arranged among themselves in r ! ways. Hence 
each combination gives rise to г! Permutations. Hence ?C, com- 
binations will give rise to Cex Fi! Permutations. But the number 
of permutations of n things taken r at a time is ™P,, 


n f "С, Хг l=np,, y 
n) —rF-| 
Or "Ce ал et (n= TED ; (0) 
"P, ! i 
or inci d: = mee rr (й) 
\ e. 0—1) (n— 74-1) ny ; 
Hence Sm rl S POS far 


‚ Note. It'is convenient to use (/) when a numerical. result. is 
required and (ij) when it is sufficient to leave the result in the fac- 
torial notation. 


maple 18. Find the number of diagonals that can be drawn 


Ека 
$ by joining the angular points of a heptagon. 


Solution, А heptagon has seven angular points and seven 


sid 


^7, The join of two angular points is either a side or a diagonal. 
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The number of lines joining the" angular points 
7x6 . 
TRDE 


AA‏ ا 


Büt the number of sides=7. 
number of diagonals—21 —7= 14. 
6'8'2. Complementary Combinations 


Theorem 61. The number of combinations of n different objeets 
taken r at a time is equal to the number of combinations of n different 
objects taken n—r at a time. 

Proof. Every time we take a collection of r objects out of # 
given objects, there is left a collection of m—r objects Thus the 
number of combinations of п objects taken rata time is the same 
as the number of combinations of n objects taken (n—r) at a time. 


Hence ^C, SIE А (А) 
| 
The above proposition may also be proved as follows : 
Ep 2 
n T p PRT! Аны; | 
Cet (n—r)!in—-(a-ry! 
n! 
У (n—r) Vr 
neu 


Note. So far, the relation (A) holds good for r<n, for the 
right hand side is without any meaning when r=n. If we set "C)=1, 
(A) becomes valid for r=n also. We shall in future take "Cy=1, 
and (A) will therefore, be true for rg. 

Theorem 6'2. ^C, =" C, aH", 

Proof. ”C, denotes that number of combinations of n different 
objects taken rat atime. If we mark one of the objects say ‘x’, 
some combinations will include ‘x’, others will not include it. 

The number of combinations which include ‘x’ is Cy, 
for we have to select (r—1) objects out of the remaining (n—1) 
objects _. 

The number of combinations which do not include ‘x’ is 


8C for leaving aside ‘x’ we have (n--1) objects left and we have 
to select r objects out of them. у 


Hence TE SNE E с 
Aliter : AS 
Сте аы СЕЕ 


DDD ^ rior—1-p1 
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(n—1)! (n—1)! 
Sirla)! Ци ° 
тп 1) 15. (n—r)(n—1)! 
(клу ату tel arel tent? 
rin—1)! ,(n—rY(n—1) ! 
“ri(n—r)!’ FID!’ 
n—1)! d 
= as 
щп—1)!_ ni: 
= asr)! rta 


Example 19. If 8Cr="8Cy+0, find 'C,. 


Solution, — !9C,—!*C,,,. ..(D 
Also, 8G; — C. (ш) 
From (i) and (ii), we have 
18—r--r--2, 
or r=8. 
"C= C=O, TS 56, 


Example 20. If *8C,,: C, ,—225 : 11, find r. 
Solution. We have 


1 281 
a 
C= aT (2—2) 
"c a... 24! БЕ 
а (201—4) 7104—2744) 1 
ў SCan 28.1 x 00—24) 1 Q8—2r) ! 
us "C, (r) ! Q8—2r)1 741 , 
28 27X26. 25 
~ 2r(2r—1)(2Qr—2)(2r—3) 
28C, 225,000: 
Also, C. TL 
Be 28 X 27x 26X25 225 


2r(2r—1)(2r—2)(2r—3) ^ 11 * © 
rr Var 20r 3) XTX 2511 
or (4r?—6r)(4r°— 6r-+2)=28 X 26 X 11 x 3, 

Putting 4r?—6r —x, we have 

з х(24-2)= 24024, 

ог x*-F2x —24024-—0, 
Or (x4-1)*— 24025 

У х+1= 5155, 
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i.e., x=154 or —156. 
When 8 x=154, 
4r>—6r—154=0, 
or 2r?—3r—77=0, 
s Ж و‎ К 
83925 122 
FES =7 
When x=—156, 


4r*—6r+156=0, ^ 

which has imaginary roots. 

Hence r=7. 3 

Example 21. In how. тапу ways can 12 distinct objects Бе 
divided into two groups containing 4 and 8 objects respectively ? 

Solution. Everytime we take a set of 4 objects, а second set 
of 8 objects is left behind. 

Hence the required number of ways= number of combinations 
of 12 objects taken 4 at a time ` 


! 
Lac 1211211109 L495, 


Example 22. In how many ways can a party of eight children 
be divided into two groups of four children? 

Solution. The number of combinations of 4 children selected 
from 8 children ' 


Poe BENE US 


tega 
edid ded. y 

Every time we choose one group of four children, the remaining 
four children form the other group. 

Let us use the letter A, B,-----, Н to denote the children. Two 
possible choices for the first group are ABCD and EFGH. The 
children in the second group in these two cases are EFGH and 
ABCD. respectively. But the two groups ‘ABCD, EFGH’ and 
'EFGH, ABCD’ are the same. Therefore, the number 70 of combi- 
nations of four children out of eight is twice the number of possible 
divisions into.two equal groups of four children. 

: Therefore there are 3 X 70 ways, i.e., 35 ways of dividing the 
children into two equal groups. 

Example 23. Jı how many ways can а committee of 5 be 
formed from 6 men and 4 women so as to include at least 2 women ? 


; Solution. There are three mutually exclusive cases. The com- 
mittee may consist of 


(i) 3 men and 2 women, 
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or (ii) 2 men and 3 women, 
or (iii) | man and 4 women. 
We can select 3 men and 2 women in 
CX C,—20x 6—120 ways. 
We can select 2 men and 3 women in 
90,X1€,—15x4-60 ways. 
We can select 1 man and 4 women in 
°C, x 4Cy=6 x 1—6 ways. 
the required number of ways=120+60+6=186. 


Hence thenumber of ways in which the committee can be 
formed=186, 


Example 24. In how many ways can we choose three. balls 
out of eight balls, four of which are black, two are white, one is red 
nd one is green? 


Solution. There are three mutually exclusive cases :. 


(1) We may choose all the three balls of the same colour. This 
can be done in | way. (We may choose three black balls.) 

(2) We may choose two balls of one colour and one ball ofa 
diff. rent colour. 

Now two balls of the same colour can be chosen in 2 ways 
(both the balls may be black or white), and the third ball of a 
different colour can be chosen in 3 ways, therefore, there are 2x i 
i.e., 6 ways of choosing the three balls when two balls are of the 
same colour and the third ball is of a different colour. 


(3) We may choose three balls of three different colours. Since 
there are balls of four different colours from which a choice of three 
colours has to be made, therefore, the three balls can be chosen in 
С, ways, ie., 4 ways. Hence there are 1-644 ways, ie., 11 ways 
of choosing the balls, 


Example 25. Out of 5 consonants and 3 vowels, how many 
words can be formed, each containing two consonants and one vowel ? 
Solution. A word isan arrangement of letters. To each 
selection of 3 letters there will correspond 3! words. We shall first 
pa m number of ways in which we can select 2 consonants and 
vowel. 


There are 3 vowels and we have to take 1 vowel ; this can be 
done in ?C, or 3 ways. 


„ There are 5 consonants and we have to take 2 consonants ; 
this can be done in 5C, or 10 ways, 
(Se peed ATS choice of vowels does not affect the choice of consonants 
Tn any way, ie., these two combinations are independent of each 


other. For, each of the 3 ways of chosing the vowels there are 10 
Ways of choosing the consonants. à 
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*, We can make a selection of 2 consonants and one vowel in 
3х10= 130 ways. 
But each selection gives 3 ! words: 
-. The number of words that can be formed —30 x 3 ! 
7180. 
Hence 180 words can be formed. 

» Example 26. Find the number of (1) combinations, (ii) permu- 
tations of the letters of the word “INDEPENDENCE” taken 4 at a 
time. 

Solution. There are 12 letters of which 6 are distinct. In fact, 
-we have 4E's, 3N's, 2D's, I, P, C. 
The combinations may be made as — 
(i) all4 alike ; 
(ii) 3 alike, 1 different ; 
(ii) 2 alike, 2 alike but different from the first ; 
(iv) 2 alike, 2 different ; 
(у) all 4 different. 
Now 
(i) сап bedonein! way only, for there is a single set of 
4 Ез. 
(il) сап be done in 2x 5=10ways, for we may take one of the 
'two sets EEE or NNN and one of the remaining 5 letters ; 
(iii) can be done in ?*C,—3 NE^ for we may Peleg two sets 
out of the three pairs EE, NN, DD. 
(iv) сап be done in 3C; х6, 30 ways, for with one of the 
sets EE, NN, DD, we may take 2 different letters out of the 5 
remaining letters. 
(у) can be done in *C,—15 ways. 
Hence the total number of combinations 
=1+10+3+30+15=59. 
To find the number of pemnytations, we have to permute the 
letters in each case 
Thus the number " permytstions is 


in (i) bas 


in (ii) 10x r=, 


41 
2121 715 
PN 41 

in. (іу) 30x 21 =360, 
and in (у) 15x4! —360. 


in (iii) 3x 
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10. 


M. 


12. 
13. 
14. 


15. 


16. 
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Hence the total number of permutations 
714-404-18 4-360 4-360, 
=779. 

EXERCISE 6 (g) 


Find the value of (i) Са, (i) Cigs —— 
Find the number of combinations of 50 things taken 46 at & 
time. 


In how many ways can a party of 4 be selected from 10^ 
persons ? 


In how many ways can a party of 4 be selected out of 9, if one. 
man is always to be (i) included, (ii) excluded ? 


How many diagonals does a decagon have ? 


A person has 10 books including one dictionary. In how many- 
ways can a selection.of three books be made, when 


' (i) the dictionary is always included, 


(ii) the dictionary is always excluded ? 


From a company of 20 soldiers, 4 are placed on guard every- 
two hours, For what length of time can different sets be: 
selected ? 


How many triangles can be formed by joining 12 points, 7 of- 
which are in the same straight line ? 

A teacher wishes to take eight students to the Zoological: 

gardens three at a time as often as he can without taking just 

the same students together more than once. How often will he. 
go and how often will each student go ? 

There are п points in a plane of which no three are in a. 
straight line except p which are all in a straight line. Find. 
(i) the number of straight lines formed by joining them, 

(ii) the number of triangles formed by them. 
Foranexamination a student has to take up English, Hindi: 
and three of the following subjects : 

(i) Mathematics, (ii) Economics, (iii) History, (iv) Political 
Science, (v) Sanskrit. How many different combinations are- 
possible ? j 

If 22C, : ^C,—44 : 3, find n. 

Tf "Cr, : "C, : ACr_=11 : 6:3, find mand r. 

If "C,,—"7C,, find the value of Cg. 

If 18C,=18C,,., find "Cs. 

In how many ways can a class of 105 students be divided into. 


three sections A, B and C consisting of 40, 35 
respectively ? 8 „35 and 30 students. 
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17: 


18. 


19. 
20, 


21, 


22 


In how many ways can 52 playing cards be placed in 4 heaps. 
of 13 cards each ? In how many ways can they be dealt out to. 
four players giving 13 cards each ? 

Find the number of different ways of dividing 15 books into: 
three sets of 5 each, to be given away as prizes to three 

different students. 

Find the number of combinations of the letters of the word: 
'commitment' taken four at a time. 

Find the number of permutations of the letters of the word: 
‘series’ taken three at a time. 

Find the number of combinations and of arrangements which 
can be made by taking 4 letters at a time from the word: 
‘examination’. 

Find the number of combinations and of permutations of the: 
letters of the word ‘MATHEMATICS’ taken four at a time. 

TEST YOUR UNDERSTANDING VI 


In сасе of the following problems, four alternatives are given. 


out of which only one is correct. Put a tick mark (У) against the 
correct alternative. 


T 


The number of three-digit numbers that can be formed by 
using the digits 0, 3, 4, 5 is 


(а) 27 (b) 64 (c) 48 (d) 12. 
If ی‎ the value of x is : 

(a) 21 (b) 84 с) 20 (4) 42. 
If 5P, : 4P,—5 . 4, the value of r is 

(a) 19 (b) 14 c) 12 (d) 15. 


The number of permutations of 6 things taken 4ata time in 
which 2 particular things will always occur is 

(a) 6 (b! 144 «) 24 {4 72. 
The number of ways in which 3 ladies and 5 gentlemen can be: 
seated in a row, so that no two ladies may come together is 

(a) 14400 (b) 7200 (c) 10800 (d) 9600. 
The number of ways in which 4 red balls and 3 black balls can 
be arranged in a row is 

(a) 144 (b).35 (c) 210 (d) 840. 
The number of ways in which 4 different things can be divided 
among 3 persons so that each person -— receive one, more 
or none of the things is 

(а) 255 .  .  (5)256 (с) 80 (d) 81. 
The number of ways in which five — can be seated ata 
round table is 

(a) 120 (b) 24 © 12 (а) 60. 
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9. 
10 


р. 


1. 


The number of ways in which five. beads сап be threaded so 


an À $4 8 FAS 
.. as to form a ring is 


(а) 12 (D 24 у (c) 60 e 1120; 
(i The. numberof ways. in, which a party of 9. children can be 
;divided into three groups of three children each is 


. (a) 280 (b) 336 (c) 216 (d) .504. 


REVIEW EXERCISE VI 
In how many ways can the letters of the word *HONESTY' be 


"^ "arranged so that (i) S and T may always be together, (її) S and 


2: 


1 


3. 


4. 


6. 


T. 


8. 


9. 


6 


10, 


11. 


two arrangements ? 


12. 
13. 


1. always the neignbours of the President. 


T may never be together ? 7 
"fn how many ways can the letters of the word ‘SECOND’ be 
arranged so that the vowels may occupy the even places ? 
How many different numbers can be formed from the digits 
_2, 3, 5, 7, 9 ; how many of them are odd ? 
“Find how many words can be formed out of the letters of the 
word ‘DAUGHTER’, the vowels always coming together. 


In how many ways can 10 examination papers be arranged so 
that the best and the worst never come together ? 

How many , different words can be formed with the letters of 
the word ‘BHARAT’? In how many of these Band H are 


never together, and how many of these begin with B and end 
with T? 


How many signals can be made by hoisting 4 flags of different 


, colours one above the other, when any number of them may 
be used at a time ? 


How many signals can be made by hoisting 5 flags of different 
colours, when 


(i) all the flags are hoisted together, 
(ii) all the flags may or may not be used ? 


In a crossword puzzíe.20. words are to be guessed of which 


8 words haye.an alternative. soluti i 
MAS ipae s ution each also. -Find the total 


Find the number -of w; ic i 
pases ph e. ms de which a different beads can be 


Inhow many ways сап four 
^ persons be seated at a round 
tab'e so that all.shall. not, have the same neighbours in Er 


In how many ways сап 1] members of i i 
; a committee sit : 
Ji round table so that the Secretary and the Joint ey aro 


Fi i с let : 
E E te of permutations ve the letters of the word 
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14. Find the number of different words into which the word 
‘INTERFERE’ can be converted by changing the order of the 
letters, it being given that no two consonants should come 
together. 

15. In how many ways can5 mangoes be distributed among 3 
boys when there is no restriction as to the number of mangoes 
each boy may receive ? 

16. A man has 6 friends. In how many ways can he invite one or 
more of them to a party ? 

17. Four persons are to be chosen out of ten. , In how many ways 
can it be done and how often would any person be chosen ? 

18. Find the number of diagonals which can be drawn in a plane 
figure of 16 sides. 

19. Find the smallest natural number п such that for all m>n, 
т ! has a zero in the unit's place. 

20. Verify that 1! #4! F 5! = 145 and that 4! +014 5! 
+ 8! + 5! —40585. Can you fiad more such numbers ? 

SUMMARY - 


n!-n(n—1) (n—2)......3.2,1; 
0121. 
The numbér of permutations of m different objects taken r at a 
time="P, =n (n—1) (n—2)...... to r factors, 
=n (n—1) (n—2)...... (n—r+1), 
n! 
4. The number of combinations of n different objects taken rata tim 
n! Ч 
(a—r) tr i* 
$C... 
„6, ^ C IO LL HC, 


MEME 


='C,— 


HISTORICAL NOTE 
The use of permutations and combinations in India goes back to. the Vedic 
Period. [n Vedic literature we find computations of the number of ways in 
which poetic rhythms of a verse can be altered. In the 6th century B.C., 
Sushruta, the author of the famous treatise on medicine Sushruta Samhita wrote 
that it is possible to make out 63 combinations out of 6 different rasas (x) taken 
oneormoreatatime. In the 3rd century B.C. Pingala in his well-known work 
Chhanda-Sutra (sx qa) describes the method of finding the number of combina- 


tions of a given number of letters taken one or more at a time, . 


Bhaskara, who lived in the 12th century A.D., dealth with permutations 
and combinations under the name Anka Pasha in his well-known work Lilavati, _ 


SIR ISAAC NEWTON ( 1642-1727 ) 


Isaac Newton was born in Woolsthorpe on Christmas Day, 164: *, When he 
was still a child, he showed great skill and delight in devising clever mechanical 
models and in conducting experiments. At the age of 18, he entered Trinity 
‘College, Cambridge. At the ace of 23, he proved the generalized binomial 
theorem and created his method of fluxions which is known today as the 
Differential Calculus, During the next one year, he performed his first experi- 
ments in optics, and formulated the basic principles of his theory of gravitation. 
In 1685, Newton completed the first book of his Principia, his greatest work 
which proved to be the most influential and the most admired work in the 
‘history of science. In 1689, Newton represented the University in parliament. 
In 1703, he was elected President of the Royal Society, a position to which he 
‘was annually reelected until his death in 1727 after a lingering and painful illness 
and was buried in Westminster Abbey. As a mathematician he is ranked, 
almost universally as the greatest, the world has ever produced. Newton was 
the greatest genius that ever lived. His accomplishments were poetically ex- 
pressed by Pope in the lines : 


Nature and Nature's laws lay hid in night. 
God said, Let Newton be, and all was light. 


*According to old calendar. 


(198) 


CHAPTER 7 


Binomial Theorem 


7'1. BINOMIAL EXPRESSIONS 
An expression consisting of two terms only is called a binomial 
‘expression. Thus 
х+а, 3x? —y, 5x8—4y" and 2x¥8+i,/3y7* are all binomial 
expressions. | 


72. THE BINOMIAL THEOREM FOR А POSITIVE 
INTEGRAL INDEX 


Statement. 

When п is a positive integer, (X--a)" is identically equal to 

xh --"C,x" la + EO Cex a" +... Ба". 
‘Proof. Consider the product 
(х+а)(х-а)--(х+а) 

of х+а by itself n times. 

It is the sum of all the products that can be obtained by 
multiplying together one term from each bracket. Further, 
(i) We may take x from each of the brackets; the product is 
then x”. 

(ii) We may take a from one bracket and x from each of the 


‘remaining brackets, and this may be done inn ways; there are, 
thus, п products х" а, 


(iii) When r is an integer less than n, we can select r out of 
the п brackets in "C, ways, and if, having chosen г brackets, a be 
taken out of each of them and x out of the (n—r) brackets that 
have not been chosen, the product is x^7* a" ; there are "C, products 
x" д". 

(iv) We may take a from each of the brackets ; the product is 
*then a^. 

Thus the sum of all the terms obtained on multiplying the n 
ibrackets is 

PEM AMAL MC AM ata a Ha, ° (A) 
:and this proves the theorem. 


(199) 
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Another Proof. The binomial theorem can be proved by 
using the principle of mathematical induction. 
JF Let Ta be the statement : 
Given any two numbers x and a and aay positive integer n, 
then xm 3 - 
(х-Еа)”="С»х"-Е"С,х"^1а-Е.---++"С,х"—"ат-+Ь...-а". 
We shall show that Т» is true for all positive integers п by 
using PFI. 
Step 1... T(1) asserts that 
(+a = Cox! + Cix ta =x a, 
which is true. 
Step 2. Suppose T(K) is true, i.e., suppose У 
Gea)! = Сд EC, xta veep x oat ce Cat «(1) 
Multiplying both sides of (1) by x and a, in turn, we have 
x(x-Fa) Сон EC Fa... EC, xk Hal +. ЕСрха, 
G(X- alk Суха... уха"... БС", 
Adding the corresponding sides of the above identities] we 
have, 
(xa) Сох (ЕС, PC) xt at on 
HEC, С xt al se E Cua en 
Since 5C, 51 — HC, C, EFC, = HC, Cg ]— PH Oy, 


0) 
therefore, we сап write (2) as 
(x--a) ЕС LRH, xg see RHC, ytti a La, S 
HH Crake, 
which is of the same form as (1) and can be obtained from it by 
replacing К throughout by k+1, and consequently T(k-+-1) is true. 
By PFI, T(n) is true for all positive integers л. 


: Notes. 1. The above theorem was first discovered by {Sir 
Isaac Newton, the English genius, who ranks second to none in the 
world of mathematics. 
2. Interchanging x and a in (A), we have 
(a--x)^ —a^--" Cua" Tx be Eh C,an xt Б... (В) 
But (a--xj^ —(x--a)", and so (A) and (B) are identically equal. (A) 
, is called the-expansion of (x--a)^ in descending powers of x; (B) is 
called the expansion of (x+a)” in ascending powers of x, 
3. "The.coeflicient of x* a?-t is ^C, , in (A) and *C, in (B). 
We thus have another proof of the equality of "C, and "Cy_r. 


4. The coefficients "C,, "Cg, ---,"C;, are called the binomial 
coefficients. 
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5. Writing the values of binomial:coefficients in (А) and (В): 
we have 


(xa) —x^ nma ) mag Tu 


perc атр хп-тат- а", 


апат OD D rie}. 


M. n a FFD ary ee EX, 


/ 6. The number of terms in the esta, expansion of (х+а)" 
is 54-1. 
7. Putting n=:3, 4 in (A), we have as | particular cases : 
(х4 а) 33x22 +3ха?--а°, 
(x-Fa)io x14 4x2a 3-6x*a? 4- Axa? +a", 

8. The statement of the binomial theorem as given above is. 
valid only when the index п is a positive integer. The more general 
form of the binomial theorem which we: will discuss later on will 
enable us.to obtain. the expansion of (x+a)” not only when n is a 
positive integer, but also when is a negative integer or a positive: 
or negative fraction, but in these cases we shall notice that 

(i) the number of terms shall be infinite ; 
(ii) the expansion will not be valid for all values of x and a. 


9. The ‘binomial’ theorem can also be used to raise a ‘tri- 
nomial’ expression like x--a--b to any power by first treating 
a+b as опе term and later applying binomial theorem to obtain 
the expansion of the powers of (a--b). In the same way, the 
binomial theorem can be used to find the expansion of the nth. 
power of any multinomial expression x+a+b+c+d+--- (see solved 
Example 2 on page 202). 

T3. THE EXPANSION OF (х—а)" 
(x—a)"={x+(—a)}" = 
=x" +", x"—1(—a)+-"C,x"*"(—a)* +... 
+°C,x"-"(—a)t-+ + (—a)”. 

ы (х— Н [DR SEHE i ОД i 

ECT YC, ar E C7 Dan. 
T4. THE GENERAL TERM - 

The (r+-1)th term in the expansion of (x--a)" by the binomial 
„theorem is called the general term and is denoted by Tr}. From 
(A), we find that 

^ Tix 
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T, "Cx", 
Ty =Car, 


Т Ceata, 
a Pug noQ 1) d, n la tho general term wo can get all 


“һе terms of the 


LÀ 
Hence (xa) 2 *С, xta", 


Example 1, Expand (2b—3y)*. 


е. a سی‎ x by 26, a by (37) iad'n by 4 in the 


` Qb-3yf- QU COD 3y) C OB 3y) 
HCA =I HC —3y)4, 
1698 — 96D y+ 2169 —216y"-+- By’, 
Example 2. Expand (x—a+b)', 


=r (a=b) 
HC -(a- b) Cu (a 0)" 

MO -(a- b) 
mata b) Ire — b (0 Б), 
коа 22b M) 
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From 
Dre UN 
e Be / Sa! +40 
Example 4. Write down the 10th term (41-2) 
Solution. Let the tenth term be denoted by Te 


As)" Ry: 
= (над) 


пх. e 
- 360000 -Ere 
Example 5. Pind the coeficient of x ln the expansion of 
1 
(*-7) 
Solution. Let x^" occur in the (r-+-1)th term. 
Now — Te "C ot). 
ноду", 
It contains x” if 60 7ге —17, 
WaT, 
reall. 
Hence xt occurs in the 12th term and its coefficient is 
MC, 1Y e CC) 
——C., 
15x 14K 13x 12 
b x14x1 --1X5. 
Example 6 Find the term independent of x in the expansion of 


( w+ 2). 
Solution. Let the (r-+1)th term be independent of x. 
Now Ta," Cast) (4 y. 

es MC, 2:977 ew, 
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Tr+1 will be independent of х, if24—3r=0, ie., r=8. Hence 
9th term is independent of x and is equal to 


uc, . 21 б г А 
7C, 16, . 


12.11.10.9.16 
ST эй TT 7920. 


Example 7. Find the middle term in the expansion of (I+x)*", 
where п is a positive integer. 


Solution. The number of terms in the expansion will be 
2п+1. Since the number of terms is odd, therefore, the middle 
term is ' 


Cone ie. (n4- th, 


Middle term 


2n! 
=Таы=#"С„ хт Wn p^ 


2n Qn—110n—2).4 3.2.1 
3 qI 
„2n (2n—2) A . 2 . Qn—12n—3)-3.1 y 
= TFT? "(n pr TARE 58 > 
2^n(n—1).-2.. 1 2n—1)2n—3)-:3-1 
Tre eot I з сул, 
2^ 2n—0n—3).3. 0, 
E n! 3 


Example 8. Find the middle terms in the expansion of 


E 


Solution. The number of terms in the expansion is 10. The 
5th and the 6th terms are the two middle terms. 


К ВЕР 5 63... 
тт, (E y= aj, 


x, 


х", 


X » oe 
x 63 
T,—T;4-—?C; (& ) (—»*— 20% 
Note. It may be noted that there are two middle terms when 
п is odd ; for, then the number of terms is even and th and 


"з terms are the two middle terms.. When nis even, there is 
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an odd number -of terms in the binomial. expansion. ..The 
(+1 mm term is the middle term in this case. 


Example 9. Use binomial theorem to find the value of (101)*. _ 
Solution. (101)*=(100+1)*, 
= (100)*+#C, (100)? (1)-+*C, (100)? (1). 
+4C, (100)(1)*4-*C, (1)*, 
= 100000000 4-4000000 4- 60000 4-400 4- 1, 
— 104060401. 


EXERCISE 7 (a) 
Expand : 
^q) Qx-4-3y* 


6 
Gi) (sion ») 
У 2 SUME 
(iii) ($»- x) 
2x Y 
(iv) ( 3y- ) 
(у) (1+2x=3x*)}. 
Find the value of : 


(i) (424-D*—(42—D* 
(ii) [Gà —a?) +x- [Iv o =a) - x. 


А ; 4x 5 y 
Find the 7th term of (2-3) A 
9 

Find the 6th term of ( 2-4) : 


Find the rth term of (1+-)*", 
Find the coefficient of x" in (a*—bx*)'?. 
Find the coefficient of x" in (x—x)!*, 


Show that the coefficients of x” and x" in (14-x)"*" are 
equal. 


Find the term independent of x in the expansion of 
1 10 
6-2)" 


Find the value of the constant term in the expansion of 
22 Vt 
(o) 
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11. 


12. 


43. 


14, 
15. 


16. 


A ТЕХТ-ВООК OF MATHEMATICS 


Show that there will be no term containing x" in the expansion. 
of (x--x7*)"7*, unless + (n—2r) is a positive integer. 

A t 2 x" 
Find the middle term of ( x +7) . 


Show that the middle term of ( AL + y is 
1.3. 5-Qn—1) 
С Ете 7 


Find the two middle terms of ( 32-5 J- 


Show that, if n be even, the coefficient of the middle term of 


‚ (1+) is азр 2^/ and that, if m be odd, the 
coefficient of each of the two middle terms is 
1.3. 5-n їт—1). 
1.2.3.4(n31) 
If x? occurs in the expansion of (++ d » prove that its 
(2n !) 


17. 


18. 


19. 


20. 


7:5. 


coefficient is рТ Ол-ЕРЛ1 


Use binomial theorem to find 
(i) 994, (ii) 9993, (iii) 514, 


Find the binomial expansion whose first three terms are 
1,35, 525. 


Show that the coefficient of the middle term of (1+х)#" is 
отаю the sum of the coefficients of the two middle terms of 
DX 


Find the middle term, pth term from the beginning, and pth 
term from theend in the expansion of ( 2x +1)", 


TO FIND THE GREATEST TERM IN 
EXPANSION A BINOMIAL. 


Example 10. Find the greatest term in (5--2yy* if y=}. 
Solution. Now, 
Тац 17—71 2y 18r. 3 
r as sr 


Tr 
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ve Trai >, =, Or <T, 


according as m >,=, or < l, 


i.e., according as 18—r > ,=, or < 5r, 
ie., according as r<,=, or > 3. 

Since r is a positive integer, 

во long as г < 3, Tr+; > Tr, i.e., the terms go on increasing. 

For r=3, we have Т.=Т, 1, ie., Ts=T,. 

For r > 3, Tray < Tr, ie., the terms go on decreasing, 

Hence the 3rd and the 4th terms are equal when y=} and they 
are greater than any other term. 

Example 11. Find the numerically greatest term in the expan-- 
sion of (3—2х)% when x=1. 


Тез 28—73 (=) 9—r ( $) 
Solution. Т, = Az" (= Аче), 


r r 
Tra |- 7 
or molo iiu 
Hence | Tra | >> =, or <I Tr | 
according as 9—7 =,or <1, 
or as 18 >, =, or < 5r, 
DO EE CEE 
or as r<, =, 537955 


Hence so long asr < 3 4, | Tra: | > | Tr |, й.е., the terms- 


increase in absolute value. 
°“. Tene Lese Ta is the numerically greatest term and its- 
numerical ded is 8C, (3)® (2) 
=56.243.8 = 108864. 
751. To Find the Binomial Expansion When Three - 
Consecutive Terms Are Given. 
Example 12. Jf three consecutive coefficients of (1--x)" are 
6, 15 and 20, find n. 
Solution. Let the three consecutive terms whose coefficients . 
are vss be the rth, (r+1)th and (r4-2)th terms. 
gs ™Cr_,=6, (i) 
"С, =15,, (ii) 
"Cri 3=20. (ili) + 
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Dividing (i) by (i), we have 
SELL 15155 


ог 


-or ` c (i) 


Again, dividing (i/i) by (ii), we have 
n—(r+1)+1 20 
rl m$ a e 


" rH gt 


97 "ty 50) 
Dividing (iv) by (v), we have 

ri 

T. 
Substituting the value of r in (iv), we M 
n=6, 
Example 13. Find the binomial E whose first, second -a 
-and third terms are 243, 810 and 1080 respectively. 


Solution. Let the required binomial expansion be (a--x)". 


3 А 
= 2 0 r=2, vi) 


Since (a+-x)"=a"-+-n gn 20-0. an? х%-1...--х", 
ДД AR a"=243, р 2.00) 
па" x=810, (ii) 
and ш = Raid a"? x! — 1080. -- (iii) 


We have кун equations in three unkhowa a, x and n. 
Multiplying (i) and (iii) and dividing by the ere of (ii), 
we have wot 
n(n—1) aa, E 243 x 1080 
72 o m, amix 510х810 ` 


—1 2 
or T UT ог, 5n—5—4n, or, п=5. 
Putting n=5 in (i), we have 
05—243—3*, i.e., a—3. voir) 


‚ Substituting the values of n and a in (ii), we have 
5.34. x—810, - 


BINOMIAL THEOREM 209 


bés 


810 
евр 
Hence the required binomial expansion із (34-2)*. 
EXERCISE 7 (b) 


Find the numerically greatest term in the expansion of : 
ane ane ane 
(i) ( Le x ) when х 2 


(ii) (2—3x) when rod. 
2 11 

(iii) ( 2t x ) when x=14. 
(iv) (2x—12) when x=9. 

(у) (2a4-6) when a=4, b=5, 
(vi) (3—2x) when x 

Find the numerically greatest coefficient in each of the 
followirig : 

(i) (1—2), (ii) (x—y)"*. 
Find the term (or terms) with the. numerically greatest co- 
efficient in the expansion of (x —2y)". 
The 2nd, 3rd, 4th terms in the expansion of (x4-y)^ are 240, 
720, 1080 respectively ; find x, y, n. 
If the 9th, lOth and 11th coefficients of (1--х)" arcin A.P., 
find n. 

If three consecutive coefficients of (1--x)" are 35, 21,7, 
find n. 
If the rth, (*+1)th and (r+2)th coefficients of (1--x)" arein 
A.P., show that n®—n (4r + 1)--4r1—2—0. 

If the 5tb, 6th and 7th coefficients of (1--x)" are in A.P., 
find n. 

Three consecutive coefficients in the expansion of (1--х)" are 
462, 330, 165 ; find n. 

Find the binomial expansion of which 4, 7, 7 and 35 are four 


consecutive terms. 


If the 2nd and the 3rd terms in (a +5)* are in. the same ratio 
аз the 3rd and 4th terms in (a--5)^**, find n. 


If the first three terms of (a+5)* are in A.P., find п, it being 
given that a—2b. 
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13. Find the limits between which x must lie if the greatest term 
of (14-x)? has the greatest coefficient. 


14. Find x if the greatest terms of (1-Fxj* are also.the terms 
containing the greatest coefficients. 
76. PROPERTIES OF BINOMIAL COEFFICIENTS 
Here below we prove certain interesting , theorems relating to 
binomial coefficients. T ATA RE 
М Theorem 7'1. In а binomial expansion, the coefficients of the 
terms equidistant from the beginning and the end are equal. 
Propf. There are (n4-1) terms in the expansion of (х--а)". 
The coefficient of the (r++ 1)th term from the Pel c gui 
“(1 
Since the (r+1)th term from the. end is the same as the 
[(14- 1) —7]th term from the beginning, its coefficient="C,_,. .-(ii) 


Since "C, —?C, ,, from (i) and (ii) we find that the coefficient 
of the (r+1)th term from beginnirz is the same as that of the 
(r--1)th term from the end. ` 


Hence the theorem. 


, Throughout the remainder of this chapter we shall denote the 
binomial coefficients ` 


4L (ge 9), "Cy, 86, BOE and i (="Cn) 


by CO; Cig. Caos) Goa eating) Са respectively. In this notation, the 
binomial theorem may be written as 


(xta) — Cox, +C xn ta +... EC xn7rat ]- Сда". 


Theorem 7.2. The sum of. the binomial coefficients correspond- 
ing to the index n is 2^, a RA : 


Proof. Putting х=! in the expansion 
(1 75 Co Cix- Cat. Сах", we have 


2= C НС... C, E 


Hence the required sum=2", 
Cor. The relation.(i) may be Te-written as 
3. ORI (DAE г 
#"С,-+"С,+....-++"С„=2%— E 


. .. Since the L.H.S. is the sum of the number of combinations of 

ш taken one; two; thrée,...-n,ai а time, we have the following 
sult : т ӨН CU e my : S12 : 

v8 The toral number of combinations of n different things taken any 

number at a time is 2^— : "b Фаг 


— cases 


MUTTER DET Er E دنن‎ 
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Theorem 7'3. n the expansion of (14- x)", the sum of the co: 
efficients of the odd terms is the same as the sum of the coefficients 
of even terms, each being equal to 2". 


Proof. Putting x=], —1 successively in the expansion 

(12-3)? — Co + Cox Cox? 4-5. Cox", we have 

2"== Co} Ci +-+ Cn EO 
and |02C,—C,4-.--F(— "Cn (ii) 

Adding (i) and (ii), we-have 

Cot C, 4- Cote 2771, EU 

Also, subtracting (iii) and (iv), we have E 

Q,4- C4 4-C54---.— 2771, - (v) 


From (iii) and (iv), we have = 
Cy CHE G+ QA ES e 
Note. Since Cr= , the above result can also be put as 


Fe 


cs Tum gw EGE mama, 
Example i If the expansion y: (1 x— 2x3 is 
L rax ax? e ygx™, 
prove that d,+Ga+-G¢+-......+@9=31. 
Solution. (1--x—2323)*— 1 ax -ü,x +... Fag", for all x. 
Putting x—1 in both sides, we have 


0=1+а;--аь+-- ац. ) eO 
Again, putting x=— 1, we have 
64= I —a Has as Fag аа. | й) 


Adding (i) and (ii), we have 
64—2[1 Faas tait +a], 

or haat a4 4 35234732. 

Hence а+а+ Per st Tra 31. 

Example 15. Jf (1--x)^ 5 C, Cix-- Cy? T.F Crx", 6 
prove that 

(0) CGF 2C, - nC =n. 20 

Gi) €y--2€;-- 3C, 5. (Ht D) Cue (n3:2) 22. 

Solution. 


n(i-—1) (n—2) 
31- 


Ü LHS Enpa ED en 2 


4:40 n terms, 
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-n [iren 70-2. 


a CTS ton terms 1 


=n (14-1971 —p. 273, 
Qi) L.H.S.—[14-2n -3. Ann ua, "ари 
Testo (24-1) terms], 


n( п (n—1) (п—2). 
31 


=[l+n+ 0 
+-.-,..to (n+1) terms], 

AI NE а EU а) 43, ees) ocn 
4...0 л terms], 


=(1+1)"+n Пи) 4D (a2) 


251 
7.540 n terms], 
(Den (Lp 
; =2"+п.2"71 —2^-Y(n-4-2). 
Example 16. Show that 
(a) CPE Cy bos ce OT. 
Г) 1 n GI 
(2n !) 


(b) C,C4-4- C,C,-...--Cs-, Cn = aD арг Lin--1)1 ot 


Solution. (a) (14-x)^ = Cy-- Cix-- Cox? 4-..... Cx” (i) 
Also, (x 1)^ — Cox FCF... C, (їй) 
Multiplying corresponding sides of (i) and (ii), we have 
(Ltx) ^ (C, + Cx t: + Cx") (Cox? + Cox" 71-E...-- Cs). (ii) 
The coefficient of x” on the right-hand side is C? FC +... Ca. 
Equating the coefficient of x" on both sides of (iii), we have 
Cj C43 - Cs = coefficient of x^ in (14-х)2", 
mmc, 0л)! OMT, 
nin! (n 1)? 
(b) The coefficient of хт"! on the right hand side of (iii) is 
C; C; - C, Cs ...+ Cn Cn. 
Equating the coefficients of x”! on both sides of (ii), 
we have i 1 : 


CAC H+ Cor Coen ра. 
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Example 17. With the usual notation, prove that 
@) P Ce "C, ,"C PC, CH. С=С, 


n т+1 
Gn +С x +® fo C= 21 А 
Solution. 
(i) (14-x9n—1 TE" Cyx P Cx E nC Ls Cx 0) 
апа (1++х”®=1 HCx +” Cox? HNC x84... 4-0, yn (li) 


Multiplying corresponding sides of the two sides and compar- 
ing the coefficients of х” on both the sides, we have 


PC, FPO, PCF Org, Cy tse EC, 
—coeflicient of x* in (LE) a Т. 
This result is known as Vandermonde's Theorem. 
" =14 4 1, п) 1 n(n—1) (—2) 
(ii) LE Simi ed AER 21 Acide Reais 
Е +...to (n+-1) terms, 
у n ,n(n—-l). п(п—1)(п—2) 
cay TRECE регу UR 
Toto (14-1) terms, 
1 (п+1) п (0+1) п (0—1). 
=r (+04 ETE TOS 31 


4 atl )n “on (n—2) 


T-eto n+1 terms } 


—1 
ор)" ү fat hao) 


+--to n+2 terms— 1}, 


“n+l 


1 
“n+l 


(14-1)^91— 1), 
1 
=r tD. 


EXERCISE 7 (c) 
l. If (1-Ex- x?) — C, E Ci Cua 4L..., 
prove that 'б—С,-+С,—Су-ЕС,—..= 1: 
2. Show that 
@ 14-(n—1)4- eo a (n—1) "2 (п—3) 


: Б 12222, 
т 2 =1 20-3 (n—4) 


р. 09-2, 
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Show that 
1-E*C, H"CH” C, 4-0, —2 4-2--22 4- 42271 —2^. 


In the expansion of (x +y)”, which term from the beginning is 


(i) the third from the end ? 
(ii) the ninth from the end ? 


` ii) the rth from the end ? 


TT 


Find the value of 

BC, + 2C, FC, 4-12C, te + PCy. 

BC, L3 C, FC, E 2C, 1-410, 

VC, HC, C, C, T Ci 

If Cy, Cy, Cs, Ca be the binomial coefficients corresponding to 
the index n, show that i 


€,—2.C42-3.C, — 4. Cg e+ (— 1)*7.5€5—0, 
Cot2.C1+4.C3+8.Ca H 3-2" C4 — 3", 
Cy+2C y+ 3C, +---+-(n—1),Ca=1 + (1—2)277t, 
Co —2C, -36,—...-F(— 1)” (n+ I) C50. 


С, Cy C; Сһ 1 

с; +2» С, +3. e ten E n (n4-1). 
Са Cı Cs +(— е ы. Ж Са E IN 

CRRA PANE RC St 1 nti nml 


BINOMIAL THEOREM FOR ANY RATIONAL INDEX 
So far we have been concerned with the binomial theorem for 


a positive integral index. We shall now extend it to the case when 


‘nis 


any rational number. We shall however only state the resu't 


and apply it to approximations, evaluation of roots etc., and not go 
into the proof which is beyond the scope of this book. 


TT 


1. Statement of the Binomial Theorem for a Rational 
Index 


Let n be any rational number, positive or negative, integral or 


ractional, and x be any real number such that | x | « T. Then 


n (n—1)..(n—r-- 1) " 
Fl 


Ote ene HED 


tee 


dus (A) 
Notes. 1. When л is a positive integer, the series (A) ter- 


minates and its sum is (1--x)* for all values of x. In fact, (A) then 
reduces to the binomial theorem fora positive integral index. (A) 
thus includes the binomial theorem for a positive integral index as a 
particular case. 


— | 
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2. When n js not a positive integer, the series (A) is an infinite 
series ;-for, then-n—r does not vanish for any positive- integral-value 
of r, whatever. When such is the case, the statement ОБ the binomial 
theorem is equivalent to the following : 


If |x| <1, the infinite series 


tem 1) 


(dese n in—1)-(n— Ur 


2 T3: 
i$ convergent and its sum fo infinity is (1--x)^. 


3. When is a positive rational number, the binomial theorem 
also holds for | x | =1. It is only for the sake of uniformity that 
we have stated the theorem in a restricted form. 


4. That restrictions on the value of x are necessary can be 
easily seen by giving to n and x certaim values which violate the 
conditions stated above, and then showing that they give rise to 
iun results, “e.g, putting-me—h. x=—2, (A) gives 

= | -2- 24-2? 4-25 .., which is obviously absurd. 


5. When n =р/4, where pis an. integer" (positive or negative) 


and qisa positive integer, the series- eT is m Agate qth root’ 


of (1 +x). 4 Я 
502 2 bn Fiat) Pi 
For example, 1x4 x ++. is equal to 
ILES priua ap va ql ИЕ 


А 46. Though the PSA (A) is not valid cf [x | 21 and 
n is non-integer, it is then possible to expand (xri їл descending 
powers of x. For, 


(x-F I) x^ (1249x718, 


8 È or E (п—г+1) en 
=x" (lnx xp Let еы r 
8 since | x-* | «t. 
ide aie EpL D ha. EU PED rn. 
ТЕ ER E ve a 


(x+1 digo qo E ecco efus GR 


provided E x | L1. 
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Thus 


(pax) Lee 07D ау... tac DOSED yo 
provided | x | <1 
хиа... re ушун V 
- e, provided | x | 21. 


and 


(xb 19 x" -nxt7 4 EIL 


When п is a positive integer, both the above results reduce to 
the following : 


(x+1)*=(1-+4+x)8= 1--nx4- EGED а, 


=x" nx 2070. 
Example 18. Use binomial theorem to show that 
(1—x)*!— L- x4- x! -x* 4--—- provided | x | <1. 
Solution. Since | x | <1, we have 
(mata HDH (+ CD CLD (Cg... 
-14x4 x... 


.. ,Note. Inthe above example, the series on the right hand 
side is an infinite С.Р. having x ( | х | < 1) as the common ratio. 
Therefore, from what we have already learnt in. Chapter 5, its sum 


=)! 


to infinity = EF 


. Thus an infinite С.Р. is only a particular case (r= —1) of the 
binomial series (A). 


EXERCISE7(d) . 
17 | x | <1, show that : : : 
T. (1—2)73—1-EF2x4-3x4-...-- (r4-1) x... 
(Lx) ?—14-3x4- 628 4-3 (04-1) (74-2) x... 
3. (LT3)*—1—2x-3x1 — ..--(—1)* (r3-1)x* 4. 
4. (1+ху#=1—3х+68—..-ЕК—1)' (r--1) (r-2)xt +... 


5. (а 1 mme POED a 


Hopr SEED OED wr... 
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6 й—х)"=1+пх+ OD e. 


n (n+ 1).-(n+r— 1) 


r! ae 


+ 


T8. THE EXPANSION OF (х--а)" 


When n is not a positive integer, we can use the binomial 
theorem to expand (x +a)” in ascending powers of x if | x | < | a | 
An in descending powers of aif | a | < | x |. We may proceed as 

ollows : 


Case 1. When |x| «lal. 
T x ia 
(x-+a)"=a" (1+ х) 


Since | x| <| 2|, | x/a | <1, so that by using the binomial 
theorem, we have 


(eye (ettet + 


or (x-+a)"=a" [e (=)+ п (Ry e b 


Za nran ig АЛТ ern xa"... (A) 


Case 2. When [а1<1х1, 
ажа {1+ xL 


Sine [al «Ixl, |a/x| <1, so that by using the bino- 
mial theorem, we have 


(+ $) E) + 
n (n—1)--(n—r-4-1) (=) + 


+ 


+ 


r! x 
or (names {+ (+H )-- } : 


= nax} "өр. qx}... (В) 
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From (A) and (B), we have 


(х-Еа\" —aEnxan 14- us Lon CL VM 
provided | sl «lal, 
and (x-- ay x" -nax?- 4- MD tette oe $ 


provided |a | 1x]. 


Example 19. doped (24-3x)-* in4i) ascending powers of x 
(iiy descending powers of x. stating in each. case the range of values of 
x for which the expansion is valid. 


Solution. (i) Expansion in еш powers of X 


2+30 4= р (14 3 px E 
sutor 
dose [E Mcr 2 y 
IUD px y dr b 


provided 2) Ix]«t, fe provided | x | <i. 


: Ext ری‎ 15 аф. М 3 
wine provided | x} < T 


(ii) PR in descending powers of x: 


0-3) f з 3x (14 =p 
E Te ^ m 
LACER 


provided Bich N EE + > 
| Tow i 
ENDE 
FETO 15 
Eo у 


provided |а| i 
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Example 20. Write down the first four terms of the expansion 
of (84-x*3, when | x | <8 


Solution. 


7.81. The general term 
The (r+1)th term in the expansion of +x)" is called the 
general term. 


When | x | <1, Tr} in the expansion of (1--х)" in ascending 


powers of x 
n (и —1)----(п—741) x 
D r! 
When | x | > 1, Te in the expansion of (1-4-х)” in descend- 
ing powers of x 
(n= D. =F +1) 


0 
т pao 


Example 21. Write down the 5th term inthe expansion of 
(1—2x)9? in ascending powers of x, stating the range of values of x 
for which such an expansion is valid. 

Solution. The expansion in ascending powers of x is valid 


provided |2x | < 1, ie., provided |x] < T -The Sth term is 


then 
iG e) 
ОС Lr 
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Example 22. Assuming that it is possible to expand (3— x) 5 
ina series in ascending powers of x, find the general term in the 
expansion. т 


x \-% 
Solution. 3x (1— +) . 


General term—T,,;, 


— (335) (229725 Vato r factors (—x/3)" 


= 3-26“ ар xt, 


(r--24) ! P 
="(24) tr [arte i. 


782. The First Negative Term in the Expansion of (1- x)" 

To find the first negative term in the expansion of (1--x)" ме. 
find the smallest value of r for which Ta <0. Т, 41, when r takes 

r 
this value is the first negative term. The method is illustrated by 
the following example. 

Example 23. Assuming that it is possible to expand (14-x)i2 
in a series of ascending powers of x, find the first negative term in the 
expansion. $ ( j 
Solution, Consider the expansion of (1--x)" in ascending 
powers of x, where nA. 


—1DD..(n-— ( 
Teac SC L acia xt, 
.a(n—1)-(—rc-2) ,, 
11 
Tete bare O A nied т 
Tee ee Uh since ti 75, 


Since r, x are both positive, Te and T, willbe of opposite 
poi 13 bet. 3 
signs if-- —r «0, Le,ifr2 з. The least value of г for which 


. this inequality holds is 7. Therefore, the least value ofr for which 
Т, and Tr+, have opposite signs is 7. 


The first negative term is Tg. 
Hence the first negative term is 


1.59 A 
2 2 2 өөө (5-—7+1 ) А 
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iE 11.9.7.5.3 7 
i 2771 А 
и аз е 
Гул HORS 
Aliter. Let Т, be the first negative term. 


Uwe ea e) 
I CX 


Tra4— 
Since Т, is to be first'fnegative term, we have to find the 


least value of r for which < 0, 
i.e.,for which r > B, 


The least value of r for which Hri <0157. 


Hence T, is the first negative term. As above 


33 
Ten 1024. ^ 


ys Numerically Greatest Term in the Expansion of 
(14- x)^. 


To find the numerically greatest term we find the greatest value 


of r for which Ls is greater than l. T,j4, where r takes 
, 


this value, is the numerically greatest term. The method is clearly 
illustrated by the following example. 


Example 24. Find the numerically greatest term in the lexpan- 
sion of (12- x)" when x n=—60. 

Solution. Let Т, be the numerically greatest term in the 
expansion of (1--х)% in ascending powers of x. 


Tr. n—r+1 
_—60-r+1 1 
ie r AS 
Ta ce 59Xr| S9+r 
Tri Sr | Sr 
Now peat >l, 
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if 59--r > 5r, 
ie, А ifr <14. 
Try, is numerically greater than Tr so long as r« 14 and 
Tria i$ numerically less than T, for r>14. 
Tr, is the numerically greatest term when r=14, 


Tas is the numerically greatest term. ` 


..(260)(—60—1)...-(—60—14--1) / 1 үн 
Tu RDUM S NES (+) 


5 


таа 
= 758141591. 


EXERCISE 7 (e) 


1. Write down the first four terms in the expansion of the follow- 
ing in ascending powers of x : 


G) =x), when | x | «1. 


Gi) (1 3x)", when |a x 


A AS a (4—3) 
` (iv) (2—3x)9/2, when. | x | s 


2 
(iii) —— ,when |x| <-= УЗ 


Find the 7th term in the expansion of (1—2x)®”? in ascending 

powers of x, being given that | x | «à. 

3. Find the fifth term in the expansion of (1—2x?)'!? in ascen- 
ding powers of x, stating the range of values of x for which 
the expansion is valid. 

4. Write down the Sth term in the expansion of (3a—2b)-! 

distinguishing between the cases : 


ә 


(i) b/a numerically less than i 


(ii) b/a numerically greater than 3 


5. Find the general term in each of the following expansions in 
ascending powers of x: 


(i) (1—2)75, when | x | <1. 
(it) ( 4— 3x*)-1/2, when | x | < 


ee ee CORNER naw mmm——————ÉÁÉ 
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N -1/2 
(iii) ( А Ж ) -^ywhen- | x] re 
3 2 
1 
(iv) (1—n2)!/^, when | x4} ORE $ 
6. fx bea positive proper fraction, find the first negative term 
in the expansion of (1-+-x*)""/? in ascending powers of x. 


7. Ifx be a positive number less than +, find the first nega- 


Sdn ia > 
tive term in the expansion of ( IEG x) in ascendng 
powers of x. X s 


784, To Find the Coefficient of a Given Power of x in the 
Expansion of (1-++x)", 


Example 25. Find the coefficient of x° in the expansion of 
(1—2x17V* in ascending powers of x, assuming that such an expansion 
is possible. ` 


Solution. Let x! occur in the (r4-1)th term. 
The (r-+1)th term= Tr 5 
ec == PERG sear) (=2. 
r! 


Since T,,,; contains x1, 

ae 2r=10, ie., r=5. 

Hence 210 occurs in the 6th term and its coefficient 
= SHB CHEST) (oy, 


JEU ы ett ep КУ 
Saag as 7077 025 
63 
a 
Example 26. Find the coefficient of x in the expansion 
I+x+2x7 | А , : y 
of bx in ascending powers of x, assuming that Such an 


expansion is valid. _ : 
ЕЕГ Ya 
on. EE UHE ea) 
Coefficient of x30- | x coefficient of X? in (1--3)74 
1 * +1 Xcoefficient of x? in (1--x)-4 
--2X coefficient of x* in (1-2-x)-4, 


Now the general ferm in the expansion of (12-x)-* in Ascend- 
ing powers of x is given by 


Solution, 
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is 46 cd aet t ntn РЎ 


—iy 4.5.6.. +З) 
1.2.3... r 


(1) crear x 


The coefficient of x" in the expansion of (1 Tx)* 
2c (r+1)(r+2)(r-+3) 
SE CLET ORE 


Coefficient of x? 


Loa 1 ee LES 
Pone 
NEST. 
Coefficient of x? 
Boe цылаз, 
001142. 
Sit 6 
Coefficient of x* 
Ee stoi : 
= 9.0.11. 
6 
Hence the coefficient of x!? in the given expansion 
. 4112.13... 10.11.12 9.10.11 
6 mica ru VET XS 
11 
au 156— 120. 180] 11:216. 396, 
EXERCISE 7 ( f) 


]. Find the coefficient of x in the expansion of (1—422)31? in 
ascending powers of x, x being numerically less than T 

2. Find the coefficient of x!? in the expansion of (aî—b3x®)5/2 м 
ascending powers of x, assuming that the expansion is valid. 


3. Find the coefficient of x" in the expansion of (2—3x)*/? in 


ascending powers of x, being given that | x | <4 


| 
| 
| 
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4. .Find the coefficient of ix" in the expansion -of each of the 
following in ascending powers of x (it may. Бе assumed that 
the expansion is valid in each case) : 


Р 1 
(i) E Gi) 1+ =e 
Qu) Ota 
t A zs 


5. If |x| <1, show that the coefficient of xin the expansion 


of a Iam } it acceding powers ог x's: ә 
"ies T dea 
8 (44)! HIE VAL TS ale 
6. Find the coefficient of x" in 1 the, “expansion ft МЕЕ їп 


ascending powers of x, | x | being less than 14 


7. dx |i ds show:that the:coefficient of x®" in’ the :expansion of 


ated») Pacending, powers eL E 


к OHI) 02 r+. 
8. Find the eoe oni of x' in the expansion of (1 -x-4-x2)75, 
where | x | «1: 


9. Find the бето me х2 in the expansion of (1—x-+-x?)-®, 
where | x | <1, 


10. Ifx>1, show that 


feit (i-r je SEP ( i-e 


21! x 
1L dfxisa positive proper fraction, show that 
STEANE оак grat!) (2х 
Сар ask BEK Unine 2d. Lae Jg 


s 1--х 2» "үйө sig 
ES (elu 1: ag 3 


dx. 2x 
the R H.S.'in ascefiding powers of +. since DEx is posi- 
tive and less than 1 when x is i. o n than di] 
79. APPROXIMATIONS ё 
When | x | <1, the limit of the gun ofr r terms of the series 


Dus apes (А) 
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ai approaches infinity is (I--x)^/ "This provides us-with a method 
“Of finding approximations to (1-Ex)" correct to a given power of x. 
To the first power of x, 1-+x)"=14+0x. 
To the second powet of m pate FEL. xt 
Jn general, the larger the number of terms retained, the closer 
“fhe approximation obtained. ^^ Sdt isdi os => 
Note. Inthe following, problems on approximations, we shall 
frequently use the phrase 'x is very small’ to mean that ‘x is humeri- 
cally very small’. / 


Example 27. If x be so small that its square and higher powers 
can be neglected, then show that _ RITE 


OE ECTS" п. 85 10 qom 
GRE ces! cid | 


10 noi elution) Neglecting square and higher powers of x, we have 


er 


(a—x)* £3:«) (€ an( €) 
0 4 
x du aal 
1 2—76. 
£74 1) 1o. noizirig LISSE UI io 
8 
ҮК eios e E S e 
1 =| ES DES 
E (2 * (I2) 


j: ПЕ ТВ hone ae? 
у out a 12 xs )=1 TE 
Example 28. Jfx be so small ‘that its square апа higher 
powers can. be neglected, show that ' 
bi8qx5 ©! eidiezog Eae sper Y 
(062-53) —(27— dA 
iog ei оа, 3x46 єз уч 56.1296. Л 


„+1 


Bra SEM Бад oF, и V bali cast Beacon 


А x 1/2 
‚991102 ott 10 erf: x 
= 


Re 
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ne 167 [ 
| (1+ =), 


6( 1424 ) 
1 167 5 n 
sext bet). s 
1 167 . A 
rte 8 (ass). 
E t 


533 4 stahians dis ou. 

oe aie ^ )= 6.1296." 

Example 29. Jf x be nearly equal.to.1,.show that 
ax’ bxs _ 1 


xx ТЕХ 


Solution. Since x is nearly equal to 1, therefore, let x=1¥y, 
where y is so small that its square and higher powers can be 
neglected. Lilis ' : 

аз?—Ьх% _ a(l-d-y? —b(1-5y)* 
x 7 yy t 


a(12-by) — b(1-4-ay) 
~ (kt by)—(i Fay)? 


"nearly. 7 


VO HSS tat 01 OAS Yo. silo ott bart. Of — 
7'9°1. Approximate Evaluation of Roots 
х E Recall that it is possible to express évery irrational number as 
an infinite rnon-recürring decimal: Asan 'illustration.: of; the same, 
we shall show how the nth root (п=2, 3,4, +.) of any rational · 
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number can be evaluated correct to. аду пупрег of decimals by 
applying the binomial theorem. — | 


Let N be a positive rational number whose nth root is desired. 
We have first of ail to find two consecutive Positive integers a—1 


and а such that (a— а y deut 
Let Nany, 8 } 
Nin (qn — x)tln \ 
=a( an Чор AE 1 ) ex 


Since x —a"-— №а", by is d thé binomial ‘theorem to (i), 
we have 


4 І M A (Li ) 
: 970 Ae ime Napa У: үа 
Nun af potapa aoi a Mel | 


We have thus йөзе Nt» di as an infinite/series. By convert- 
ing each term on the R.H.S. into decimals, and retaining a suitable 
number of terms, we can evallate 2/9 i to. any number of decimal 
places. Nl ON A Ex E 


_ Note. It'is sometimes also ponet White legen meat 
Nant. 


К so that, jot , avoteno rd, f o7 Gips 
od duo у онот иш шу Tos y Ya 
(a—1)" 


«нң 


DUM 
"Re ps ac d Te ]* 4 


2 
woe ZUM. dn Ё 


provided (pum 


Example 30. ru ш value. of correct to four pne of 


о Tr samiroigqA 1:07 
, decimal, Шйойвтї'үтэу®\гёэлд sidi i Wi 1sdt [189551 


атп выно: Since: ATi lies betWween-6* andi, therefore, жезһай 
PTE ATA 78-2. San) 2407 “ih. oft wort woda Панг sw 


oe 
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E =н pin, 02 = 
2001 LT 30 ven 2 ЧЕ 
an QQU айт он RES ba 2 da^ Pr RS Te ТШЕ Г, 
. x. 15mm зоот ned? bns (1 --* 
ze + 7 а Б ЕА d CLE ) 
p OX wd] qme S , 
1 M eor arten 
EON ET Ст, 
eee. 902915 T 000088 —-:14586. - 
Hence d 1459 correct ‘to four r places of f decimal. 
VaT 


Note. In the above; ample seb ve: stopred at thé fourth 
term, for the succeeding terms. will то affect" tHE, result upto the 
fifth decimal place. 


Example 31. Find the square root of 9р9. ЗОРЕ: 10 ie 
decimal places, i 


Suid, E 595 lies between E изи, we. shal write 
AM 2197699930? 4-99; vdira 4 I 
999 = (900 4.99)! = 


"i Ve а 
24: d4*- 


San 055— "OLSON? 
"m — 000006 ---..], 
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==30(1'053565)=31'60695, 
731607 correct to three decimal places. 
Note. If the cube root of 999 be required, we write 999 as 


(103—1) and then proceed as above. 


EXERCISE 7 (2) 


If x be so small that square and higher powers of x may be 
neglected, show that 


(i) (1 +2х)!'%1 ee: +11x nearly. 
а ча 4x) 9 Pius 


(ii) VI x nearly. 
Vus cds зва 
у (iti) VITE WIL 15 Do * aeiy. 
s xr XS 5 
(i) NIRE ray smi x nearly. 
(9--73)*—(16-3x)* 1 17 
б) Bremer rto ORT MARI I E x nearly 


Ifx be so small that its cube and higher powers may be 
neglected, then show that 


(1—3)-9?-E(16--83)M*. 


o (Га) POF) „+ т” nearly. 
8/4, 1/ 
un Ce wa PCI E 2" nearly. 
№) / 
(ots) ке 307 
(iil) 4 S ea а nearly. 
2 (1456 » ) 


If x bea quantity во small that x? may be neglected іп com- 
parison with /*, show that 


AGE Tx RVG ale 125 i very nearly. 


If the square and higher powers of the difference between x 
and unity can be neglected, then show that 
à mx —gxn 
VIR Titan ee ут. nearly. 
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6. 


12: 


Be 


If x is very nearly equal to a, prove that... dd act b 

Ѕа?х — х3)/2—241/х { 

ERU QA. —6a very nearly. 
If N and п be деш equal, then ud that 
Ne N 1 NR v 
= Naa бырт Tn very nearly. - 

[Hint. Let N=n-+x, where x is so smal! that its ‘square and 
higher powers may be ae 

L.H.S. -( 14% ү нан 


Similarly simplify the R-H;S: also. Alternatively, we may put 
—m-Ex and n=m—x, where x is so ipu that ils ponon 


above one 3s s be: be 0 


n" 


If VN Dk where xis eleg then show that 


Nie 


V¥N=a. N+ nearly. © (9) 


Af, №2, where x is small, ‘then show ‘that d i 


NIB. QU (nearly) 1 If 110 ont 


If'm-differs from л? by a small quantity, then бё» that the 
square root of m is approximately DT [ 
A Pons eren aee 


Find the cube root of 126 correct to five decimal: places; | 


; ‘Use binomial theorem, to prove i (s ys = 91917, correct 


to'five decimal places: 9 кл 
Ealétilate the valüe of (9985178 correct tó five/décima! - 


Evaluate: (:998)!/2/and :(:99)!/* corieet 44 
decimal. 


‚ 
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15. Find the fifth root of 7 
(i) 244 correct to three decimal’ places. 
(ii) 31 correct to three decimal places. 
TEST YOUR UNDERSTANDING уп 


In each of the following problems оту опе out of the four alter- 
natives is correct. Write down the letter corresponding to the correct 
alternative : sain de : 


1. The number of terms in the binomial expansion of (2x+5)® is 


(a) 30 (b) 3b i | (с) 29 i(d) 37. 

10 

24 The coefficients of ahi in the os ves of C 2207 
(a) 45:5 (b 120%, Бам (d). =). 


10 
3. The coefficient of хт!" in the expansion of ( ex) is 
(a) —20 (b) 0 (© 1 (4) —10. 
12 
4. The kth term in the expaision of (+) is independent 


ilar 


of x. The value of К is 


(a) 7 (D 8 - niis (297! (d) 6. 

5. The sum of the coefficients in the expansion of (5p —44)19% is 
(1 (By Sr (ey SE (d) —20!% 

6. The fourth term in the. expansion of.(84-4x3)', when 
|x| <4¥2 18 " 


} 3 ы ; 
(д “Аў. чар шй даска abi co (шу! 


7. The expansion of (1---2x)! m by binomial theorem is valid when 
(a) x>} (b x-—i (ох (d) —2€x«2. 
8. The number of terms in the expansion of (1—3x)'? is 


ou (a) 2 (5) 50 (c) 100 (d) infinitely many. 
'9. The nth term in the expansion of (TS), when | x | <1, is 
(a) nx” (b) nx"! (c) xak (d) —x^. 


` 10: Hz is so smallthat its square and higher powers may be neg- 


1/2 
1G lected, then (122 1x х) is approximately equal to 
()1-x MI — (Q2-x — (14. 


——— чыйыйнрбы 
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REVIEW EXERCISE VII 
Sum the series 
x* (xa FRO, x*71 (x—1)n71 GET) 
HMC x? (х—1 a (xt DUC ps © РУЛ 


“Show that the middle term in the expansion of.(1--x)?^ is 


1.3.5..(2n—1) 


al 2 (AISSE 1986) 


i Which term in the expansion of Си is independent 


of x? Find its value. ; "^ "(MISSE 1987) 


Find the sum of all the terms in ithe далуы «(же Г 
when x=], 


If (1--x)^ Со Cox + Cx? 4- ... H Cx", {Кеп show that the 
sum of the products of the €;’s taken 'two “at a time, repre- 


sented by Es E CiC;, is equal to 2*»-1— 5091. "E 
0<i<j<n e 
(Ч.Т, J.E.E: 1983) 
Prove dn : { 
C 
т нее pel pe "rid 
(лу! 
(@+2)! (1—2)! 
(2n)! 
(n-+r)! =r) ! 
C — C? C? -— C? T. re ст 0, if n is odd, and 
(—1)%2 р! 


S an DS uae „ілі is even. 


If п be a positive integer, prove that the 'coefficient of the 
middle term of (1 +x)?” is equal to the sum of the squares of 
the coefficients of (1 +x)”, 


CC + CC FCC LL Cy au 


CoCr EC Cre Crea tn +Cn-rCn= 


1f, in the expansion (a+-x)", р be thes sum of the odd terms 
and q the sum Of the even terms, show that 


G) P—P=(e—x*), 
(ii) 4pq=(a+x)*"—(a—x)**. 
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12, Write down the, first: four terms inf they expansion of (2— 3%) 
7 when [x] <È. . 


13., Find the general term in the expansion, E за](4° —»)i in ascen- 
ding powers of x, | x [being p than 


14. "Find the numerically greatest terra in Sun expansion of 


азли bel x= 3 
3 14 e 
15. Find the coefficient of х" in the pinion of m X. in 


ascending powers of x, [x | beina less than $. 


i x be so small that square and кше ычу of: x may be 
f lected, then show that: : rp» й bmt $ 


Des 23k - $9 __ 
D Spa 
14 golf p is less than unity, show that 


Ric FOR | e 
vary VIED 7 37. 
101 neglecting powers of p higher than the first. 


buc‏ ,1ے 


18. Evaluate (623)!/^ to seven places of decimal. : yari 
19. Evaluate (17004):/10 to-eight pláces of decimal. 
20. Mf p is nearly equal to q and n > 1, show that 


Coo Gtp FED dns bo Эа 
ОРМ 


Азн d result to find the 7th root of BE sr 


{ 


SUMMARY 


1. When zisa positive integer, (tay is ‘identically equal to. "i. 

adi Jo зардаи bt Cae tates EIC atta ikang р od nd 

19 T (P Dih teri in the expansion of (та by binomial theorem! is 
T aC, xerar. 


le ribê any ё 
y ratio number, positive or Degal (ерга! or fractional, 
and x be any Ht a that | x] Bate der Y EM 


A= 1--nx4- LORD e dk NEUE pace р 
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` HISTORICAL NOTE 


f hich-he called the Meru Prastar. 
The binomial t ional. indi discovered by Sir Isaac 


Newton (1642-1727) in ї At 1 ii 1 T 
in 1676 to Henry Olden! 1 Royal Society. It was 
sel 


published by Wallis ii Newton, of course) of 
» 1685. Newton i yA pa did he prove 


it. A proof was provided later o 


Leibniz generalised the binomial i 
obtain the expansion of (x-+-y+z)". N. the binomial theorem 


Пп 


EBET HAUS аяАниОз. 


diem oBilo1q kom Hir 2 


ix» Дош godnie 16 bioi vos iit aout «038 уралу led 

j ilagt гоп sd] по ejorw oH gebeid ni 
«leni aa boiqoaos 50.01 snap oi YESS eid 
| Das eood GE5 bsileil dq sd Smistii aut 
3. «d badeildug va» at ‚„Ю\Чїзәшпайт 
wi э@! atow tid 1 
‘sra Ий? 


LEONHARD EULER (1707-1783) 


Leonhard Euler, the most prolific mathematician of his time, was born 
in Basel, in Switzerland. He was educated at the University of Basel. He was 
invited to the Academy at Petersberg in 1727, and stayed there upto 1741 when 
accepting an invitation from Frederick the Great, he came to Berlin. 1n 1766 he 
went back to Petersberg. 


. __ Euler made signal contributions in every field of mathematics which existed 
in his day, He wrote on the most difficult topics with incredible case, and 
his presentation came to be accepted as final. According to an estimate, during 
his lifetime he published 530 books and papers, and at his death, he left many 
manuscripts, which were published by the academy, during the next 47 years. 
The best known of his works, the Introductio was published in 1748, and caused 
a revolution in analytical mathematics. 
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E SUP BIE { ' CHAPTER 8 


Exponential and Logarithmic Series 


81/7INTRODUCTION 177 ij оза oy. 0214 

In earlier chapters we have studied two infinite series, namely, 
the geometric series and the binomial series. ‘In this chapter we 
shall study two more infinite series, the exponential and logarithmic 
series. Both these series are of central importance in mathematics. 


$2. THE NUMBER e`- 


? 


„0 


Since every term of S, is positive ' and'.sincé the sum ofathe 
first two terms is 2, therefore, it follows that 
Sn >|2,, Ifor alln >2. (iii) 
To show that Sn < 3 for all п, observe that 


I sque? 


soi pec үөт sit ic PC ОКЫ ШЫЙ 
31 urbes СЯ, [eee d (iv) 
The series ipek gga on: the right-hand. side of 
aver 1210 odi ymo gimis? т тото 88 F (тоноо; 


(237) 
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(iv) is a geometric series whose first term is Te common ratio is 


а-нан iib of terms is (n—3), and therefore, the sum is 


VU S alors ^ 
ё 9398, sati bna Inst Not К | 
ix T NAA ey a 


(oe 


2 
Also the series on the left-hand side: sof) (iy), equals 


1 „41192 sflnilni-ow bs 
| ji 


AH Sw 210395109 39158911 


5 \ ; T1055 £ esl P» t oH ai 
$.—1*41-3; $2 724 AM чит. са 
tes, . $ «IE. ЫР: das c ener 
(i): AES РЕ, 
ї,е., Sn < 3, for all м," bf ч у) 
nT prom (i) and (v) we hind that ^ ^ бп98 20251 
(Wee 2 < Sw< 3, for alln > 2. і 09) 


It follows from (vi) that it is meaningful to talk of the sum of 
the ВНЕ series (апа thatthe sum lies between 2, and 3; The 
ssuntof the: infinite series (і) isidenoted Буе, 1,6) yoyo sonia c 


i‘ 


2 2 wits wl А Sie 
Then Ib! а 11" 


(190 


J 


In view of the above discussion we find that 


I 


`2‹<4е<3. i 


tt 


. The number e is an irrational number. . Its ве is 2'718218... 
It. is one of (ће two most important irrational numbers that occur in 
a variety of situations in mathematics (the other being = 

Exaniple 1. (a) Show that if we take only the first seven terms 
А ВГ 


eg TA d ытыы ВА. Sold 
No eu ee ee 
for e, then the error is less than “00025. е ГАЛУА 

Jo ebipymghowithat e ltiesibetween:271803-and 271882... sii 

Ge Solution. (a) The error E (say) in taking only the first seven 

~. terms of the series (TEE) Я 
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A b» (n) ba d 

E IA VERAS 
x P 

TL тни M er 


Яз 


el eda 


l .aoindbo8 
;2 xd mae eli ba) 


< a ow G) mori 


= А 


i NE 


EE. dr < 211807. fi 
=2'71803... E $ abi 
From (ii) we find that SOUL Ado «eas f 


271803 < 1 —— E 1 pe. + Te 2а ae 2 1807. ab Ay...) 
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Also, 
pud PLIN D. ug 
ТЕРЕ ет 
iggy 
From (i), (i), (iii) and (iv) we find that 


ERTE 1 
271803 аген <е 


E в 11 T = pes 6 pte, 
« 211807 00025, 
=2°71832. 
Hence e lies between 2°71803 and 2°71832. 


Remark. From the above example we find that the value of 
e rounded off to three places of decima! is 2:718. 


Example 2. Sum the series : 
Es 14243 , 1+2+3+4 
1 +5 salt: x + Luce Neues 


Solution, is us denote the nth term of the given series by fn 
хапа its sum by S. 


142434. Eu 
ch „тї h i 

1 [aasit 7 8003) 

1 n(a~l) on 
me» um 

1 aye ү 
=з ЧЕКТ ОПГ or all n 7-2. (0) 

From (i), we find that Ў 
д ера 1, fono 
Ё" f ^t 
= "ort , 
ve } 


| 


3 

s|- s|- юе 
=] 
Eu 


us TRAC 
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1 1 1 1 1 1 

s= (aret v) ITTF + 3 
1 

= 6+, 

d co 
3 е. 


Example 3. Sum the series 
RIIAT EE: 
IL pow 


Solution. We shall split up the given series as a sum of 
several series cach of which can be summed up as an exponential 
series. For this purpose we shall write the th term say Tn, of the 
given series. › І 

3 
T= E LE ا‎ $ 
n! 
„л (@+1) = 
^ (n=) 1? 
(n—1) (n=2)-+4 (n-1)-2 
(0—1)! * 

_ (n=—1)(n—2) , 4 (n—1) 2 
үну tT m-D!*(q-Dl- 


1 4 f 2 i 
= =I (n—2)1 + aiT * Provided n> 3. 


AG 
Observe that the condition z > 3 is necessary because (n—3) ! 
has no meaning for n—1, 2. v 


Putting n=3, 4,......in (i), we have 
4 >Жа 
e O PI 


By adding columnwise, and using the series expansion for e, 


D nhi (4st es (reset «) 


n=3 


=e+4 (e-1)4-2 (e—2), 
=7е—8. : (ш) 
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Also, 
Tir T. Jg ip * =2+6=8. iii) 


From (ii) and (iii) we have 


oo 
ST (e-B) +t =e. 
n-i ji 
. EXERCISE 8 (а) 
1. Find the value of e rounded off to one decimal place. 
2. Show. that the error in taking only the first six terms 


1 1 1 1 Pal 7 E 
1+ 11 + 21 EL 31 tart sii ihe series expression for 


з 1 

e is less than 600 

3. Show that 
тА A 


4. Sum the series 
SIN 22 32 


31 T Fr 41 "hse MES 
5. Show that | 
ME "RS s | 
i 2. 3 Rugs "Nt vs | 
6. Sum the series | 
33 43 | 


» 3 
4 BAE Ear AT 
7. Sum the series ^ 


HS BG IUOS OT 
deci оу E NS 


BOY o 


8 S "C, — 
um the series EDI 
1 n- 
9. Show that 4 
(ye a CARS. ba s А 3 


CTE ORME ICN QU 
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8.3. THE EXPONENTIAL -SERIES 
Jf x. be any tea! number (whether rational or irrational), then 
| 
3 x? xf | 
eM +31 + +e. | : (А) 
о ee Е 
"he.series.on the right-hand side of the above relation is called 


word of caution is necessary here. You 
when x is rational, but you have not yet 


1. For x=], we реб. 7 1 
1 1 , Д 
gas тр gr +... i) 


which is simply the series for e studied earlier in this chapter. 


ә 


For x=—1, we get 


Es d 1 1 Ж 
е uris 7533) TEES i tl) 
3. From (i) and (ii), we get * 
1 | 1 1 
7 (e—e1)—1 ЕУ ЗП Trog i (її) 
1 ud 1 1 А 
- (e+e 2-1 T3 + dre : (iv) 
4. Replacing x throughout by —x in (A), we have 
. zi xt x? 
e CV LS: ج‎ BM : (v) 


5. From (A) апа (9), we immediately have, | 


1 

5 (е*+е-*)=1 HERES E P sr) 
1 VA ا"‎ | ; 

э (eee ax BE E. (pi) 
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Remark : 
The graph of the function y=e* is as shown in Fig. 81 


Y 


Fig. 8'1. Graph of yse*. 
Example 4. Find the coefficient of x^ in 


a+bx , (a--bx) (at рх)" 
TE 3a E Mess Pesce 
(Roorkee Entrance 1985) 
Solution. Ў 
2 

1+ atts ero (athe) quss p GE bx)” (at bx)" (abt Vo. 

4م = 

=e, e", 


=e [rese y+ € BE. -—] 


е" 
The required coefficient of х= ie 
Example 5. Find the coefficient of x" in the expansion of 


(14+х+х%) 
e 
Solution. 
2 
etm xb + EP ДЕ Dr AE a(i) 
; p EE vere f (— 1) (EON -(ii) 
: с Xe t= XBL eee (212 ant «ee (ий) 


amma 
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Ratt so See 


Adding (f), (ii) and (iii), we have 


чает AS | 
[festa о OD 
TU nr. 590175 (0021 | 


The required coefficient 
(AP. i, A 
n! '(n—-D! *(n—2)!. ' 
= -nna 
УАН vH id 
Bij си ees: Uns 
ais n! 
EXERCISE 8 (5) 


Write down the first five terms in the expansion'of e2% 
Find the coefficient of x* in the expansion of е“. 


?s 

Expand ote in ascending powers of x. 2 
Show that 

2 4 6 1 

Sikhs TUE aM TS J 
Show that 

“ АЁ } 1 1 

ОШ ТЕЧЕ руа o 

1 1 1 "ecl 

11 + 31 tet m 


; (Roorkee Entrance, 1981) 
Find the value of Ў 


S-Y 3 Gy) He (x98) е 
Show that 

ei LH сале bo 
Show that 

pem 


1 2 2: =e=1, 
ort artape 
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:9. Show that : 
ОСА eng н QUA 16 
(бинар тзт): 
(Roorkee: Entrance, 1979) 
10. Find the value of е? rounded off to one decimal place. 
11. Find the coefficient of x” in the expansion of (a—ax—x?)/e*: 
8'4. THE LOGARITHMIC SERIES > 
Recall that if a be any “number greater than unity, tien. a 


number y is said to be the logarithm of a number x to the basa: a: if 

ау=х, In symbols, 
ч loga x=} = a*—x. 

The numbers 10 and e are commonly used аз bases. fow loga- 

rithms. The logarithm of a number to the base: 10 is called its 

common logarithm. Logarithms to the base 10 are used for compu- 


tational purposes. Logarithm tables give logarithms of numbers to 
base 10. 


The logarithm of a number to the base e is called. its matuxal 
logarithm. Natural logarithms occur very frequently (and in a 
natural manner !) in higher mathematics, as also in applications of 

` mathematics to other sciences. In the remainder: of this chapter 
- we shall be mostly dealing with natural logarithms. We begin by 
obtaining an expression for loge (14-х) as an infinite series. 


Theorem 81. loge а+д=х—®- тск —....., 


provided | x | < 1. 
} Proof. We shall prove the result by expanding (1+ x)” in 


two different ways, and comparing the coeflicients of y in the two 
expansions. — 


(i) Let [x] <1. By the binomial theorem, we have 


(1462)у=1 qyr О D. 0-092). Lo. —(1) 
12 1.23 
' The coefficient of y on the right-hand side of (1) 
MAS. ER 2 


(ii) Since | x | < 1, therefore, (1--x)" > 0. 


Since every positive real number m can be written as elogem, 
therefore, we can write (1--x)*ecloge(1--x)" — gy logal N, px. 


pauding е? loge(1+x) by the exponential series, we have 
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(14x) Ly loge(1+x) 
=1 +y loge (1+x) 


dum. +2 пове EDE, 00) 
The coefficient of y on the right-hand side of (2) is 
loge (1+-x) : (4) 


Equating the coefficients of y (as given in (2) and (4) in the 
te» different expansions of (1--x)" as obtained in (i) and (ii), we 
ave 1 


oo na qoi 
loge (Lx) x y e (A) 


The expansion (A) is valid for | х | <1. The series on the 
right-hand side of (A) is called the logarithznic series. \ 


Remarks. 1. It can be shown that (A) is valid even when ` 
x=1 {but not fof x= =), ^ й 
2. logex is also written as In х... 3 


^ P The graph of the function. y=log,(1-+x) is as shown in 
ig. 8:2. 


| 
! 
1 
І 
l 
] 
1 
| 
] 
x^ | 
| 
| 
1 
І 
] 
i 
1 


N 
Fig. 8.2. Graph of y=log.(1+x) 


ie 
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Corollaries, 1. Replacing x by —x throughout in (A), we 
have 
2 
iym 2. фу (B 
log.(1—x)=—x Dur ade (B) 


2. . From (A) and (B), we have 


loge(1-+x)—loge =) = — ] 
x* xt ) 
-( UNDAE VEDO d 
ix Au т 
ог loge — =2 ( Xt dee Eus ) 


3. By putting xe1 throughout in (A), we have 
1 


Lea 
loge 2=1—-- + тте AE 


The above series is due to the German mathematician Leibniz 
and is called Leibniz series for loge2. 


Example 6. Jf | x | < 4, prove that 


log 1: 32+ 239) 3x— Sa a Ds 
Solution. ` log¢(1 “| 3x-+2x4)Slog. ((14-3Y(14-22)], 
=loge(1+x)+-loge (1+-2x). (i) 
" 
Now کے کے = )عا‎ Tees If fx 4d. Cii) 
x а 4 
log l2) 22x 28" AR ant CE 


* (iil) 

Now |x|< 1 and |2x|< 1 both are satisfied when 

|x| < 3. Therefore, if | x | <}, we have from (ii) and (iii), by 
adding corresponding sides and using (i), 


log(I-F3--29)e 3x ya 2 um xs 
Example 7. If .| x | <I, prove that 
togi (Honga 10 4 } 
lote se tit 
3 (Roorkee Entrance, 1983) 
Solution. log,[1--xj!** (1—х)1-] s ў 
4 =(1+x) loge(1-+x)+(1—x) loge (1—3), 
i =[loge (1 +-x)-+loge(1—x)], 
3 +x [log.(l—x)—log.(1—x)]. 
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XQ xb xS ox 


Now idis * 5 4 B A 2 s Зо 
а Ж? $ xe 
BORE с сысы UA CEU 2 
whenever | x | <1. 
Therefore, 
pu x* x 
loge(1-+x)-Hloge(1—x) = a(- 5 2 м) D 
хз pus 
loge(1+-x)—loge(l—x)=2 ( x+ gu EUN ) 


Multiplying the second of the above relations throughout by x 
and adding each side to the corresponding side of the first relation, 


we have on using (A), 
loge [(12-x)** (1—2)7*] 


proe) e 


Example 8.. By using the identity 
ms I 1 UE a 1 
(2n—1)2nQn1) 2(n—1) 2n * A(2n+1)’ 
or otherwise, find the sum of the series 


1 1 
123 345 *567 
Solution. By putting n—1, 2, 3, «+ н the xin 
1 1 
@л—1) 2n9 1) 202-1) 35 To 
we have 


Therefore, the given series can be СВ аѕ 


FAO 1 1 
Um 12.93 )+(5- 4 3733)* ud 


> 
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1 
Hence the desired sum —logi2— - . 


85. CALCULATION OF THE LOGARITHM OF A NUMBER 
USING SUITABLE LOGARITHMIC SERIES 


Consider the series for loge( 1-I-x), 


2 
в) s И 
As we have already pointed out, for x=1,(A) yields "the 
Leibniz series ; 
Раа MEN (В) 
loge2=1 2 + ста р 


By taking a sufficiently large number of terms of the series òn 
the right-hand side of (B), we can calculate the value of loge2 to 
any number of decimal places. 


By putting х=1- » Where n is any natural number, (А) yields 


1 1 DI 
loe ( т) esp ў 


ог loge(n-F 1) овет ау. (С) 


Where z is any natural number. 
Putting n=2, 3, 4......in (C), we have 


1 1 1 
Тов ор вә 


1 1 1 
Іор,4 E SELE ES 


„Since loge2 can be found from (B), therefore, the above 
relations can be used to calculate loge3, loge4, loge5 ctc. 


However, since the terms of the above Series, specially that of 
(B) decrease very slowly, the series is not as useful as Some other 
series which we shall describe below. 


Let us consider the series : 


: 1 
log, тг? [ ху Tue ] р) 
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Statement (D) is valid for | x | «1. By substituting 
1 
T7201 
(where л is any natural number) in both sides of (D), we have 


1 1 1 
ома ове 0 эрт Ез e FFT 


irs. 1 _(Е) 
Putting n=1 in (E), we have : 
1 1 1 
loge 2=2 (Fyts nn ) AE) 
The fourth term on the right-hand side of (F) is 


2 2 5 

7.3? — 15309 S iar 

and the subsequent terms are much smaller. Therefore, by taking 
the first three terms on the right-hand side of (F); we can calculate 
the value of log,2 correct to two places of decimal. Formula (F) 
gives better approximations than (B) because the terms in (F) de- 
crease much faster than those in (B). : 

The series in (E) can be used to calculate 1ogo2, loge3, log,5, 
log,7, log.lO etc., in the same way (but тоге. efficiently) as the 
series in (C). PT 

By using the relation 

log,oi— (log,n) . 10810), ar 
(logen) д = 
~(logel0) ' 
it is possible to calculate the common logarithm of a number n 
provided its natural logarithm is given, and log, 10 is known. The 
number (log,10)-!— log;oe — 43429... 


Example 9. Show that 
s ЕТЩ i 1 
logedn-+1)—loge(n—1)=2 Es th kaate ] 


and use it to calculate the value of loge3 correct to three places of 
decimals, Given that log, oe= 43429, also find 108103: 


Solution, 


log (n-F1) ова )=log , 
a 


=loge 


Ti 


n 
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E 1+) loss Bp. 


By substituting xo Е -1 successively in the series expres- 


sion for loge (1+ x), we have i 
1 1 


1 —— 
toe eje паа s 
1 1 1 1 
tog 1-4) nF 7 
so that 
1 LA abd dua ] 
log 1+1 )= loe I E tam im 1 
1 1 1 
or loge (n+1)—loge (n—1)—2 [+ tmt t ] : (В) 
Substituting n—2 in (B), and observing that 1ор„1=0, 
1 1 1 
loge3=2 [+ +558 Tigre ] i 


1 1 1 
IF; FF +750 + «(C) 
Now 1=1°0000 


Add 


‘Since the last term considered above does not contribute any- 
thing to the third place of decimal, and the subsequent terms are 
going to be much smaller, therefore, we find that the value of loge3 
is 1:098 correct to three places of decimal. 

102103 =105е3 X logipe=1°098 x 43429 = "477, 
correct to three places of decimal. 
EXERCISE 8 (c) 


1. Write the first four terms in the expansion of loge (1+3x). For 
what values of x is the expansion valid ? 


EXPONENTIAL AND LOGARITHMIC SERIES 253 


2. Write the expansion of loge(i—4x*) as far as the term in- 
volving x!. For what values of x is the expansion valid ? 
3. Find the coefficient of x* in the expansion of loge(1+-22%). 


4, Prove that 


х—1 1 м—1 ‚1 220-1 
BR o GIG ee 
4; Show that 
ERIS Ше S Le 
logi; —5.—9* 5015 202—2 xta 
6. lfaand p are the roots of x*—px+q=0, show that 


ов рка) tpr E a EP ay. 


7. Prove that the coefficient of x” in the expansion of 
loge(1--x--x?) is -(2) or ~ according as n is, OF 
is not a multiple of 3. 
8. Show that 
yat sig te= o21. 
9. Sum the series 


1 1 1-1 
zie tie 400" 


10. Show that 
а (f Ge) e) 
A 


TEST YOUR UNDERSTANDING VIII 


In each of the following problems four alternatives are given out 
of which only one is correct. Put а tick mark (4/) against the correct 
alternative : 


1. The sum of the series LE FApDUGT Ted 
(а) е? (Б) e+e 
© Fete) ape 


3. 


9. 
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The sum of the series lta ta Ed Y is 
() e Ы) eren 
(с) 146—7) (d) e. 


Aaa 4 6 4 
The sum of the. series эт +37 tay Feneis 


(a) e (b е 
(c) 2e io 2e, 


The produot( Ir DE pte JG S SM HN. ) 


equals 


(a) 1 (D e? 
(re (d) —1. 
The coefficients of х5 in the expansion of e??--e-? is 
1215. 61. 
(a) 60 (b) 30 
3 2 
(c) F : (d) 3 
The coefficient of x* in the expansion of e***? ig 
32 4 
(a) F (Б) 45% 
28% 28-386 
(ET (ay 61 
The coefficient of x* in the expansion of lope | is 
2 
(a) Sr (b) 2. 
ET o2 s 
(c) $1 (d) tet 
The coefficient of х? in the expansion of log(1—a)is _ . 
1 1 
(a) ERA (b) CE 
1 
() 0 Tr 


The sum of the series 3x-+ dm " 32x3 E 
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a ES 
(a) loge(1—3x) (b) log 3 
(c) e” (d) e**—1. 
2 1 1 1 1 } 
10. The m of the series 152+ 3 OE ا‎ is 
(a) log: (b) e? 
(c) 0 (d) logi2. 


REVIEW EXERCISE VIII 
1. Show that 
1? 134-2? ssim 
ау AT 
2. "Find the value of e correct to four places of decimal. 
ed 


w= te, 


3. Sum the seri E, "m 


Éox 
4 Hye t E E pus and | x | <1, show that 


Xo: 
— 1 png pa m 


5. Ву using the series expansion for 10212 or than see: show 
that `6 < loge2<'8 


Hebe: Berg RASS | 
6, Show that the series ОРИГ өөө has the same sum as 


the series ui MD AH Te 
7. Expanding (e*—1)" i i ^ different ways, show that 


n” "па 0. (п—2)"+..=п! 
(Roorkee Entrance, 1986) 


8. Show that loge = —'002, correct to three decimal places. 


1 1 
9. Show that log(n+1)—logn=2 c jar 


1 
Tien Un ji 
10. Show that 2 loge п Іор: (n-+1)—loge (n—1) 


256 4 TEXT-BOOK OF MATHEMATICS 


SUMMARY 


1. The number e stands for the sum of the series 


p pst 
bp 


pP 


The number e is irrational. Its value is approximately 2:718218, 
3. If x be any real number, then 


3 
IHR... 


> 


4 
log, (bx) کک‎ provided. |.x | <1, 


5. logi e—43429...... 


The letter e was first used by Leonhard Euler (1707-1783) around 1727-28. 

he first time in Euler's Mechanica (1736). The nota- 

ime. Liouville (1809-1882) showed in 1844 

uadratic equation with integral 
coefficients, Charles Hermito (1822-1901) showed 


1873 that e could not be the 
root of any polynomial equation with integral coefficients. 


In the 1618 edition of Edward Wright's translation 
work Descriptio there is printed an appendix, probabi: 


s been recognized by that time. 
The idea of expressing a logarithm by means of a series appears to have been 
originated with James Gregory (1638-1675) and to have been elaborated by 
Nicolaus Mercator (1620-1687) around 1667 who discovered a Specialcase of the 
logarithmic series for log, (Fx). 


oo 


———————————Є—Є—Є 


PART II : CO-ORDINATE GEOMETRY 


Chapter 9 Cartesian System of Rectangular Co-ordinates 
`- Chapter 10 Straight Lines 
‘Chapter !! Circles 


Chapter 12. Conic Sections 


* * * * 


The Hindu scholars were quite advanced in their. knowledge of 
geometry. The Sulvasutras contain rules for construction of 
right-angled triangles. Aryabhata in his Aryabhatiyam states a 
rule which gives the modern approximation 3'1416 for т. 


X 0 * * * 
Plato was the centre of mathematical activity of his times. The 


following motto was inscribed over the doors of his school : 


Let no one ignorant of geometry enter here. 


RENE DESCARTES (1569—1650) 


. Rene Descartes, a philosopher and mathematician of the highest order, 
was born on March 31, 1596 at La Haye near Tours in France. He belonged to 
a wealthy family and was educated first at the Jesuit College at La Fleche and 
later on at Poiter where he studied law, Asthe creator of analytic geometry he 
has a permanent place in the history of mathematics. He published La 

. Geometrie in which he outlined the methods of analytic geometry as one of the 
three appendices to his treatise Discourse de la methode, a treatise on philo- 
sophy in which he thought of giving illustrations of his general method. His 
creation of analytic geometry changed the entire course of Mathematics. He 
died on February 11, 1650 at Sweden, : 
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CHAPTER 9 


Cartesian System of Rectangular 
Co-Ordinates 


91. INTRODUCTION 


In earlier classes you have studied geometry. We shall devote 
some more time to the study of geometry but our approach now 
will be different. The method applied uptil now in the study of 
geometry was the synthetic method. We shall now be using the 
unalytic method; The analytic method depends upon the use of 
algebra. Justaas it is possible to set up a One-to-one correspondence 
between the set of real numbers and the set of points on a line, 
similarly it is also possible to set up a one-to-one correspondence 
between the set of ordered pairs of real numbers and the set of 
points in a plane. This correspondence enables us to look upon a 
geometric figure or a region of the plane as a set of ordered pairs 
of real numbers. We can perform algebraic operations on this set 
and interpret our results geometrically. The two real numbers 
associated with а point are called its co-ordinates. Because of the 
use of co-ordinates, the subject matter that we are going to study 
in this chapter as also in the next three chapters is called co-ordinate 
geometry. Because of the analytic method used, it is sometimes also 
called analytical geometry. The idea of using co-ordinates is due to 
the French mathematician Rene Descartes (1596-1650) and there- 
fore, the system of co-ordinates that we shall use is often called. the 
system of cartesian co-ordinates. 


92. CO-ORDINATES SYSTEM IN A PLANE 


. We can represent real numbers graphically by the points of a 
straight line. Let us take a point O ona straight line and mark the 
number 0 onit. Let us also choose a unit of length. 


On one side of O we mark positive numbers and on the 
other side negative numbers in such a manner that the number 
corresponding to any point is equal in absolute value to the distance 
from ‚О to the point. We thus obtain a scale on the line. When 

-the line is parallel to the printed lines of this page, as in Fig. 91; 


we usually mark the positive numbers to the right of O and negative 
numbers to the left of О. 


(259 ) 
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The point O thus divides the straight line into two parts 
The part on which positive numbers are represented is called the 


—————— 


o P Q 


Fig.9-1. 

positive part, and the part, on which negative numbers are 
represented is called the negative part. i 

The distance between any two points of theline is equal to 
the difference of the numbers represented by those points. Thus, if 
the points P, Q represent the numbers 23, Xs respectively, 
Я PQ-—x,—2;. 
921. Co-ordinate Axes 

In the plane, take two perpendicular straight lines X'OX, 
Y'OY. Таке О as the zero point of both the straight lines. It is 
usual to draw X'OX parallel to the printed lines of the page and 
Y'OY perpendicular to the same. That part of X'OX which lies to 
the right of O is usually taken as positive and that part which. lies 
to the left of О is taken as negative. Similarly, that part of YOY 
which is above the line XOX is taken аз positive and that part 
which is below X'OX is taken as negative. 

- The point O is called the origin, XOX is called the axis of 

X (or simply X-axis) and Y'OY is called the axis of Y (or simply 
Y-axis), The axes divide the plane into four parts’ called 
quadrants. These are numbered I, IL, Ш, IV as shown in 
Fig. 92. ; 

"The position of any point P in the plane can be fixed with 
reference to the axes. : 
Through. any point P draw 
PM parallel to YOY’ and 
PN parallel to XOX’. Let 
the number at M in the . 
scale X'OX, be x aud that 
at Nin the scale Y'OY be 
y. These numbers are 
called. the cartesian co- 
ordinates of P relative to 
theaxes X'OX and Y'OY, 
andthe axes X'OX, Y'OY 
are called. the axes of Co- 
ordinates. x is called the 
abscissa of P and y is called 
the ordinate of P. 


1 The abscissa x is equal 
in magnitude to {һе 


CARTESIAN SYSTEM OF RECTANGULAR CO-ORDINATES ‚261 


distance МР (=ОМ) of P from the Y-axis ; it is positive for points 
on the right of the Y-axis and negative for points on the left of the 
Y-axis. 
|" „Тһе ordinate y is equal in magnitude to the distance MP 
(=ON) of P from the X-axis;it is positive for points above the 
X-axis and negative for points below the X-axis. For example, in 
Fig. 9°2, the point P has co-ordinates x—3, y=4, Q has co-ordinates 
x=—3, y=4, R has co-ordinates x=—3, у=4 and S has co- 
' ordinates x=3, y=—4. Notice that the co-ordinates of O are x — 0, 
y=0. Ў 
Тһе point whose co-ordinates are x and y is represented by 
(x, у). To denote that a point P has co-ordinates x and y, we write 
P(x,y). For example, (3, 4) is the point whose abscissa is 3 and 
ordinate is 4. Also, P(3, 4) indicates that the abscissa of P is 3 and 
that the ordinate of P is 4. y 
It is easy to see that : 
x-axis ={(x, y) : y=0}. 
y-axis ={(x, у): x=0}. 
Quadrant I ={(x, y) : x > 0 and y > 0}. 
Quadrant Il ={(x, y) : x < 0 and y > 0}. 
Quadrant III ={(x, y): x < 0 and y < 0). 
Quadrant IV ={(x, y) : x > 0 and y <0}. 
9:22. Plotting of Points 


The process of locating a point whose co-ordinates are given 
is called plotting of the point. Before learning how to plot a point, 
observe that if a point is in the first quadrant, then it is above 
x-axisand to the right of j-axis. Hence both its abscissa and 
ordinate are positive. Ifthe point is in the second quadrant, it is- 
above x-axis but to the. left of y-axis so that its abscissa is negative 
andits ordinate is positive.” Similar discussion would reveal that 
points in the the third quadrant have both the co-ordinates neg ative 
and those in the fourth quadrant have positive abscissa and negative 
ordinate. | j 

To plot a point we make use of squared paper, also called 
graph paper, and available at any stationery shop. We take any 
two perpendicular straight lines XOX and YOY аз axes. To plot 
the point P(x, y) we start from O and move along OXor OX’ 
according as x is positive or negative and count |x| small 
divisions. Then we move parallel to y-axis upwards or downwards 
according as the ordinate y is positive or negative and count | y | 
small divisions. The point thus obtained is the requiredpoint and 
we write P(x, y) near it. і 


2 Suppose that we have to plot the points A(10, 5), B (— 6, 8)! 
C (—9, —7) and D (7; —8). Take two perpendicular rulings XOX 
and Y'OY as axes ofico-ordinatés. 7 i 
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The point A (10, 5) isin the first quadrant both its abscissa 
and ordinate being positive. To plot this point we first move along 
OX, to rhe right of O since its abscissa is positive, and count 10 
(== | 10 | ) small divisions. Then since the ordinate is positive, we 
move parallel to the axis of Y upwards, and count 5 (=| 5 |). small 
divisions. Mark the point thus obtained as shown in Fig. 9°3 and 
then write A (10, 5) near it. The point B (—6, 8) is in,the second 
quadrant. Since the abscissa —6 is negative, count 6 (= | —6 |) 
divisions from О along: OX' to the left of O and then count 8 
divisions upwards because the ordinate 8 is positive. Mark the point 
so obtained as in Fig. 9:3. 


Fig. 9:3. ' 
The point (—9, —7) is in the third quadrant. Count 9 (—|— 9|) 

divisions from О along OX’ to the left of О and then 7 (—|— 7|) 

divisions downwards. Mark the point so obtained as in Fig. 9.3. 


The point (7, —8) is in the fourth quadrant. Count 7 divisions 
from.O along OX to the right of О and then 8 divisions downwards. 
Mark the point so obtained as in Fig. 93. 


9:2:3. Graph of a Condition 


The set of points on the plane whose co-ordinates satisfy a 
given condition is called the graph of the condition, For example, 
consider the condition x 2.2. The graph consists of the set of 
points (x, y) for which x > 2 (no matter what the value of y). It is 
shown shaded in Fig. 9.4 (a). Similarly the graph of the condition 
ly|«2 is the set of points (x, y) for which —2 « y < 2 (no matter 
what the value of x). The graph is shown shaded in Fig. 9'4 (5). 


v 
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Y 


Fig. 9°4 (a). Fig. 9:4 (b). 
EXERCISE 9 (a) 

1. Plot the points A(4, 0), B(4, 4), С(0, 4) and draw the lines 
OA, AB, BC and CO. What figure do you obtain ? 

2. Plot the points A (3, 3) and B (—3, 3). Join OA, OB and BA. 
What figure do you obtain ? 

3. Plot the points O(0, 0), A(1, 0), B(4, 0, CQ, 4), D(—2, 4), 
E(—4,0, F(—4,—7, G(0,—7, H(l,—7), I(3,—7) 
3(3}, —7), K(4, —7), L(4, —8), M(—4, —8), NG, —6$) and 
R(31, —64). Join EB, BC, CD, DE, OG, AH, FK, ML, LK, 
MF, IN, NR and JR. What do you obtain ? 

4. Plot the points.A(7, 0), B(7, 3), C(0, 3), D(0, 12, E(4, 1), 
F(0, 13), G(—5, 0), H(—3, —4), I7, —4), J(8}, —1), K(—41, 
—1) апа L(9, 0). Join OA, AB, BC, OF, DE, EF, GL, KJ, 
HI, IL and HG. Name this figure. : 


5. Look at the adjoining scare-crow 
and write down the co-ordinates 
of the points A,B, C, D EF 
and G. 
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6. Draw the adjoining figure on the graph paper 
and write down the co-ordinates of the 
various points occuring as the corners in 
this figure. 


7. Graph the following conditions : 
‚ (аах >1, b) y S2, 

(с) |x| 23, (d) 1»1&3, 

(е) [х1 < Land |y] <2. 

What type of region do you obtain ? 
9:3. DISTANCE FORMULA ' 

To find the distance between two points whose co-ordinates are 
given. 

Let P and Q be the given. points, and let their co-ordinates be 
(xy, уу) and (xs, уз) respectively. 


. Draw PM aud QN parallel to YO, to meet OX in M and N 
respectively. Draw PR parallel to OX to meet NQ in R. 


Fig. 9:5 


$ 
: 
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Then PR=MN=ON—OM=x.—X%, б 
RQ-—NQ-NR-NQ-MP-«)4—J:- 
Since APRQ is right-angled at R, we have 
Y | PQ* - PR*-- RQ*, 
em (xa xt si, > 
ог PQS (xir H yay) : 
This gives us the following theorem, 
Theorem 9'1. Distance between two points whose co-ordinates 
are (х1, y) and (xs, уз) is . 
Vii 035—297 
Corollary. The distance of the point whose co-ordinates are 
(x, y) from the origin is 
J (x70)? 4-(y 0!) ог м (x12) 
Example 1. Prove that the points whose co-ordinates are 
(—3, —4), (2, 6), (6, 10) are-the vertices of a right-angled triangle. 
Solution. Let A, B and C be the points in the order as given. 


Now 4 
BC /((—6—2):-(10—6))- У 80, 
CA= V ((—3-F6)*--(—4—10))4/ 205, 
AB=4/{(24-3)?+-(6-4+4)"} 24/125. 
Since CA*=BC*+AB?, 
therefore, A АВС is right-angled, ZB being à right angle. 
e2. Prove that the points A(2, —1), B3, 4), C(—2, 3 
and D(—3, —2) are the vertices of a rhombus. a 
Solution, ABe«4/((3—2)*-(4-- D), =V 26, 
МВС ((—2— 3): BH m 26,, 
ODS J/ ((—3--2)4-(-2—3)1)  /26, 
DA= VIOLET} 4 26. 
Since AB&BC=CD=DA, 
therefore, ABCD is a rhombus. 
Example 3. Prove that P(—1,0), Q(0, 3), R(3,2) and 
S(2, — 1) are the vertices of a square. / Р 
Solution, РО 4/ (0-1) (3-0). -=V 10, 
QR-—4/((3—0)--(2—3)) 4/10, 
RSA VOY (71—2)) 9/10, 
SP= / (71-2) - (3-19) /10. 
Since PQ=QR=RS=SP, ' fi) 
therefore, PQRS is a rhombus. 
Also, PQ?+QR?=PR*=20. XH) 


266 А A TEXT-BOOK OF MATHEMA TICS 


From (i) we find that £ POR is a right angle. 
Hence PQRS is a square. 
Example 4. Show that the points A(2, 0), B(1, 1), C(0, 2) are 
collinear. 
Solution, AB=V/{(L =—2)#-„(1—0)°}= V. Di 
ВС v (0-1? +02-1)}=V 2, 
AC V/(Q0—-2)*--(2—0)1) =2/ 2; 
Since AB-- BC = AC, the points A, B, C are collinear. 
Example 5. Find a point equidistant from the points. 
_ A(—3, —1) B(—1, 3) and C(6, 2). «<i 
Solution. Let Р(х, у) be the point required. - 
Since PA=PB, 
(6 МОРО V EFFO 3 
Squaring. and cancelling we have 
x-F2ys-0. forc) 
Similarly, since PA=PC, we have 
V GCE3Y - O7 DS A (—6) E (y—2X , 
Squaring and cancelling, we have i 
3x+y—5=0; - (ii) 
Solving (i) and (ii) simultaneously, we have 
2, у= 1; 
The required point is, therefore, (2, — 1). 


Example 6. АВС is an equilateral triangle. If the co-ordinates 
of the points B and С be (I, 1) and (—1, —1) respectively, find the 
co-ordinates of the possible positions of the point A. 


Solution. Let the co-ordinates of A be (х, у). 
Since AB=AC, ; 
A (x— D = (x: Dt EI К 
4 Squaring and cancelling, we have 
х+у=0. 0) 
Similarly, since АВ=ВС, 
zov Gi DHQO ТИТЕ гр. 
Squaring and simplifying, we have 
x*4y*—2x—2y—6-:0. xi) 
From (i), we have j 


у=—х. (їй) 
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or 


Substituting the value of y in (ii), we have 
2:2— 6—0, 
1 х= N3. 
When x=/3, yo —A/3. 
When x——4/3,y-4/3. 
Therefore, the required co-ordinates are 
(¥3, —4/3) or (—4/3, 4/3). 
EXERCISE 9 (a) 


Find the distances berween the following pairs of points : 

(3, 1), (6, 5). 2. (3,7), (2, —5). 

(—4, —16), (11, 8). 4. (a, 0), (0, b). 

(at, 2at,), (ats, 2at;). 

(a cos e, a sin а), (a cos f, a sin f). 

Find the perimeter of the triangle whose vertices are 
(8, 4), (11, 0), (5, 0). 


Prove that the points (1, 1), (—4, 4), (4, 6) are the vertices of 

an isosceles triangle. ; 
Prove that the points (3, 3), (—3, —3) ‘and (=3 43, 343) are 

the vertices of an equilateral triangle. 

Prove that the triangle formed by the points (10, 9 —2, 4) 

and (— 11, 31) is right-angled. 


Prove that the points (3, 7), (9, 9), (11, 3) are the vertices of a 
right-angled isosceles triangle. 

Prove that the points (—1, 0), (3, 1), (2, 2) and (—2, 1) are 
the vertices of a parallelogram. 

Show that the points (3, 1), (4, 6), (—1, 5) and (—2, 0) are the 
vertices of a rhombus. > 

Show that the points (0, 2), (1, 1), (4, 4) and (3,5) are the 
vertices of a rectangle. 

Show that the points (5, 3), (1, 2, (2, —2) and (6, —1) are 
the vertices of a square. 

Show that the points (3, 4), (5, —2), (— 1, 16) are collinear. 
Show that the points (1, 3), (5, 1), (3, 2) are collinear. 

Find a point equidistant from the three points P(10, 0), 
Q(—5, 3) and R(6, 6). 


Find the centre of the circle passing through the points (0, 0), 
(—3, 3) and (5, 4). 
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20. Findthe co-ordinates of two points whose distances from 
(2, 3) and 4 each and whose ordinates are equal to 5. 


21. Find the co-ordinates of the point which is at a distance of 
units from (5, 4) and at a distance of 10 units from (11, —2). 


22. An equilateral triangle has one vertex at the point (3, 4) and 
anotherat the point(—2, 3). Find the co-ordinates of the 
third vertex. 


9'4. AREA OF A TRIANGLE 


To find the area of a triangle the co-ordinates of whose vertices 
are given. ` 

Let ABC be a triangle and let the co-ordinates of its vertices 
А, B and C be (xi, У), (хь, уз) and (хз, уз) respectively. 

Draw AP, BQ, CR perpendiculars to OX (Fig. 9'6). 


Y 


Fig. 9°6. ’ 
If A denotes the required area, then 
. A=trapezium APRC--trapezium CRQB—trapezium АРОВ, 
=4PR(PA+RC)+4RQ(RC-+ QB)—}$PQ(PA+ QB), 
THs) +4 (хаха) (узна) (2 — 3) Qn уз), 
mE) Xaya хауа Xas Xa уа), 0) 
K Haay) а TIF}. EX) 
Note. The above formulae will give a positive expression for 


the area if in going round the triangl i 
1 goi d th gle ABC in the order of the 
letters we have the area on the left hand (as in Fig. 96) ; a negative 
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A 


A DAE c 


B 


Fig. 9:7, 


answer would be obtained if in going round the triangle ABC in the 
order © the letters we have the area оп the right-hand (as in 
Fig. 9'7). 


9'41. An Aidto Remember the Formula for the Area of a 
Triangle. 


1 x, У, 
£3 

: 4 : 

х Уз 

x, be y. 


Fig. 9:8. 


Write the co-ordinates of the vertices as shown above and join 
them by arrows as shown ; multiply the pairs of numbers 
connected by arrows ; add the products corresponding to numbers 
for which the arrow is directed downwards and subtract the pro- 
ducts corresponding to numbers for which the arrow is directed 
upwards ; multiply the expression so obtained by 4; the resulting 
product is the required area. 


9:4:2. Condition Under which Three Given Points аге Collinear 


Let the co-ordinates of three given points A, B, C be 
(Xa, у») and (xs, уз) respectively. ч бъл), 


ДАВС (уз xa ауа NVa Xa) 73204). BO 
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If the points A, B, C are collinear, the area of the AABC 
must be zero. Therefore, we have from (i), 
Хуа XPa H Xaya xas ау x1 y=, 
which is the required condition. 


Example7. Find the arca of the triangle, 
whose vertices are (—1, 2), (1, 3) and (2, — 4). 


Solution. To find the area, we write the vertices as in 
Fig. 9°9, and get the following value : 


the co-ordinates oj 


А (—1.2) 


т x 


Fig. 9.10. 
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AABC-3((—1).3—1.2--1.(—4)—2.34-2.2—(—1)(-4)), 

=—15/2. Г «(D 

Hence the required area is 74 square units. 

Note. The negative sign in (i) shows that if we actually plot 
the points A, B, C to scale, then in going round the triangle ABC 
in the order-of the letters, the area will always be on our right hand 
(see Fig. 9°10). 

Example 8. Show that the points (5, 1), (4, —1) and (11, 4) 
are collinear. Su 

Solution. Area of the triangle formed by joining the points 
(5, D, (1, —1) and (11, 4) 

zMS.(—D-—1.14-1.4—11.(—1)3-11.:1—5.4), 
=0. 

Hence the given points are collinear. 


9'43. Area ofa Quadrilateral 


To find the area of a quadrilateral the co-ordinates of whose 
vertices are given. 

Let the vertices of a quadrilateral taken in order be A, B, C 
and D, and let their co-ordinates be respectively (xi, у), (Xs Ya) 
(Xs, уз) and (ха, уч). 


Y 


1 
| 
1 
| 
І 
R 


S 


Fig. 9:11. 


(Fig. ps AP, BQ, CR, DS perpendicular to the axis of X 
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The area of the quadrilateral 
` =trapezium APSD+ trapezium DSRC--trapezium CRQB 
7 à —trapezium APQB, 
=4PS(PA+SD)+4SR(SD+RC)+4RQ(RC+ QB) 
j ; —$PQ(PA+QB), 
а) OFF) 
! r0 — 2x9) (83-4) 0а) (ун +y), 
nya xa) (ауу Xaya) (хауа хау) 
Hai ху}. 
Note. If in any problem the vertices be not given in order, we 
may find the vertices in order by plotting the vertices to scale. 
Example 9. Find the area of the quadrilateral the co-ordinates 
of “у vertices taken in order are (2, 1), (4, 4). (6, —2), and 
(5, —7). 
Solution. The required area 
-1(24 —4.12-4.(—2)—6.(4) 
HETS: (—2)--5. 1—2:(—7)]; 
41 


a. 


2 
Hence the required area is 20.5 square units. 


nj- 
xX 
ж 


Fig. 9-12. 
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EXERCISE 9 (5) 
Find the areas of ‘the triangles the co-ordinates of whose ver- 
tices are : 
(2, 6), (—4, —2), (3, —1). 
(—2, 5), (7,.—4), G, 2). 
(5, 7), (—2; —1);(0,.8). 
(—2, —5), (5, 3), (3, 9). 
(c, а), (c—a, —a), (c +a, a). 
(ap*, 2ap), (ag*, 2aq), (ar?, 2ar). 
(a cos a, a sin «), (a cos B, a sin B), (a cos y, asin y). 
(ep, с/р), (са, cla), (er, с/г). 
Prove that the following sets of points are in a straight line; 
9. (—6, 9), (0, —9) and (—2, —3). 5 
10. (5, 7), (—3, 9) and (1, 8). 
11.. (p-Fq, r), (9+7, p) and (rp, д). 


Find the areas of the quadrilaterals the co-ordinates of whose 
vertices, taken in order, are 


12, (1, 1), (3, 4), (5, —2) and (4, —7). 
13. (4, 5), (1, 6), (3, —2) and (4, —3). 
14. (—5, 2), (—8, 4), (—2, 6) and (3, 5). 
9'5. SECTION FORMULA 
To find the co-ordinates of the point which divides internally in 
шаш min, the line joining two given points (x, yj) and 
Let P be the point (x1, уу), Q the point (x, у), and R the 
` required point, so that we have 
PR:RQ::m:n. 


Through P, Q, R draw PL, OM, RN parallel to 'the axis of Y 
to meet the axis of X in L, M, N respectively and draw PS, RT 
parallel to the axis of X, to meet NR and. MQ in S. and T respec- 
tively (Fig. 9.13). 

If the co-ordinates of R be (x, y), then 
PS-LN-ON-OL-x—», 
RT=NM=O0M—ON=x,—x, 
SR—-NR-NS-NR-LP-—y—j;, 
TQ-MQ—-MT-—MQ-NR-—y,—y. 


PAAR ою 
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Fig. 9:13. 


Since PS || RT, and PQ meets them, 
therefore, /ZSPR—7/ ТКО, (corres. Zs). 
Since RN || QM and PQ meets them, 
therefore, / PRS—/ ВОТ (corres. 7 s). 
ie The triangles PRS, RQT are, therefore, equiangular and hence 
Similar. 
Therefore, 


or 


Since i. , 


therefore, п(х—ху)=т(х—х), 

j mix, Enx, ; е 
ог х= ot . 0 
Bae + m 
в hs fe 
therefore, п (y—y)om(y,—y), ` 


туа-Епуу | (ii) 


Since 


or у= 


وو —— 


f ———— 
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From (i) and (ii) we find that the co-ordinates of the point 
which divides the join of (ху, у) and (х,, уз) internally in the ratio 
т: пате 

Р тХхә-Епхү aud mys-ny, 

m+n m+n 

Corollary. The co-ordinates of the middle-point of the line 

joining the points (ху, у) and (xp, ya) are 
nta Yate . 
Ч 2 i 2 


To find the co-ordinates of the point which divides externally іп 
a given ratio, m : n (mz*n) the line joining two given points (x1, y) 
and (x, уз). ; 
Let P be the point (xy, J1), Q the point (х, уз) and R the 
required point, so that we have ' 
PR:QR::m:n. 
Through P, Q, R draw PL, QM, RN parallel to the axis of Y 


Fig.9:14. 


meet the axis of X in L, M, N respectively and draw PS, QT parallel 
° to the axis of X to meet NR in S and T respectively (Fig. 9°14). 


From similar triangles PSR, QTR we have 


PS SR PR à 
ОТ = TR-QR "т. \ -) 
PR m 


Now OR =n? 
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PS IN ' ON—OL _ x—x, 

Qr MN^ON-OM" xx’ 

SR NR—NS  NR-LP Ey 

TRT NR-NT " NR-MQ^ у-у, 
Therefore, (i) may be written as 

X> y—9 m 


' ¥ om 
Since XP Ee. 
therefore, (o щ(х—ху)=т(х—х), 
= Хап, „(i 
or lbi (i) 
А уй m 
S E e 
ince VON ed 
therefore, n(y-y)-7m(y—y,, 
=: a= hys e. (iii) 
or у т=п ` ( 


From (ii) and (iii) we find that the co-ordinates of the point 
which divides the join of (x1, у) and (xs, уз) externally in the ratio 
m:nare 
К тхә—пхүу mys—ny, 

ДЫЗ Сес deu. 
тх—пху _ тхз+(—п)ху 
т—п m+(—n) ^ 
MYs— Ny, _ Mya (my, 
: m—n m+(—n) 
we find that the section formulae for external division are the 
. same as those for internal division provided we take the ratio 
negatively. 
Corollary. The co-ordinates of any point on the line joining 
the points (ху, у) and (xa, ya) are 


Mem An where А521, 
Ч For, let Р, О be the points whose co-ordinates are (xı, у) and 
x, Ya) and let R (x, y) be any point on the straight line PQ. Let 


R divide РО in the ratio A : 1 (R may divide the line PQ internally 
or externally). $ 


Note. Since 


5 Since R divides the join of (Хх, 1), (хь, уз) in the ratio А £1; 
the co-ordinates of R are х 
( Ах +x As yi \- 
e Ati j 
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EE 10. Find the co-ordinates of the point which divides 
the join of the points P(1, 2) and-Q(3, 4) in the ratio 1:2 (i) inter- 
nally, (ii) externally. j 

Solution. (i) The co-ordinates of the point which divides the 
join of (x, уз), (Xs, Yə) in the ratio m : n are 

mx,tnx,  mystnyi , 
m+n ^ mino 
Here (ха, »)-—(1, 2), 
(Xs, уз)= (3, 4), 
min=1: 2. j 
The co-ordinates of the required point are 
( 1342. 1.4422 ) (5 d) 
1-2 * 142 8:513 -J; 
(ii) Here (х„3у)= (1, 2), à 
(Xs, y» =(3, 4), 
тїп=1:—2. 
Therefore, the co-ordinates of the required. point are 
1.34(—2).1 _1:4+(—2).2 ) э? 
e». 7 3162) уйку” 

Example 11. Prove that the points A(4, 6), B(7, 7), C(10, 10), 
D(7, 9) are the vertices of a parallelogram. - aXe 

Solution. The co-ordinates of the mid-point of AC are 


(4599. 0) ae, 


V 

The co-ordinates of the mid-point of BD are 

TD TAIN: " 
3 (5 2 ) or (7, 8). 

Since the mid-point of AC is the same as the mid-point of BD, 
therefore, the diagonals AC, BD bisect each other. Hence ABCD 
is a parallelogram. ; ate 

Example 12. The points A(8, 5), B(—7, —5), C(—5, 5) are 
three of the vertices of a parallelogram ABCD. Find the co-ordinates 
of the point D. 

Solution. Let the co-ordinates of D be (№). 

The co-ordinates of the mid-point of AC are 


8—5 5+5 3 
(42, 22) 0 (2,2) 
The co-ordinates of the mid-point of BD are 


( —T+x * -—5+y 
2 ЕЈ x у у. + 
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Since the diagonals of a parallelogram: bisect each other, 

therefore, the mid-point of AC is also the mid-point of BD. 
Therefore, (5-5 ) and (zm, AMO are the co- 


ordinates of the same point. 


Therefore, 3 As ER us 


NI 
2 


or х=10, y=15. 

Thus the co-ordinates of D are (10, 15). 

Example 13. Find theratio in which the join of (3,6) and 
(7, 13) is divided by (11, 20). 

Solution. Let the points be called A, B, C respectively in the 
order given. 

fey С(11, 20) divide the join of A(3, 6) and B(7, 13) in: the ` 
ratio A : 1. 
j The co-ordinates of the point dividing the join of A and В in 
the ratio A: 1 are У 

( ТА+3 13А+6 ) 


A+]? A44 / 
If this is the same as the point С, we have 
TA+3 Ш 13A+6, . . 
lle AT 20 TARDE (i) 


The first of the relations (i) gives A= —2. 
Therefore, the required ratio is 2 : —1. 
Hence (11, 20) divides the join of (3, 6) and (7, 13) externally 
in the ratio 2:1. ў 
Note, The second of the relations (i) would have also given 
us the same value of A. In fact, the correctness of the result can. 
always be checked by verifying whether both the relations give the 
same value of A. : 
Example 14. Prove that the points A(27; —7), B(3, —4), 
C(—5, —3) are collinear. ‘ 
Solution. The co-ordinates of any point on the join of 
А(27, —7) and B(3, —4) are : 
34427 | —4A—7 ) 
A+}? А1 
If A, B, C are collinear, then there-must be some value of A 
for which 
34427. —4A—7 
eum AEN] Jecs x 
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3A+27 SES —4A—7 
or АЕ уі , AFl 
If A, В, C are collinear, both the relations (i) must be satisfied 
by the same value of А. The first of these relations gives 
3A42725 —5(А+1), 
or A=—4, 
By actual substitution we find that A=—4 satisfies the second 
relation also. 
Hence the points A, B, C are collinear. 


Example 15, Find the ratio іп which the join of (6,8) and 
(10, 5) is divided by the axis of X. 

Solution. Let the given points be named A and B respectively, 
The co-ordinates of a point C, which divides the join of A and B in 
the tatio А: 1 are 1 


=—3. oi) 


( 10A+6 _5А+8 


AFL CARI A. 
If C lies on the axis of X, its y-co-ordinate must be zero. 
5SA+8 
Therefore, ТАЯ 0, 
or A= =$ Ў 


Therefore, the required ratio is 
-4 :lor8:—S. 

Hence the X-axis divides the join of the given points external.) 
in the ratio 8 : 5, 
9:6. CENTROID OF A TRIANGLE 

To show that the medians of a triangle are concurrent. 

Let A(x. у), В(Х, эз), 
‘C(x, уз) be the vertices of а A 
triangle. The co-ordinates of 
D, the mid-point of BC, are 


(245 ztn), 
ге nt 


Let G(x, y) be the point 
which divides AD in the ratio 
2: 1, Then 


jeu lx. 


Fig. 9°15. 
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dac Xs 
3 , 


ور + ورا رر _ +٣1.‏ ورو 24 ے 
У 2+1 рота:‏ 


Since the expressions 215555 Yat Yet Ys 


AE rare раан remain un- 
changed when the suffixes 1, 2, 3 are cyclically interchanged, there- 
fore, the point : 
G statis niriy ) 
lies on the medians BE and CF also and divides each of them in the 
ratio 2 : 1. 
Hence the medians of a triangle are concurrent. 


"Note. Recall that the point of concurrence of the medians òf 
a triangle is called the centroid of the triangle. | 


Example 16. Find the centroid of the triangle whose vertices 
are (—5, 7), (1, —1) and (1, 6) respectively. 


Solution, The co-ordinates of the centroid are 
(UU LS Yo 1, 4). 


э 


97. INGENTRE OF A TRIANGLE 


To show that the internal bisectors of the angles of a triangle 
are concurrent. x 


Let A(x;, уу), B(x, уз), 
С(хз,-уз) be the vertices of. . i A 
a triangle and let a, b, c be 
thelengths of the sides BC, 
CA, AB respectively. 


Let AD, the internal 
bisector of / A meet BC in 
D. Then BD : DC—AB: 
AC=c: b. 


) Therefore, D divides BC 
in the ratio c: b. The co- 
ordinates of D are, therefore, 


Fig. 9°16. 


(sten bys-- cys 

btc * bc n 

Let the internal bisector of ZB meet AD in I. Then 
DI: IA=BD : BA. 


ng د‎ 


| 
| 
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But since D divides BC in the ratio c : b, 


ac 
cs bctcc 
Therefore, DI : ІА = EE : c=a : (b+c). 


"Therefore, the co-ordinates of I are 4 
b 
| a:xy (b t c). Dou ا‎ 


a+(b+e) ў a+(b+c) 
s ахь КЬхъ+сха ‚ауз tya toys ü 
or ( а+ъ4-с а+ь с ) oo 


The symmetry of the expression in (i) shows that I is a point 
on the internal bisector of / С also. Hence the internal bisectors 
of the angles of a triangle are concurrent. 

Note. Recall that the point of concurrence of the internal 
bisectors of the angles of a triangle is called the in-centre of the 
triangle. The co-ordinates of the in-centre of a triangle are 

(ерась оо») 
atbtc ° atb+e P 
where the symbols have the usual meaning. 

Example 17. Find the co-ordinates of the in-centre of the 
triangle whose vertices are A(—36, 7), B(20, 7), C(0, —8). 

Solution. The lengths of the sides of the AABC are 

a=BC=./ (0—20)*4-(—8— 7) —25, 
b=CA =y (—36—0) 4- (74-8): —39, 
c=AB= vV (202-36): --(7 —7)*— 56. 
The co-ordinates (x, y)of the in-centre are given by 
ах Бх 0X5 
ies atbtc ’ 
_ 25(—36)+39.204+56.0 
52d 25+396 2 
xs ay, t+ bya Cys 
Chand a hema 
25.1--39.7--56( —8) 0 
254-39-F56 wee 

Hence the in-centre is the point (—1, 0). 

98. CHOICE OF AXES 


Most of the theorems of geometry can be proved by the 
methods of co-ordinate geometry. A suitable choice of the axes 


1, 
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.of the co-ordinates makes the proofs simple and elegant. The 
following examples will illustrate the method. 


Example 18. If D be the middle point of the side BC of a 
triangle ABC, prove that 


AB*-- AC! —2(AD?--BD?). 


$ Solution. Take D as the origin, DC as (ће axis of X, and 
the straight line thorugh D perpendicular to BC as the axis of Y. 


D. C. vx 


Fig. 917. 


if BC—2/, the co-ordinates of B and C are (—1,0) and (I, 0) - 
respectively. Let (x, у) be the co-ordinates of A. 
Then AB! (x4? yt, 
AC'e(x—1D-- y*, 
AD*—x' y? 
вр, 
Therefore, 
ABAC = {HH}, 
=н), 
20+) +I, 
=2(AD?+BD*). : 
Example 19. Prove that the sum ofthe squares of the sides 
of a parallelogram is equal to the sum of the squares on the diagonals. . 
Solution. Let the vertex A of a parallelogram ABCD be 
taken as the origin, the side AB be taken as the axis of X, and let 
the perpendicular from A on AB be taken as the axis of Y. Let 
‘the co-ordinates of B be (b, 0) and those of D be (c, d). 


‘| Since AC and BD bisect each other, the co-ordinates of С are 
(b-Fc, d). See Fig. 9:18; : 
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Now, AB?=b?, BC?=c?+-d*, С°, AD*=c?+-d?, 
AC? —(b--ci--d*, BD*?=(6—c)*+ d, 


Therefore, AB?+BC?+CD?+DA?=2(6?+-c?+d"). 


Y 


D (c,d) 


Fig. 9*18. 
ACE BD= ((b4- c) 4-43) -((6—)*-- d*), 
—2(b14- cd!) 
Hence AB?+BC?+CD*+ DA?=AC?+ BD?, 


EXERCISE 9 (c) 
Find the co-ordinates of the. point which 
divides the line’ Jining the points (8; 10) and (7, 6) internally 
in the ratio 4: 
divides the line joining the points’ = —7, 8) and (4, —3) extet- 
nally in the ratio 5 
divides the line. joining the points (—2; 1) and (5, 24) exter- 
nally.in the ratio 3: 2. 
Findthe co-ordinates of the points which divide the line 
joining (2, 3) and (—4,5) internally and externally in the 
ratio 2 : 3. 
Find the lengths of the medians of the triangle whose angular 
points are (1, 2), (0, 3) and (—1, —2). 
Find the co-ordinates of the points of trisection of the: line. 
joining the points (—5, —5) and (25, 10). 
Find the co-ordinates of the points that divide the line.joining, 
the points (35, —20) and (5, —10) into four equal parts. 
Show that the points (6, —1), (7, 3), (8, 2, (7, —2) are the 
vertices of a parallelogram. 
Find the ratio in which the join of (— 1, 1) and (—9, —7) is 
divided by (—4, —2). 
In what ratio does the point (—5, —20) divide the join of the 
points (1, —2) and (4, 7)? 
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11. Show that the three points (—1, —2), (4, 1) and (9, 4) lie on 

a straight line and find the ratio of the distances of the second 
- from the other two. 

12. Find the ratio in which the axis ofx divides the join of the 
points (— 1, 3) and (3, 7). 

13. Find the ratio in which the axis of y divides the join of the 
points (4, —6) and (8, 13). 

14. Find the centroid of the triangle whose vertices are (21 » —2), 
(15, 10) and (—5, 0). 

15. Тһе points (1, 2), (0, 3) are two vertices of a triangle. Ifthe 
co-ordinates of the centroid of the triangle be (—1, —2), find 
the co-ordidates of the third vertex of the triangle. 

16. Find the co-ordinates of the in-centre of the triangle whose 
vertices are the points (6, —24), (6, 32) and (—9, 12). 

17. Find the in-centre of the triangle whose vertices are (3, —8), 
(3, —2) and (10, —9). 

18. . If G be the centroid of a triangle ABC, prove that 

3(GA*-- GB*-- GC?) - BC?-I-CA*-4- AB? 
19. Prove that the straight line joining the mid-points of two sides 
, ofa triangle is half the third side. 

20. ABCD is a rectangle and P is any point in the plane of the 

rectangle. Prove that Ў 
PA?-- PC? —Pp?--PD*. je 


99. LOCUS AND ITS EQUATION 


When a point moves so that it always satisfies a given condi- 
tion or conditions, the path traced out by it is called its locus 
under these conditions. Let us consider a few examples. 

(1) Let O bea given point 
in the plane of the paper and 
let a point P move on the paper 
so that its distance from O is 
constant and is equal to а. All 
the positions “of the moving 
point must lie on a-círcle whose 
centre is O and radius is а. This P 
circ]e is, therefore, the ‘locus’ of 
P when it moves under the 
condition that its distance from 
O is equal (0 а constant a. 


(2) Let A and B b> two 
d points in the plane of the 
paper and let a point P move on Fig. 9°19, ¢ 
the paper so that its distances from A and B rare equal. All the 
Positions of the moving point must lie on the right-bisector of AB. 
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The right-bisector of AB is, therefore, the ‘locus’ of P when it moves 
under the condition that its distances from A and B are equal. 


9'91. Equation to a Locus 


If a locus and an equation are such that (1) every point on the 
locus has co-ordinates that satisfy the equation and (2) every point 
whose co-ordinates satisfy the equation lies on the locus, then the 
equation is said to represent the locus and the locus is said to 
1epresent the equation. 

` Example 20. A point P moves so that its distances from the 
POS A(3, 4) and B(—4, —3) are equal. Find the equation to its 
locus. i 

Solution. If (x, y) denotes any position of the point P, then 

since PA=PB, we have 
V-I FO- — V AFF FD 
Squaring and transposing, we have ` 
x+y=0, 

which is the equation to the locus, i 

. Example 21. A point moves so that its distance from the 
point (—1, 1) is always twice its distance from the point (0, 3).. Find 
the equation to its locus. 


Solution. Let (x, y) be any point which satisfies the given 
condition. We then, have 
V GE DI (.—1) —2V/ 3t (—3). 
Squaring both sides, we have 
(x-- 1*H-(— D*-4(2-- (3), 
or 3x*--3y?*—2x —22y 4-34 —0, 
which is the required locus. 
9'92. Point on a Locus 
If a point lies on a locus, its co-ordinates satisfy the equation to 
the locus, Therefore, to determine whether a point lies on a. given 


locus, we substitute the co-ordinate of the point in the equatio 
the locus and find out whether the equation is satisfied. е 


Example 22. Show that the origin lies on the I 
equation x*-- y!—3x —4y-0. j mon al 
Solution. Substituting x—0, y=0 in the given equati 
find that the given equation is satisfied by these valdes. Therefore, 
the point (0, 0) lies on the locus of the given equation. Р 
EXERCISE 9 (d) j 
1. Find the equation to the locus of a point which moves so that 
it is always at a distance 3 units from the point (—6, 1). 
2. Find the equation to the locus of a point which moves So that 
it is equidistant from the points (3, —6) and (—4, 7). 
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Find the equation to the locus of a point which moves so that 
its distance from the point (—4, 0) is three times its distance 


from the point (0, —1). 


Find the equation to the locus ofa point which moves so 
that the sum of its distances from the points (—2, 0) and 
(2, 0) is 6'units. . 
A point P moves so that 

PC*—PBY= АС? Авг. 
If A, B, C be the points . (2, 3), (—1, 1), (2, —3). respectively, 
find the equation to the locus of P. 
A point moves so that the sum of the squares of its distances 


-from the points (1, 2) and (2,1) is constant. Find the equa- 


tion to the locus of P. 


A point moyes so. that its distance from the axis of x is four 
times its distance from the Point (0,2). Find the equation 
to the locus of P. 

A point moves so as to form a triangle of area 17 units with 
the points (—3, 2) and (—4, —3). Show that the equation to 
its locus is 


$x—y4-17— 4:34, 


A point moves so that the ratio of its distances from the points 
(—a, 0) and (a, 0) is.2 : 3. Find the equation to its locus. 


TEST YOUR UNDERSTANDING IX 
In each of the following problems four alternatives are given. 


Put a tick-mark (У) against the correct alternative : 


1. 


The triangle having vertices A(—2, —7),. .B(—4, 1) and 
C (2, —6) is 

(2) equilateral (b) right-angled 

(c) acute-angled (d) obtuse-angled. 

О; В, S are the points 0, 3), (4, 0 » —4). int P 
Such that PORS is a Оа is BE рир 
(а) (2, 1) (6) (1,2) 

(с) (—2, —1) (d) (—1, —2). 


Р and Q are points on the line joining M (—2,5)and N (3, 1) 


such that MP=PQ=QN. The mid-point of PQ is 
(a) (4, 2) (b) (1,3) 
(с) (3,3) (4) (2, 4). 


A and B are the points (—3, 4) and Q, 1) res ectivel . The 
Point C on AB produced such that AC—2BC, i з 


а). (22,7) (0) (7,3) 
(с) @, 2) (а) (7, —2), 
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а 


If the points (8, k), (2, —2) and (—2, —5) are collinear, the 
value of k is 


E 0) > 


(c).3 (d — 2. 

The centroid of the triangle having (1, 2), (3, 1) and (5, —6) 
as vertices, is 

(a) (—1, 3) (b) Pi I) 

(© @,—3) e (Y 

The locus of the point which moves so that its distance from 
the x-axis is twice its distance from the y-axis, is 

(а) 2x~y=0 (b) x—2y=0 

(с) x+2y=0 (d) 2x+y=0. 

The locus of the point the product of whose distances from 
the axes of co-ordinates is 4, is 

(а) | xy | =4 (b) 4x=y 

(c) 4y=x (d) xy=16. 

The vertices of a triangle are. A(1, 4), B(3, —9) and C(—5, 2). 
The length of the median drawn from B to the opposite side is 

(а) 13 (0) 7 

(c) 8 (d) 9. 

The triangle having А (—2, —2), B(—1, 2) and С (3, 1) as 
vertices is 

(a) scalene (b) right-angled 

(c) equilateral (d) obtusé-angled. 


REVIEW EXERCISE IX 


Find the distance between the points (a, 0) and (0, b). 

Prove that the points (a, a), (—a, —a) and (—a 4/3, a 4/3) are: 
the vertices of an equilateral triangle. 

Prove that the points (4, 2), (5, 7), (0, 6) and (—1, 1) are the 
vertices of a rhombus. 

Prove that the points (3, —2), (6, 1), (3, 4), and (0, 1) are the 
vertices of a square. 

Prove that the points (a, b+c), (b, c+a), and (c, a+b) are 
collinear. 

Show that the points (6,2), (—2, —4), (5, —5), and (—1, 3) 
are concyclic. 

[Hint. Show that there isa point equidistant from the given 
points.] 
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D 


Find the co-ordinates of the points each of which is ata ; 
distance of 5 units from (4, 5) andata distance of 13 units \ 


from (6, 13). 


Find the co-ordinates of the points of trisection of the line _ 


segment joining the points P(1, 2) and Q(3, —2). 


The line joining the points (9, —5) and (—5, 9) is divided | 
into four equal parts. Find the co-ordinates of the points of © 


the section. 


Prove that the points (1, 3), (3, 5), (4, 6), and (7, 9) are collinear. 1 
In what ratio is the line joining the first and. the third divided n 


by the (i) second, (ii) fourth ? 
Prove that the.middle point of the line joining the points 


(—5, 12) and (9, —2) is a point of trisection of the line joining _ 


the points (—8, —5) and (7, 10). e 

The point (2, 6) is the intersection of the diagonals of a paral- 

lelogram two of whose corners are the points (7, 6) and (10, 2). 

Find the co-ordinates of the remaining corners. 

Two vertices of a triangle are (ху, y,) and (xy, ys) and its 

centroid is (x, у). Find the co-ordinates of the third vertex. 

ABCD is a parallelogram. Show that D,a point oftrisection 

of AC, and the mid-point of AB are collinear. 

Prove that the lines joining the middle points of opposite sides 

of a quadrilateral and the line joining the middle points of ‘its 

diagonals meet in a point and bisect one another. 

IfG be the centroid ofa triangle and O be any other point, 

prove that 

OA*--OB*--OC*— GA?-- GB?+GC!?+3G0?, 
Find the area of the triangle whose vertices are 
(apa, а(р+-4)), (aar, a(q-+r)), and (arp, a(r4-p)). 

Show that the points (0, 3a), (3b, 0) and (b, 2a) are collinear. 

Find the area of the uadrilateral whose vertices i 

с», —3), G, 4), (1, 1 add СЕК 3 ices are the points 

how that the points (0, — 501 ze 
corners of a Зану) ооо, 3), and (—2,1) are the 
3 SUMMARY 
The distance between the points (xı, yı) an 
Via =a) а). 


The point which divides the joi ү 
ratio m: mis ides the join of the points (x1, 


d (xa, ya) is 
i) and (x, ys) in the 


( Mxa nx У туз+пу1 
m+n m+n J 


The centroid of 


t 4 3 ў k 
and (xs, уу), is he triangle whose vertices are the points r JD, (хә, уз), 


( SebXubms | и+»+» 
3 Баз 57): 
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4. The in-centre of the triangle whose vertices are the points (х1, уз), (Xa; Yas) 
and (xs, уз) and whose sides are of lengths a, b and c, is 


( axi bxa-k ex8 | soc tes). 


o+b+c abc 
5. Thearea of the triangle whose vertices are the points (X1, уз), (Xs, Y2), and 
(хз, уз) is 
3 [x1 (уа уз) х (08:91) хә (Уз—7)]. 
ог 4 [Gy 81V (xg X8gl + хау —283)1. 


6. Thearea of the quadrilateral whose vertices taken in order are (х1, у), 
(xo, Ja), (ха, уз), and (x4, Ya), is 
3 Lya xay) + (xaya хауз) ауа чуз) (ra —734)]- 


HISTORICAL NOTE 


Rene Descartes (1596-1650), a French philosopher, was the first to study 
geometrical problems with the help of equations. His only work on geometry, 
La geometrie was published in 1637 as an appendix to а philosophical treatise, 


Pierre de Fermat (1601-1655), a French jurist also made fundamental contri- 
butions to the study of geometry by analytical methods. He wrotein Latina 
very short treatise on analytical geometry, entitled Introduction to plane and solid 
loci. Though it consisted of only eight pages, yet the fundamental principle of 
analytical geometry was put forth very clearly and precisely in these eight pages. 
Fermat wrote : whenever їп а final equation two unknown quantities are found, we 
have a locus. He showed that equations of the first degree represent straight lines 
and equations of, the second degree represent circles, ellipses, parabolas and 

.hyperbolas. Я i 

It was rather unfortunate that Fermat’s treatise was published 14 years after 
his death, and 50 years after it had been written. Descartes’ work had already 
appeared forty years earlier, and therefore, analytic geometry came to be known 

* аз Cartesian geometry. The credit which should have gone at least partly, to 
Fermat went almost entirely to Descartes, It must, however, be said that it was 
the influence of Descartes and not of Fermat which was responsible for the spread 
of analytical geometry. í б 

Newton amplified Descartes’ method to the study of the genera] theory of , 
curves, Leonhard Euler (1707-1783) extended Cariesian geumeiry to the space of: 
three dimensions. 

The credit for giving to co-ordinate geometry its present shape goes to the 
French mathematician Gaspard Monge (1746-1818). He fully realized and 
appreciated the power of analytical E and used it to study the clemen ary 
geometry of straight lines and circles (and of course, planes and spheres as well). 


OO 


d " 
PIERRE DE FERMAT (1601-1655) 


Pierre-Simon De Fermat, son of a leather merchant, was born in 
1601, at Beaumont-de-Lomagne, France. Не had his early education get 
He studied law at Toulouse, and in 1631, he was made Counciller for the parlia- 
ment of Toulouse. He devoted his leisure time mostly to mathematics, Fermat 
is regarded as one of the discoverers of analytic geometry. His Introduction to 
Loci was not published during his life-time and therefore, the credit for discover- 
ing analytic geometry usually goes to Descartes but it is now established that he 
Ай SUE the same method as Descartes wellbefore the appearance of 
escartes ; : 


Fermat made important contributions to Number Theory, 
every prime number of the form 4n--1 can be written in tan toa ieee Mask ees 
as a sum of two squares, He claimed to have proved that there do not exist any 
3 поо fu o х,у, En ER X9--y8—23. This proposition, known as 
ermat's Last Theorem, lefied all attempts by t i ici 
р ерл ТЕЕ сейир mpts by the greatest of mathematicians, 
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` CHAPTER 10 
Straight Lines 


10:1. INTRODUCTION 


In this chapter we shall apply the methods of co-ordinate 
geometry to study straight lines. We shall study various forms of 
theequation of a straight line, such as point-slope form, slope- 
intercept form, intercept form etc. We shall also devote out atten- 
tion to finding angle between two straight lines, point of intersection 
of two straight lines, distance of a point from a straight line, co- 
ordinates of orthocentre and circumcentre ofa triangle etc. Pair of 
straight lines represented by the homogeneous equation of the second 
degree will also be studied. We shall also obtain a necessary and 
sufficient condition for the general equation of the second degree to 


represent a pair of straight lines. 


102. VARIOUS FORMS OF THE EQUATION OFA 
STRAIGHT LINE 


In this section we shall study various forms of the equation of 


. a straight line. 


102:1. . Equation of the Axes of Co-ordinates 


The distance of any point P on 
y-axis from y-axis is zero. Hence 
the abscissa of every point on the 
y-axis is zero. Also, if the abscissa 
of a point is zero, it must lie on the 
y-axis so that the equation of the 
y-axis is x=0. 


Similary, observe that the 
ordinate of a point Q is zero if and 
only if the point R lies on the x-axis. 
Consequently, the equation of the x- 
axis is y— 0. 


Fig. 101. 
1022. Equation of a Straight Line Parallel to Either Axis 
Example 1. Trace the straight line x=2. 


( 2911) 
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Solution, The line x=2 is the collection of those and only 
those points whose abscissa is 2. Let us plot some point whose 
abscissa is 2. There аге lots of such points. .....(2,— 2), (2, — 1), 
(2:0), (2, 1), (2, 2), are only some of them. All these seem to 
beforming a pattern. The pattera is obviously a straight line 
parallel to the y-axis. What is the distance of any point on this line 
from the x-axis ? The answer is 2 units’, Hence x, the abscissa 
ofevery point on this line is 2. Thus x=2 for every point on 
this line. As already scen, any point with abscissa 2 lies on this 
line. Hencethis is the locus whose equationis x—2. Drawing 


Y 


Fig. 102. 
this line is also called tracing this line. 


Let BA bea straight line parallel to the y-axis meeting the 
x-axis at M. If OM=a algebraically (meaning, a>0, if M is on 
OX and a<0 if М is on the negative part of the x-axis; see Fig. 
10'3(a) and 10:3(5) below, then the abscissa of every point on BA, 


Y B 


—- 
X 


Fig. 103 (a). Fig. 10.3 (b). 
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and of no other point, is exactly а. Hence the equation of ВА is 
х=а. 

Conversely, every equation of the form х=а represents a 
straight line parallel to OY because every point on the locus of 
x=a is at the same distance (a) from the y-axis and the locus 
consequently must be a straight line parallel to y-axis. 

Consider now a straight line CD papallel to the x-axis 
meeting the y-axis at N. Let ON=b algebraically. Then the 
ordinates of al! points on CD, and of no other point, are 5. Hence 
the!equation of CD is y=d. 


Fig. 104 (a). | Fig. 10:4 (b). 
Conversely, every equation of the form y=b represents a 
straignt line parallel to the x-axis because every point on the locus 
of y==b- must be at the constant distance b from the x-axis. 
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Example 2.. Trace the straight lines x=4, y=5, x=—4, 
y=—5 on squared paper. 

Solution. Take а pair of perpendicular lines X'OX, Y'OY 
, as the axes of co-ordinates, 


. Plot the point P (4,0). Through P draw a straight line 
parallel to Y'OY. This is the trace of the straight line x—4. 
Similarly, we may tracethe remaining straight lines. The traces 
are as shown in Fig. 10°5. 

EXERCISE 10 (a) 


1. Find the equation of the straight line parallel to the y-axis 
and at a distance (i) 2, (ii) —7, (iii) a from it. 


2. Findtheequation of the straight line parallel to the x-axis 
and at a distance (i) 4, (ii) —5, (iii) b, from it. 


3. Findtheequation of the straight line which passes through 
the point (—2, 4) and is parallel to the (i) x-axis, (ii) y-axis. 


4. Find the equation of the straight line which passes through 
the point (a, b) and is perpendicular to (i) x-axis, (ii) y-axis. 


5. Trace the straight lines x—2, y=4, х= —3, y=—6 on squared 
paper. 
10:73, Slope of a Non-vertical Line 


Let I be а line іп the xy-plane meeting the x-axis at A and let 
B be a point on / with positive y-co-ordinate. 


Fig. 10:6. 


‚ If CXAB=6, then Û is called the inclination 3 incli- 
nation о! a lime may be an acute angle, right angle C RU eg 


—(— M — BA 
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Definition 10'1. If0 is the inclination of aline, and 090°, 
then tan 9 called the slope of the line. i, 

If the inclination of a line is an acute angle, the slope is 
positive. If the inclination of a line is 90° (i.e., if the line is parallel 
to the y-axis), the slope is not defined. If the inclination of a line 
is an obtuse angle, its slope is negative. 

102:4. Parallel and Perpendicular Lines ў 

Let I, and Г. be two perpendicular straight lines in the xy-plane. 
If Д be parallel to the x-axis, then /; is perpendicular to Л if and only 
if /, is parallel to y-axis. Let us suppose that neither of the two lines 
l, and /, is parallel to any of the axes. If the inclination of one of 


.them is 0, that of the other is 0x. i.e.,if the slope of oneof them 


is m=tan б, that of the other is tan ( (= +, and con- 


versely. 


Fig. 10'7. 

Therefore, two straight lines, neither of (which is parallel to 
any of the axes, are perpendicular to each other if and only if the 
product of their slopes is —1. 

10:25. Equation of a Straight Line through the Origin 

Let R be any point on a straight line through O which makes 

anangle 0 (measured positively in the counter-clockwise sense) 


with OX (Fig. 10:8). E 
Draw RM parallel to YO and let (x, y) be the co-ordinates 

of R. . Then 3 

Б OM=x, MR—y, 


у= МЕ= ОМ tan 0, 
=x tan 0. 


296 A TEXT-BOOK OF MATHEMATICS 


* Thus all points (x; J) on the line satisfy the equation 
y=x tan 0. 
х Clearly, every point satisfying the above relation lies on the 


given line. Therefore, y—x tan Ө is the equation of the straight 
line OR. 


Fig. 10:8. 


If we write tan 0--m, the equation becomes y-mx. 


Example 3, Find the equation of the Straight line which Passes 
through the origin and makes an angle 135? with the Positive direction 
of the x-axis, 


Solution. Slope of the line—tan 135°= Û, 
Therefore, its equation is y= —x. 


EXERCISE 10 (b) 


^1. Find theequation of the straight line which Passes through 
the origin and makes an an 1er 


gle 
(i) 30°, (ii) 60°, (iii) 120°, 
(iv) 135°, (v) 150°, (vi) 210°, 


„o. With the x-axis, 
2.. What angles do the lines 


@) у=х, (0) y—4/3x, . (ii) y——Vix, 
make with the x-axis ? 


3. Trace the lines 
D ee n "ge 
9n squared paper. 


—€— 
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4. Find the equations of the straight lines which bisect the angles 
between the co-ordinate axes. 
5. Find the equations of the straight lines which trisect the angles 
between the co-ordinate axes. 
109:6. Equation of a Straight Line (Slopc-intercept Form) 
Let AB be a straight line which makes an angle XRB=0 with 
OX (measured positively in the counter-clockwise direction) and 
cuts OY in Q. Let OQ=c. 


Fig. 10'9, 


Let the co-ordinates of any point P on AB be (x, y). Through 
P draw PS parallel to YO meeting OX in S and QT parallel to OX 
meeting PS in T. 


Since QT 1 OX and AB meets them, 


therefore, ZTQP= Z XRP —0. 
Since PS || YO and QT || OX, 
therefore, 
ZPIQ- 5 


Also, ST=0Q=c, QT=OS=x, 
y=SP=ST+TP=OQ+TP, 
=c+QT tan 0 —c--x tan Ө. 
Therefore, the equation of the straight line is 
y=x tan 0+6, (i) 
or y=mx+e, i ii) 
where m=tan 0 is the slope of the straight line. 
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Hence the equation of the straight line whose slope is *m' and 
which makes an intercept “с” on the y-axis is 

y=mx+e. 

The above form of the equation of a straight line is’ known as 
the slope-intercept form. 

In Fig. 10°9 we have considered a case where 0 is a positive 
acute angle and c is positive. We shall now consider case where, 
(i) 6 isan obtuse ‘angle, (27) с is negative. We shall see that the 
equation of a straight line can be put in the same form as above 
even in these cases. 

(i) In Fig. 10°10, 9 is an obtuse angle. 


With the same notation as above, 
Z TQP— / QRS—z—9, 
ST=0Q=c, QT=OS=x. 


Fig. 10°10, 
y=SP=ST—PT, 
—00Q- QT tan / TOP 
—c-—x tan (x— 0), 
=x tan 04-е, 
=mx+c, as before. 
Е (i) In Fig. 10°11, OQ is on the negative side of the y-axis 
so that OQ=c and 
7 QO---c. 
y=SP=TP—TS,- 
=QT tan / TQP—QO, 
=x tan 0—(—c), 
=x tan 0-с. 
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Now c<0 means: ОО іѕ оп the negative side of the y-axis 
and (the numerical value of) the distance OQ is —c. 


A 
Fig. 10'11. 
Remark. We shall adopt the convention that distances 
measured alongthe positive half of the x-axis (resp. y-axis) are 


denoted positively and those along the negative half of the x-axis 
(resp. y-axis) are denoted negatively. 


„Example 4. Find the equation of the straight line which makes . 
an angle of 60° with OX and makes an intercept 2 on the y-axis. 
Solution. Let the equation of the straight line be 
у=тх+с. 
Since m=tan 60°= ¥3 and c—2, the required equation is 
у= 43x42. 
Example 5. What angle does the straight line у= —4/3x--1 
шаке with the x-axis? 
Solution. Comparing the given equation with y=mx-+c, 
we have 
: ; m=— ¥3=tan 120°. ` 
Hence the given straight line makes an angle of 120° with the 
` x-axis. : 
EXERCISE 10 (c) 


Find, in each of the following cases, the equation of the: straight 
line which : 
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l. cuts OY at a distance 2 from O and. makes an angle of 45° 


with OX. 

2. cuts OY at a distance 3 from О and makes an angle of 135° 
with OXF N 

3. cuts OY at a distance —1 from O and makes an angle of 135? 
with OX. 


1027. Point-slope Form of the'Equation ,of а Straight Line 


To find the equation of the straight line whose slope is ‘m and 
which passes through a given point (xis уу). 

{ Let AB be a straight line whose Slope is ‘m’. Let (xı, y) be 
the co-ordinates of a fixed point C оп AB and let (x, y) be the co- 
ordinates of-a variable point on AB. Draw CM, PM parallel to OX 
and YO respectively. If AB makes an angle 0 with the x-axis, „then 


Fig, 10:12 


Z PCM—8, MP=CM tan Ө. 
But МР=у—у,, СМ=х—х\. 


Thus we have, ЗА i 
У—уу=(Х— xy) tan 6, et) 
or yy m(x— x), D 
where ` m=tan 0. 


. Equation (ii) is known as 
tion of a straight liue. 


Aliter. The equation of the straight line whose slope is ‘m’ 
and which makes an intercept ‘c’ on the y-axisis. =: 


y-mx-c. i Seq) 


the point-sicpe form of the equa- 


MEE ЕС ا‎ IR RENE PR 
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If (i) passes through (ху, уу), we have 
f y—mxic. D) 
Subtracting (ii) from (i', we have 
утуу=т(х—х)у), 
which is the required equation. 


Example 6. Find the equation of the straight line through the 
point (—1, —2) making an angle of 135° with the x-axis. 


Solution, Let the equation of the straight line be’ 
y=mx+c. (1) 
Since (i) passes through (—1, —2), we have 
—2=m(—1)+e. (її) 
, Subtracting (йг) from (i), we have y 
у+2=т(х--1). i 
Since m=tan 135*— — 1, the required equation is 
у+2=—(х+1), 
ог х+у+3=0. 
EXERCISE 10 (4) 


Find, in each of the following cases, the equation of the straight 
line which : 


1. passes through the point (1,2) and makes an angle of 45? 
with OX. 


2. passes through the point (—2, 3) and makes an angle of 60° : 


with OX. 


3. passes through the point (3, —2) and makes an angle of 120? 
with OX. N 


4. passes through the point (—4, 0) and makes an angle of 150° 
with OX. 


5. passes through the point (0, —1) and makes an angle of 135° 
with OX. 

` 6. passes through the point (р, 4) and makes an angle od +a. 
with OX. ў 
1028. Two-point Form of the Equation of a Straight Line 


To find the equation of the straight line which passes through 
two given points (ху, уу) and (Xs, у). 


| Let A, B be the two given points (ху, уу), (xs, уз) and P any 
point (x, y) on the line. Draw AM, BN parallel to OX, and AN, 
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PM parallel to YO, thus forming two right-angled triangles ABN 
and PAM. Since BN || AM and PB cuts them, 


Z ABN- / PAM (corres. angles). 


; It follows that As ABN and PAM are equiangular and hence 
similar. 


"MP AM 
пч, NAS BN” | 
But AM=x—x,, MP=y—y,, 


BN=x,—x_, МА=у,— у». 


Fig. 10°13. 


Therefore, 252 2A , 
Yi: 31— Xe 
or cm sialon: - 
. J2—31 Xa— X1 
is the required equation. 
Aliter. Let the required equation be 
yemx-c, (i) 
‚ "Since the straight line (i) passes through the point: j d 
FUA gioi gh the points (x1, у) an 


= mx c, ^ii) 
Уа xot c. (lii) 


Кете = чон ооа 
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Subtracting (ii) from (i) and (iii), we have 
| у—уу=т(х—ху), -«y) 
Ja—Jyi—m(x4—23). (у) 
Dividing (iv) by (v), we have ; 
Уту йсй. у; 
Ул XX 
which is the required equation. 
Corollary, From (v), we have 
mies accu 
Хах 
Hence the slope of the straight line joining the points (ху, yi) 
and (xs, yy) is (ya-1)/(xa—23). 
Aliter. Since the points (x, y), (Xy y), (Xs y are ina 
straight line, the area of the triangle formed by them is zero. 


. Therefore, 3 {01 —у) txl yay) -x4(—)y0)-0, 
or хуу) (у -y +y 0) +xy—y)=0, 
or (=) (а) + (a — xi) /—33) — 0, 
or (4—33)(—)1) (х) (уә), 
A (YY) il xxr 


Yayı yy 
which is the required equation. $ 
Example 7. Find the equation of the straight line passing 
through the points (1, 2) and (5, 7). c | 
‚_ Solution. Since the equation of the straight line joining the 
points (xı, y,) and (xs, yi) is : 


ПОВ нд Ү., фиг duni Us 


У-у. Xa xr ? 


therefore, the equation of the straight line joining the points (1,2) 
and (5, 7) is 


у--2 "n x—l. 
7—2 5—1 
yu wes 
or C SA 
or : 4(y—2)=5(x—1), 
or Sx—4y+3=0. 


Example 8. The vertices of a triangle аге A(2, 3), B(—4, 5 
C(6, —7). Find the equation of the median through A. " 
Solution. The co-ordinates of the mid-point D of BC are 
4+6 5—7 
(E 357) tesa, -n. 
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The equation of the straight line passing through the points 
A(2, 3) and D(1, —1) is 


yz3. x-2 

—1—3" 1-2" 

Jj: w-2 
or [Xu — ons 
or y—3=4(x—2), 
or 4х—у—5=0. 


Example 9. Prove that the points (1, 4), (3, —2) and (—3, 16) 
arein a straight line and find the equation of the straight line 
through them. 

Solution. We shall find the equation of the straight line 
joining the points (1, 4) and (3, —2), and then show that the point 
(+3, 16) lies on this straight line. 

The equation of the straight line joining the points (1, 4) and 
(3, —2) is 

yr4 x-1 $ 
—2—4 3—1 
or 3x+y—7=0. a(i) 

Putting x=—-3, y=16 in (i) we find that the left-hand side of 
(i) becomes zero. Therefore, (—3, 16) lies on the straight line (i). 
Hence the given points are collinear and the equation of the straight 
line through them is 

TUE 3х+у—7=0. 

Example 10. In what ratio is the line joining (1, 2) and (4, 3) 
divided by the line joining (2, 3) and (4, 1)? TUR Sila d 

Solution. The equation of the straight line joini: int 
ае Narn ce PE ee the pointe 
۳ J-3, x—2 
1-3 74-2" 
or х+у—5=0. E) 

, _Let the line joining (1, 2) and (4,3) meet the line (i) at the 
PR is let R divide the join of (1; 2) and (4, 3) in the 
ratio k: 1. 4 


Since К divides the join of (1, 2) and (4, 3) i iok: 
the co-ordinates of R ae en Se e Rp te 
| ( 4k-+1 , 3k+2 

\ k+1 k+1 f 
VM ‘Since R lies on (7), we have 
4k+i , 3k+2 
k+l TRT 79 
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Or (4k+1)+(3k+2)—5(k+1)=0, 
or К=1. 
+ Hence R divides the join of (1, 2) and (4, 3) in the ratio 1:1, 
C Lam of (1, 2) and (4, 3) is bisected by the join of (2, 3) and 


EXERCISE 10 (e) 


Find the equations to the straight lines passing through the 
following pairs of points : 


1... (0, 0) and (3, —3). 
(4, 5) and (6, 7). 

3. (—1, —2) and (—4, —5). 

4.. (7, 1) and (5, —2). 

5. (a, 0) and (0, b). 

6. (0,a) and (—5, 0). 

7. (amè, 2am,) and (am;?, 2am;). 

8 

9 

0 


(am zx) and ( ay 
ii my ата, т» 

(а cos Өү, a sin 0,) and (a cos 9,, a sin 0,). 

(a cos 9,, b sin 0) and (a cos 0,, b sin 0,). 

Find the equations to the sides of the triangles the co-ordinates 

of whose vertices are respectively : 

11. (1,3), (—7, 6) and (5, —1). 

12. (0,4), (3, 6) and (—8, —2). 

13. (5,2), (—9, —3) and (—3, — 5). 

14. (1,2), (—2, —1) and (3, —2). 

15. The vertices of a triangle are (—2, —3), (1, —2) and (3, 4). 
Find the equations of the medians. 

16. ‘Find the equations of the medians of a triangle, the co- 
Pup NS of whose vertices are (—1, 6), (—3, —9) and 
(5, —8). 

47. Find the equation of the straight line which bisects the join of 
(1, 2) and (3, —4) and also bisects the join of (3, —7) and 
(5, —3). 

18. Prove that the points (0, — 1), (1, 1) and (3, 7) lie on a straight 
line and find the equation of th» straight line through 
them. 


19. .Prove that the points (3, 7), (6, 5) and (15, —1) are collinear 
and find the equation of the straight line joining them. 
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20. Find the ratio in which the join of (1, 2) and (3, 4) is divided: 


by the join of (—5, —1) and (9, 7). 
10:2:9. Distance Form of the Equation of a Straight Line 


To obtain the equation of a straight line through the point 
(х1, уу) and making an angle 0 with the x-axis in the form 
SOR A. 
cos0 sin 0 
Let a straight line pass through a given point А(х;, у) and: 
make an angle 0 with OX. 


Let P be a point (x, y) onthe line at a distance r from A. 
Draw AM, PM parallel to OX and YO respectively. Then 


r. 


¥ 


Fig. 10:14. 


AM=AP cos 0=r cos 6, 
MP=AP sin 0—r sin 0. 


But AM=x—x, and MP=y—y,, 
therefore, X—x =r cos 0, 
: and у—уу=т sin Ө, 


Thus we have 
FS pu j 
Й cos6 sind” =O 
as the equation of the Straight line. 
Corollary, From (i), we have 
x-—2xr cos 0, 
У=уу+ғ sin 0. . E 


STRAIGHT LINES 307 

The equations (ii) give the co-ordinates of any point on the 
line in terms of its distance + from the point (xj, yj). It is on 
account of this fact that the above equation is known as the distance- 
form of the equation of a straight line. 

Notes. 1. Equation (i) is also called the 'symmetrical form’ 
of the equation of a straight line. ; 

2. Since (ii) expresses the co-ordinates of any point on the 
given line in terms of a parameter.‘r’, therefore, it is also called the 
parametric form of the equation of a straight line. 

.Example 11. Find the co-ordinates of the points each of 
which is at a distance 4/2 units from the point (1, 2) and lies on the 
straight line through this point and inclined at an angle of 45° with 
the x-axis. 

Solution, The distance form of the equation of the straight 
line which passes through (1, 2) and makes an angle of 45? with the- 
x-axis is : 


Lu Un UG at AMI 
cos 45? sin 45° ч 
х—1 JAN 
or j I2 ОЛАУ f. 
When r—4/2, x22; 953. 
When r——4/2, z—0, y=1. 


Hence the required points are (2,3) and (0, 1). 
EXERCISE 10 | 7) 

1. Obtain the equation of the straight line through the point 
(—2, —1) and inclined at an angle of 60° with the x-axis in 
„the distance form. 

2. Obtain the parametric equations of the straight line through. 
the point (—4, 0) and inclined at an angle of 135? with the 
X-axis. : 

3. Obtain, in symmetrical form, the equation of the straight line] 
through the point (0, —2) and inclined at an angle of 30° with, 
the x-axis. 

4. Find the co-ordinates of the points: each: of which is at a? 

—. distance 3 units from the point (—2, —1) and lies on the 1 
straight line through the point and inclined at an angle of 60° 
with the x-axis. 

5. Find the co-ordinates of the points each of which is at a 
distance 24/2 units from the point (1, 0) and lies on the 
straight line through the point and inclined at an angle of 135* 
with the x-axis. " à 
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10:29, Equation of a Straight Line in Terms of the Intercepts 
~ it Makes on the Co-ordinate Axes (Intercept Form) 

Let AB be a straight line which cuts OX, OY іп A. B respec- 
tively so that OA—a, OB=b. Let the co-ordinates of any point P 
On the straight line be (x, y), 

Through P draw PM parallel to YO: Then 

MP=y, OM=x, MA—-OA—OM —a- x. 


M 


Fig. 10°15, 
The triangles AMP and АОВ are similar, - 

MA MP 
"Therefore, OA OB 3 
“ аху: 
Mos Hit m 
or т Jn 
4 edid a^ 
or S piis РЫ 

a эд b , 


"o. Aliter. The co-ordinates of-A are (a, 0) апа th dinates 
of B are (0, Р). Since A, P, B are i 2, 0) and the co-ordina 
triangle APB is zero. are In a straight line, the area of the 


Therefore, , tlay+bx—ab]=0, 
À > ay+bx=ab, 

api M ssi 
at ras s 


or 
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Aliter. Through Р draw PM | YO and PN Ї XO. Join PO. 

Then MP—y, NP=x, ; 
APOA=}0A.MP=jay, ^ BOP—JOB.NP- 15x. 
ABOA=30A.0B=4ab. 

Since ABOA=ABOP+APOA, 


Fig. 10°16. 


therefore, 
łab=fbx+}ay, 
быты ый 

ог acte 1. 


The above form of the equation of a straight line is called the- 
intercept form, à 

Figs, 10:15 and 10°16 have been drawn for the case when the- 
intercepts on both the axes are positive. By drawing figures for the 
cases when the intercepts are not all positive, it can be seen that the- 
result holds for all cases. 

Example 12. Find the equation of the straight line which: 
makes intercepts —6, 4 on the axes of co-ordinates. 


Solution. Putting 4— —6, b=4 in the equation 


x doo 8 
р 
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"we have | e, 
-or 2x—3y+12=0, 
"which is the required equation. 

Example 13. Find the equation to the, straight line which 
passes through the point (1, 2) and makes equal intercepts on the axes 
of co-ordinates. 

Solution. Let the equation to the straight line be 

x y 


—+--=1. (D) 
аЬ : 

Since (i) passes through the point (1, 2), we have 
LET CER (il) 
ae al, (i 


Since (i) makes equal intercepts on the axes of co-ordinates, 
‘therefore, 


a=b ` (iii) 
Solving (ii) and (iii), we have 

a=b=3, (і) 
Substituting the values of a and Б in (i), we have 

х+у=3 


:а5 the required equation. 


EXERCISE 10 (g) 
Find the equation to the Straight line: 
1 cutting off intercepts 4 and 5 trom the axes. 
2. cutting off intercepts —3 and 2 from the axes, 
3. cutting off intercepts —2 and —6 from the axes. 
4. cutting off intercepts а and —a from the axes. 
S. 


Find the equation of the straight line which passes through the 
point (—1, —2) and cuts off equal intercept on the axes. 
:6. Find the equation of the straight line which passes through the 


point (—4, 1) and has intercepts on the axes equal in magni- 
tude but opposite in sign. 


10:210. Perpendicular Form of the Equation of a Straight Line 


Equation of a straight line in terms of the length of the perpen- 
dicular upon it from the origin and the angle which that perpendicular 
makes with the x-axis. . ! 


. , Let OL=p be the perpendicular from the origin to the given 
‘straight line and let OL make an angle LOX=a with OX. 


(— 
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_ Let P(x, y) be any point on the straight line. Draw the 
ordinate PM, MN perpendicular to OL, and PR perpendicular to 
MN. 

‘Since MN and PL are both perpendicular to OL, therefore, 
IMN || PL. SinceMN is perpendicular.to both RP and NL. therefore, 
SNL | RP. Therefore, NLPR is a rectangle, so that NL—RP. 


Also, ZPMR=90°— / RMO=90°—(90°—a)=2. 


Fig. 10°17. 


"Now p=OL=ON+NL, 
=ON-+RP, 
=OM cos / MON+MP sin ZPMR, 
=x cos a+y sin «. 
Hence x cos a+y sin a=p, is the required equation. 
Notes. 1. р is always measured positively and a is measured 
“positively from 0° to 360°. ў 


2. The reader may verify by drawing figures with the line 
OL falling in other quadrants and see tnat the equation holds in 
“every case. 
. Aliter. If the straight line makes intercepts OA, OB on the 
axes, then А 
ОА —p sec a, 
OB-p cosec а. 
The equation of the straight line which makes intercepts 
p Sec a, p cosec a on the axes is 
e 3 


P Sec a +} созеса 7” 
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ог x COS a+y sin a=p, 
which is the required equation. 


> Fig. 10:18. 


Aliter. Let AB be the straight line meeting the axes in A. 


and B. Let OL—p be the perpendicular from the origin to the given 
straight line and let Z LOX-—a. К 


Let Р(х, y) be any point on the straight line. .Draw PM per- 
pendicular on OX. ү 1 


Fig. 10°19. 


. . Since ; ABLOL, MPL Ox, 
therefore, — ZAPM= / XOL—a, 
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Now p=OL, 
= ОА cos a, 
=(0M+MA) cos a, 
=(x+MP tan a) cos a, 
—(x--y tan х) cos о, 
=x cos a+y sin «. 

Hence p=x cos.a+y sin a is the required equation, 

The above form of the equation of a straight line is known as- 
the perpendicular form. 

Example 14. The length of the perpendicular from the origin 
оп a straight line is 2 units and the perpendicular is inclined to the~ 
x-axis at an angle.of 60°. Find the equation of the straight line. 

Solution, The equation to a straight line in the perpendi-- 
cular form is ? 

р x cos «+y sin a=p. 

Here p=2, a=60°. 

Hence the equation is : 

x cos 60°+y sin 60°=2, 


; 1 Nd 
or xc» Ty. 72 =2, 
or x+yV3=4. 


EXERCISE 10 (A) 


1. The length of the perpendicular from. the origin on a straight: 
line is 3 units and the perpendicular is inclined to the x-axis at 
an angle of 45°, Find the equation to the straight line. 


2. Тһе length of the perpendicular from the origin on a straight 
line is 4 units and the perpendicular is inclined to the x-axis 
at an angle of 135°. Find the equation to the straight line. 

3. The length of the perpendicular from the origin on a straight 
line is 2 units and the perpendicular is inclined to the x-axis 
at an angle of 120°. Find the equation of the straight line. 

4. The length. of the perpendicular from the origin.on a straight 
line is 3 units and the perpendicular is inclined to the x-axis. 
at an angle of 150°. Find the equation to the straight line. 


103. THE GENERAL FORM OF THE EQUATION OF A 
STRAIGHT LINE ` 


In the last section we obtained the equation of a straight line- 
jn various forms: We. found that, the equation of a straight line 
always: turned out to be, of the first degree. We shall now prove: 
the converse, namely every equation of the first degree represents a 
straight line. — ' 
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Let Ax+By+C=0 Sy 
"be an equation of the first degree and let (xi, у), (xs, уз) be two 
points P, Q on the locus of (i), so that 


Axt Byit+C=0, 
Ax.+ By, +C=0. (10) 
А point R which divides the join of P and Q in the ratio & : 1 
thas co-ordinates j 
xbkx, у. Куз 
І+Е °І+Е 
This point lies on (i) provided 
Асе кх Pin bh) i Vp; 


1+k xk " 
"or i AG -kx,)-- Ba -- Ky) - C(1 4- K) 0, 
сог (Ax,+ By, +C)+kK(Ax.+By,+C)=0. ++ (iii) 


Because of (ii), the condition (iii) is satisfied for all values of 
~k. Therefore, if any two points Р, О are taken on the locus, then 
every point R on the Straight line PQi is also on the locus: Hence 
i the locus is a straight line. ‚ 

Aliter. Let the equation be | 

Ax+By+C=0. EX] 


` Let P(x, y1), Q(xs, уз), R(xs, уз) be any three points on the 
locus of (i). Then, we must һауе 


Ax,+By,+C=0, (ii) 
Ax.+By,+C=0, (79) 
“Ax,+Bys+C=0. (iv) 
‘Solving the equations (ii) and (iii), we have 
A B [e 
a = APE XM qe (ay) 
or A-—k(yi—y9), В= (хь), С=О хәр): 
Substituting the values of A, B, C in (iv), we have 
Кол Ya) ха Ка а) Kyo — аул) 70, 
or Ко (уъ у) (ув) хз) 0, 
or хуз уа) (7а р) БА) 50... 


Therefore, the points Р, О, К are in a straight line, Since ` 


Р, О, К are any three points on the locus, it follows thatithe locus 
is a straight line. 
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1031. Reduction of the equation Ax--By--C—0 to. various 
forms 
We have obtained several different forms for the equation of a 
straight line, e.g., 
@ Ах+Ву+С=0, 
(й) у=тх+е, 
(ii) x/at+y/b=), 
(iv) х cos «+y sin a—p=0. 
We shall show that all these forms are equivalent. In order 
До do this, we shall show that (i) can be reduced to any one of the 
. forms Gi), (ii) or (iv). Ў 
(i) Reduction of the equation Ax+By+C=0 to slope- 
intercept form 
Let B40. The equation 
Ax+By+C=0 
may then be written as 


A pum i 
yc t = (i) 
which is of the form y=mx-+c. From (i) we see that 
Ax+By+C=0 | 
has its slope equal to — E and that it makes an intercept — £ on 
-the y-axis. 
If B=0, the equation may be written as. х=, which repre- 


‘sents a straight line parallel to the y-axis and ata distance — A 


from it. 
Example 15. Find the equation of the straight line joining the 
„points (1, 1) and (—4, 3) and reduce it to: point-slope form. 
Solution. The equation of the straight line joining the 
points (1, 1) and (—4, 3) is : 


Vie) bal dre i 
3-1 —4—-1’ 
ог ,ےا‎ 
or 2x+5y—7=0, 
сог 5у=—2х+7; 
2 7 
Of ڪر‎ 5 sti 


which is the required equation. 
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Gi ) Reduction of the equation Ax+By+C=0 to inter- 
cept form 


Let C40. The equation 


Ax-+By+C=0, 5 20 
may then be written as 
Ax+By=—C, 
i A B :0= 
or set =e v=l, 
BERS Жа guider ided A 740, Bz£0) -..(ii) 
or ZAT Сув 1 (provided Ax 
Which is of the form i 
BOIS AaB (ШШ) 
z + b 1. 


Comparing (ii) and (ii) we find that if none of A, B, and С. 
is zero, then 


Ax+By+C=0 


SOR i CURG T 
Tepresent a straight line that makes intercepts LA) в Оп the co 
Ordinate axes, / i 

Note. If C0, A—0, we find from (i) that the equation. 
У Tepresents а straight line parallel to the x-axis and at a distance 


= from it. 
If € > 0, B—0, the equation represents a straight line parallel 


to the y-axis and ata distance -$ from it. 


If C=0, the equation represents a straight line through the 
origin. 
Example 16. Find the equation of the straight line that 


Dasses through the point (—5, —7) and has slope +}. Reduce it to 
Intercept form. 


Solution. The equation of the straight line which passes. 
through the point (—5, —7) and whose slope is — 1, is 
y+T=—4(x+5), 


ОЕ х+2у+19=0, 

ог x+2y=—19, 
X MES 

1 жүн Tl 


x y A 
" = =з» 


“which is the required equation. 


—X MPG 
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Example 17 Reduce the equation 3x—2y=6 to intercept 
form and trace it. 
Solution. Dividing the equation 


3x—2y—6, 

‘throughout by 6, we have 
| ED ees | 
2 ич i 


Therefore, the given straight line makes an intercept 2 units 
хоп x-axis and —3 units on the y-axis. 


Fig. 10°20. 


On squared paper, take a pair of perpendicular lines X'OX and 
Y'OY as the axes of co-ordinates... Plot the points A (2,0) and 
B(0, —3). Join the points A, В by a straight line. AB is the 
required straight line. ) 

. ii) Reduction of the equation Ax+By+C=0 to per- 
pendicular form 1 
If the length of the perpendicular from the origin on 
Ax+By+C=0 seti) 
be p and if a be the angle which the perpendicular makes with the 
x-axis, then (i) must be the same as А 
xcose+ysina—p=0.  . ii) 
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Comparing (i) and (ii), we have 


— V(cos? a+sin? a) _ 1 x 
(A+B) —— W(A*--B?) 
. TA 
Hence cos a= зв): > 
даши Вг 
М(А?--В*) ° 
апа Ели ш ЗЫГЫ 
A (A? 4- B*) 
The equation (i) may, therefore, be written as 


Sin a— 


AN _B KG i 
VRB) * (ALB) 7 Т vay 70 rA 


or d exe uH y= 
A (A?-+ B?) Y (A?-- В?) ‚ V(A* -B?) ° 
„which is the required form. 
Note. Here we have assumed that C > 0;if C <0, we 
` multiply the equation throughout by —1 before proceeding further. 
Corollary. Thelength of the perpendicular from the origin. 
on the straight line Ax-+-By4-C=0 is 
en 
У(А?+В?) 
Rule. (i) Transpose the constant term to right-hand side. 
(ii) Make the constant term positive if it is .not already so 
(this may be done by multiplying throughout by —1, if necessary). 
(iii) Divide throughout by 
A/ ((coeff. of x)? (сое. of y)?}. 
Example 18. Reduce the equation 
x+ V3y+4=0 f 
to perpendicular form and hence find the length of the perpendicular 
from the origin on the straight line. - 
Solution. Transposing the constant term to right-hand side 
' the equation ES 
x 73y+4=0, 
` may be written as 
xd V3y=—4. n 


Y 


тае 2 а 
-— A A———— —— 
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Multiplying throughout by —1, we have 5 s 
—x— V3y=4. D 
Dividing throughout by 
V4((—1)*--(— V3)?), i.e., by 2, we have 
1 Mac 
Ti4t--3 
or X cos = Ty sin T, EXC! 
whichis the required form. 


Since p=2, it follows that the length of the perpendicular 
from the origin is 2 units. 


EXERCISE 10 (i) 
Reduce each of the following equations to slope-intercept form : . 
1. 2x+3y—6=0. 2. x—2y+5=0. 
3. 4х—5у+1=0. 4. 3x+7y—4=0, 


5. Find the equation of the straight line joining the points (2, — 1) ` 
and (1, 7) and reduce it to slope-intercept form. 

6. Findthe equation of the straight line passing through the 
points (4, 3) and (1, —6) and reduce it to intercept form. 


Reduce each of the following equations to intercept form : 


7. 3x—y+4=0. 8. x—2y-l. 

9. у=2х+7. 10. bx+ay=ab. 

11. Find the intercepts which the straight line 3x-+2y—6=0 makes 
on the axes. 


` 12. Find the equation of the straight line which is inclined . to the 
x-axis at an angle of 60° and passes through the point 
(—4, —3). Reduce it to intercept form. ; 
Reduce each of the following equations to perpendicular form : 
13. x+yV¥3+5=0. 14. 43x—y—1-0. 
15. Reduce the equation 5х--12у—6=0 to perpendicular form 
and hence find out the length ofthe perpendicular from the 
. origin on the straight line. 
10:4. INTERSECTION OF STRAIGHT LINES 
104'1. Point of Intersection of Two Straight Lines 
Let the equations of two straight lines AB and CD be 
ax+by+c=0, ax)» 
a’x+-b'y+c'=0, (i). 
respectively. 
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{O° 


Let P be the point of 
intersection of AB and CD, 
and let the co-ordinates of P 
be (ху, yi). 


Since P lies on both the 

‘straight lines, its co-ordinates 

` Must satisfy the equations (i) 
апа (ii). Therefore, 


ax, +by, + с=0, dii) Ned 
axy+b'yyt+c'=0. (iv) Á 


Solving equations (üi) _. Fig. 1021. 
гапа (iv) by the cross-multiplication method, we have 
d NEL EL ie 1 " 
bc'—b'c саса — ab'—a'b 
Therefore, 
2 DEAE „caca 
х= ааъ” ба ртр à 
sare the co-ordinates of the point of intersection of the given straight 
lines. 


” Example 19. Find the point of intersection of the straight 
dines 3x+-4y—11=0 and x—5y+9=0. 

Solution. Let (х1, у) be the co-ordinates of the point of 
intersection of the given straight lines. Then (Ол, J1) must satisfy 
the equations of both the straight lines. 


Therefore, 
3xi4-4y1—11 =0, 07) 
xi—5y14-9—0. (й) 


By the cross-multiplication method, we have 


posse Rc Nu is abl NR 1 
49—C-1)(-5). 5 —11.1—39 — 6025)» 


x1 HEUS i ASAE ok 2 
“OF —19 —38 ~ =19 
Therefore, Xx;—l,y—2. 


Hence the co-ordinates of the point of intersection are (1, 2). 
11042. Consistent, Inconsistent and Dependent Equations 
Let us consider the system of equations 
ax+b,y+c,=0 (a, b, not both 0), --(i) 
. dx + bay 057-0 (25, b, not both 0). E 
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If. A-((x у): ax b1y4- 0470], 
(00 B={(x, y) : ax--b.y-- e4—0) 
denote the solution-sets of (i) and (ii) respectively, what can be said 
about AN B? 


(с) 
Fig. 10:22. 


The graphs of both (i) and (ii) are straight lines. Therefore, 
there are three Possibilities as shown in Fig. 10:22. 


(a) The graphs are the same line. 

(b) The graphs are parallel but different lines. 

(c) The graphs intersect in exactly one point. 
. , These three possibilities imply that exactly one of the follow- 
11р 1s true for a given pair of linear equations in two variables (such 
as equations (i) and (ii) above). 


2 (а) The solution-sets of the two equations are equal, and their 
Intersection consists of all those ordered pairs that are found in 
either one of the Biven solution-sets, 


(b) The intersection of the two solution-sets is the-empty set. 
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(c) The intersection of the two solution-sets contains exactly 
one ordered pair. д 

In case (a), we say that the left-hand members ofthe two linear 
equations in x and y are linearly dependent, and the equations are 
consistent ; in case (b) we say that the left-hand members are 
linearly independent, and the equations are inconsistent ; in 
case (c) we say that the left-hand members arelinearly independent 
and the-equations are consistent. For example, 


(1) 3x+-2y—4 апа 12x--8y—16 are linearly dependent, and 
the equations 
3x--2y —4—0 and 12x-+8y—16=0 
are consistent. 


‚ (2) 3x4-2y—4 and 12x--8y— 12 are linearly independent and, 3 


the equations 
3x+2y—4=0 and 12x4-8y—12—0 
are inconsistent. 
(3) 3x+2y—4=0 and 8x-+12y—16 are linearly independent 


and the equaticns 


3x+2y—4=0 and 8x+12y—16=0 
are consistent. 

We thus find that by studying the graphs of two given linear 
equations in two variables we can get complete information about the 
existence and nature of solutions of the equations. Conyersely, from 
a knowledge of the existence (or otherwise) and nature of solutions of. 
the equations we can get information about the points common to the 
straight lines representing the equations. ; 


104:3. Condition for Concurrency of Three Straight Lines 


A set of straight lines is said to be concurrent if there is @ 
point common to all of them. We shall find a necessary and suffi- 
cient condition for three straight lines to be concurrent. 

Let the equations of three given straight lines be a 
аух+Ь,у-+су=0, (i) 
азх+Б,у--с=0, +i) 
dx by - 0370. „e (iii) 

; The point of intersection of (ii) and (iii) is 
( baca baco C203 — Cas ) 
` aaba—agbs ° ара agba 
The three straight lines are concurrent if and only if this point 


; lies on (i) also, that is, if and only if 


bycg— bsc, ‚ [eae 
аса mr 203 — Cady EH 
TORNA [ sb, — aab, A [ Axb3— аб» a, 


STRAIGHT LINES 323 


or а: (аса — аса) +b 3 (050g саз) H- e (asb5—agb,)=0. 


10'4'4. Family of Straight Lines Passing through the Point 
of Intersection of Two Straight Lines 
Suppose we are given a pair ‘of intersecting straight lines 
whose equations are 
L,=a1x+hy+e.=0, (i) 
L,=a.x+h,y+¢e,=0. i) 
Let (xı, yı) be the point of intersection of (i) and (ii). Since 
(х1, у,) satisfies (i) and (ii), therefore, 


ах +bıyı+a,=0 and GsX1- biyi t es=0. (i) 
Consider the equation 
D(asX--biy + c1) - q(ayx +b, yea) 0. -(Iy) 


For all values of p and 9, (iv) represents a straight line. Also, 
because of (iii), we have 
plax +biyi+ei)+glaixi tby 4-03) =0, 
showing that the line (iv) passes through (xj, y1) which is the point 
of intersection of the straight lines (i) and (ii). 


The equation pL,-- qL,—0 represents the family of all straight 
lines passing through the point of intersection of the straight lines 
L,=0 and L,=0. 


It appears as if two independent parameters p and q are 
involved here. But this is not the case. Observe thatp and q 
cannot be both zero. If we impose one condition (other than that 
of passing through the point of intersection. of L,—0 and L,=0) 
such as having a given slope, or being parallel to a given line, or 
being perpendicular to a given straight line, then the ratio p : q can 
be determined, which is exactly what we require. ] 


А It may be noted that L,+kL,=0 represents the family of all 
straight lines other than L,—0 that pass through the point of inter- 
section of L, =0 and L:=0. Similarly, L;--kL;—0 represents the 
family of all straight lines other than Lı=0 that pass through the 
point of intersection of L,=0 and L,—0. 


Example 20. Find the equation of the straight line Joining the 
point (2, 3) to the point of intersection of 2x+3y+1=0 and 
3х—4у=8. ў 

Solution. The equations of the given straight lines are 

2x-+3y+1=0, (i) 

3x—4y—8=0. (її) 

. The equation of any straight line [except (1 through the 
point of intersection of (i) and (if) is 


(2x+3y-+1)+k(3x—4y—8)—0, (iti) 
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If (iii) passes through the point (2, 3), 
(2.24+3.3+1)+k(3.2—4.3—8)=0, 

or 14—146=0, 
ог k=l. 

Putting k=1 in (iii), we have 

(2x4+3y+1)+(3x—4y—8) =0, 

or 5x—y—7=0, E) 
as the required equation. 

Aliter. Let (xı, у) be the co-ordinates of the point of inter- 
section of the given straight lines. 

Then 2x, +3yi+1=0, 0) 

3x,—4y,—8=0. (il) 
n Solving (i) and Gi) by the cross-multiplication method, we 
ave 


VE Sc TEA а A дозы COMUNE 
3:8)-1(-4) 7 1)-2(-8) ^ 2-4) —3) 
ES уте дешы 
Y 2207-19 —17 


Therefore, the point of intersection. of the given straight 


lines is 
pe o) 
KERGE SAT 


The equation of the straight line joining the points (2, 3) 


a(i +)» 
а TT 


y—3 |... x—2 
19 ~ 20 y 
2m qu^ 
14) 70 
or -j 9-9 = (8—2, 
or y—3=5(x—2), 
or 5x—y—1-0. 


EXERCISE 10 ( j) 
Find the co-ordinates of the points of intersection of the stralght 
lines whose equations are à 
1. x--3y--420 and 7x+4y+8=0. 
2. x+2y+1=0 and y=x+7. 
3: x+5y=13 and y+5x=13. 
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15. 


16. 


17. 


105. 


in B, 


and 


a a 
- —— and у= uus 
y=mx+ m and y=m,x+ 5 
х cos 0,--y sin 0; —a and x cos 6,-- y sin =a. 
ty—x-Fat;? and tjy— x-Fats?. 


Eg се Жер ATI 
@ СБ 1 and += 13 


Find the co-ordinates of the vertices of a triangle, the equa- 
tions of whose sides are . 
ytx—6=0, 3y—x--2—0 and 3y—5x4-2. 
The equations of the sides of a triangle are 3x--y--4— 0, 
3х—5у+34=0 and 3x—2y--1—0. Find the co-ordinates of 
the vertices. i 
Show that the lines 5х--3у=7, 3x—Sy=11 and x-+2y=0 
meet in a point, : 
Show that the lines x—y=6, 4x—3y—20—0 and 6x+5y+8=0 
are concurrent. 
For what value ofk are the three lines x—2y+1=0, 5x—2y 
+3=0 and 5x—9y+k=0 concurrent ? 
For what value of a are the lines 3x+7y=10, 8x—3y—5 and 
ax—2y+1=0, concurrent ? 
Find the equation of the straight line which passes through the 
Point (6, 4) and also through the point of intersection of the 
straight lines x—y—1=0 and 2x—3y--1—0. 
Find the equation of the straight line joining the origin to the 
point of intersection of the lines 
5x—4y—7=0 and x+2y—3=0. 
Find the equations of the medians of the triangle the equations 
of whose sides are 3x+2y+6=0, 2x— 5y+4=0 and 
x—3y—6=0. | 
Find the equation of the straight line passing through the 
intersection of x--2y--3—0 and 2x—3y —6—0, and the inter- 
section of 1x—4y, 12=0 and 4x-+-5y+15=0. 
ANGLE BETWEEN TWO STRAIGHT LINES 
Let the two straight lines be AB, and AB,, meeting the x-axis 


and B, Let the equations of AB; and AB, be 
у==Етух-}Ес\, =@) 
у= тх су, (09) 


respectively. 
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Fig, 1023, 


If 0,, 0; be the angles that the lines make with OX, then 
tan 0,=m, and tan 0,=т,. 

Now ZBsAB,=0,—4. 
-. tan / B,AB:=tan (0, —0,), 

_ tan9,—tanü, _ 

— l-tan 6, tan 0, * 

тт, "n 

= aan t (iti) 

Since / BAB, is either 0 or x— 0, 


[отут | 
i tan | 1-+тутх | 


Hence the required angle is 


tan | maT ma | EN 


1--тут» 


Corollary. The find the angle between the straight lines 
whose equations are 


A,x+Byy+C,=0, Asx -Bsy-- C, —0. 
If mı, m, be the slopes of the straight lines, then 
LP OA NU as 
m= В, s M= ges 
Therefore, the acute angle 9 between the straight lines 
mj — s | 


=tan~ 
gu l4 mma 
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A;By—AyB. 
Stani pe td arate Ss | 
ten IB. | 
Example 21. Find the angle between the straight lines whose 
equations are 3x+-y—7=0 and x+2y+9=0. 
Solution. Let ту, m; be the slopes of the given straight lines. 


Then тү=—3З,т=—$. 
If 6 be the acute angle between the straight lines, then 
my — nt 
tan 0— WEZ : 
ке Es ie 
ad Ig oC at 
or 0=45°. 


Hence the angle between the straight lines is 45°. 
10'5'1.Condition under which Two Straight Lines are Parallel 
Let the equations of two given straight lines be 
y-m;X4-o, J=max Co. 
If 0. be the acute angle between the given straight lines, then 
aera my. ; 
tan 0 Top 
If the straight lines are parallel, then 
Я 0=0, ie., m —m,--0 or m=m,, 
which is the required condition, which we noted earlier as well. 
Corollaries. 1. The straight lines 
Aix+Byy+C,=0, A,x+B,y+C,=0 
are parallel provided : 


А; А, 
E m2 
DIAM 
or Bi Ee ed 


2. Family of straight lines parallel to a given straight line. 
The straight lines Ax--By--C—0 and Ax-F- By--K —0 are parallel, 
because they satisfy condition (i). Hence the equation of any 
straight line parallel to Ax + By--C—0 is Ax+-By+K=0. Tn other 
words, the equation Ax+By+-K=0, where К i$ a- parameter, 


328 A TEXT-BOOK OF MATHEMATICS 


represents the family of all straight lines parallel to the straight line 
Ax--By--C—0. 


A straight line is completely determined by two independent 
conditions. [n the present case, one of these two conditions is that 
the straight line is parallel to Ax+By+C=0. The other condition 
can be used to find the value of K. 

3. The equation of the striaght line passing through the point 
(X1, yı) and parallel to the straight liue 

Ax+By+C=0 
is : A(x~x,)+B(y—y,)=0. 
For, (ii) represents a straight line passing through (Ху, yı) and 


its slope is —A/B, which is equal to the slo»e of the straight line 
Ax+By+C=0, 


Example 21. Find the equation to the straight line which 
passes eons the point (1, 2) and is parallel to the straight line 


3x—2y4-4— 
Solution, The equation of any straight line parallel to 
3x—2y+4=0 
is 3x—2y--k—0. : e) 
If (i) passes through (1, 2), we have 
3.1—2.2+k=0, 
or k=}. 
Substituting the value of k in (i), we have 
3x—2y+1=0, 
as the required equation. 


ü au The equation of any straight line through the point, 
,2)is 


: y—2=m(x= 1). 0) 
If (i) is parallel to the straight line 
3х—2у+4=0, -(Ш) 
the slopes of (i) and (ii) must be equal. 
3 
Therefore, m. i) 


Substituting the value of т in (i), we have 
3 
y-2- 2 (x—1), 


or 2(y—2)=3(x—1), 
or 3x—2y+1=0, 
ag the required equation. 


и ee 
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1052. Condition under which two Straight Lines are Per- 
pendicular to Each Other. à 
Let the equations of two given straight lines be 
ymo, у=тх+с,. 
1f 0 be the angle between the given straight lines, then 
mg—m; у 
mm. 
If the straight lines are perpendicular, then 0=90°, i.e., 
1-++-mym,=0 or mym.=—1, 
which is the required condition. 
Hence two straight lines are perpendicular provided the product 
of their slopes is —1. : 
Corollaries. 1, The straight lines 
Азх+В,у+С,=0 and A;x-- Bsy--C,—0 
are perpendicular provided the product of their slopes is —1, Le., 
provided 


tan o=] 


or : А,А,+В.В,=0; : (д) 

2. Family of siraight lines perpendicular to a given straight 
line. The straight lines Ax+By+C=0, Bx— Ay--K —0 are per- 
pendicular to each other because they satisfy the condition (i). 
Hence the equation of any straight line perpendicular to Ax4-By--C 
=0 is Bx—Ay+K=0. In other words the equation Bx— Ay+K=0, 
where K is a parameter, represents the family of all straight lines 
perpendicular to the straight line Ax+By+C=0. 

As you already know, a Straight line is completely determined 
by two independent conditions. In the present case one of these 
two conditions is that the straight line is perpendicular to Ax By 
+C=90. The other condition can be used to find the value of K. 

3. The equation of the straight line passing through the point 
(х, Jı) and perpendicular to the straight line Ax-+By+C=0 is 

B(x—231) -A(y—)1)—0. ) D) 

For, (ii) represents a straight line passing through (ху, у) and 
its slope is B/A which is the negative reciprocal of the slope of the 
line Ах+Ву+С=0. 

Example 23. Find the equation of the Straight line which 
passes through the point (—1, 3) and is perpendicular to the straight 
line 4x--3y3- 10. 

Solution. The equation of any straight line perpendicular to 

x4 3y4 120, 
is 3x—4y+k=0. Чч) 
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If (i) passes through (—1, 3), we have 
3(—1)—4.34-k —0, 
or k=15, 
Substituting the value of k in (i), we have 
3x—4y+15=0, 
as the required equation. ! 


{ Aliter. The equation of any straight line through the point 
—1, 3) is 


y—32m(x--1). 0 
If (i) is perpendicular to the straight line 
4x+3y+1=0, i) 


the product of the-slopes of (i) and (ii) must be equal to — 1, i.e., 
"(en 

x E 5. (йй) 

Substituting the value of m in (i), we have 

3 
yc3-- (х+1), 

or 3x—4y+15=0, : 
as the required equation. 

Example 24. Find the equation of the straight line that passes 


through the point of intersection of the straight lines 2x--y—3=0, 
x—2y-+-1=0, and is parallel to the straight line y—x-+-2=0. 
Solution, The equation of any straight line (other than 
x—2y+1=0 passing through the point of intersection of the straight 
lines 2x-+ y—3=0 and x—2y+1=0 is 
(2x+-y—3)+-k(x—2y+1)=0, 


or х(2+Е)+у(1—2Е)+(—3--Е)=0. 0 
The straight line (i) is parallel to А 
y—x+2=0 (її) 
provided the slopes of (i) and (ii) are equal, i.e., provided 
iden 
AS CE) cure 
Or —2—k=1—2k, 
or k=3. ++ (iti) 
Substituting the value of k in (i), we have 
5x—5y=0, 
or x—y=0, 


as the required equation. 


A dnm ا‎ 
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Aliter. . The point of intersection of the straight lines 
2x+y—3=0, 0) 
апа x—2y+1=0, EX) 
Wen RIT 
or : xn este 
Therefore, the point of intersection of (i) and (ii) is (1, 1). 


The equation of the straight line which passes through the 
point (1, 1) and is parallel to the straight line 


y-x+2=0 
is (›—1)—(х—1)=0, 
ог 5р0. 


Example 25. The equations of the sides ВС, CA, AB of a 
triangle ABC are е 
3x—5y4-34—0, 3x—2y-H1-0,  3x+y+4=0. 
Find the equation of the straight line through A perpendicular to BC. 
Solution. The equation of any straight line passing through 
A (other than AB), is 
(3x—2y+1)-+k3x+y+4)=0, 


or x(3+3k)+y(—2+k)+1+4k=0. (i) 
Slopeof the ine (araa . EON) 
ope of the line (/)— TRE (ii 


Also, slope of the line BO. 


If the line (i) is perpendicular BC, we have 


PPE SIG SE а 
T —2+К 5 i 
or 3(3-+-3k)=5(—2+k), 
1 : 
or \ к= — = (100) 


Substituting the value of К in (i), we have 
×) 3-4) +» (-2-2 )+1-19=0, 
or Sx+3y+8=0 
as the required equation. 
Aliter. A is the point of intersection of the straight lines 
3x—2y+1=0, : 
3x4 p+4=0. 
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Therefore, the co-ordinates of A are given by 
x y 1 
—8—1. 3—12 346" 
Therefore, A is the point (—1, — 1). 
The equation of any straight line perpendicular to BC is 
5x+3y+k=0. (i) 
If (i) passes through the point A(—1, —1), we have 
5(—1)+3(—1)+k=0, 
or k=8. 
Substituting the value of k in (i), we have 
5x--3y 1-8—0, 
as the required equation. ` 


18:53. Orthocentre of a triangle 


To show that the three perpendiculars drawn from the vertices 
of a triangle upon the opposite sides are concurrent. 


Let (х,у), (хь уз), (Ху, Ya) be the vertices A, B, C of a 
triangle ABG, and AD, BE, CF the perpendiculars from them on 
the opposite sides. i 


ولل ولل ے 
The slope of BC УР"‏ 


AN 


Г] 
B ` D c 
Fig. 1024. 
Since AD is perpendicular to BC, therefore the slope of 
AD 2-08-93 
З} ` 
The equation of AD is, therefore, 
x TE Ine MC. жады NON. 
piani Уза Gm» 
Le; (7—2) Ya) (а x) (xx) =0, 


or (хах) + Yn Ya) (аха) уузу) =0. 0) 
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Similarly the equations of BE and CF are 

x(x xa) + Y (9a — Y) — (2 — x3) —X 301 —3)—0, (й) 

х(ха x) + W(Ya—1) — Xa Xo 23) — 0800-1) =O. (їй) 

If the expressions on the left-hand sides of (i), (ii) and (iii) be 
denoted by Lı, Ls, Lg respectively, then we find that 

i LitL;L,-—0, 
which shows that Lg=0 is the same as Li+L,=0, ie., L,—0 
passes through the point of intersection of L; —0 and L,—0. 

Hence L,—0, L,—0, Ls=0 are concurrent. 

Recall that the point of concurrence of the three perpendiculars 
drawn from the vertices of a triangle upon the opposite sides is 


called the orthocentre of the triangle. The co-ordinates of the ortho- 


. centre O in the above discussion can be found by solving equations 
(i) and (ii). 


The following example will illustrate the method of finding 
the co-ordinates of the orthocentre of a triangle. 


. Example 26. Find the co-ordinates of the orthocentre of the 
triangle whose vertices are A(2, 3), B(3, 4) and C(6, 8). 


BUNT 
Gay hee 3: 


slope of any line perpendicular to BC is -i ; 


Solution, The slope of BC is Therefore, the 


The equation of the perpendicular from A to BC is ; 
3 
y-3—— 4 (0-2) 
Ler 3x+4y—18=0. pd) 
5 


AI 8 اس‎ 
gain, the slope of CA is 562164 


..—4 
Therefore, the slope of any line perpendicular to СА is" 
The equation of the perpendicular from B to CA is 
y-4- (x3), 


ie, 4x4-5y— 32-0. D 


Solving (i) and (ii) we find that the co-ordinates of the ortho- 
centre of the triangle ABC are (38, —24). 


Check. The equation ofthe perpendicular from C to AB is ` 
x+y—14=0 which passes through (38, —24). 


334 A TEXT-BOOK OF MATHEMATICS 


10:54. Circumcentre of a Triangle 


To show that the perpendicular bisectors-of the sides of a triangle 
are concurrent. 

Let AG, y1), В(х,, уг), C(xs, уз) be the vertices of a triangle. 
Let D, E and F be the mid-points of BC, CA and AB respectively. 
The co-ordinates of D, E and F are 


B D C 
Fig. 10°25, 


Wty, AU (15. ATA) "E 
2 2 2 Жу 


( Xtra , +» 
2 2 


) respectively. 


The equation of the perpendicular bisector of BC, i.e., the line 
through D perpendicular to BC is 
ور‎ -(-3— X = эт.) 
OM Re т cy 
orem Х(ху—ху)+у(уз—уз)—4(х4—х#+у2—уг)=0. — (0) 
Similarly, the equations of the pérpendicular bisectors of CA 
and AB are г 
x (m xd Hy Ya- у)—% Qu!—-y$—y)—0, (ii) 
and x (а) i—i (axy رر‎ =0 (йй) 
respectively. If the expressions on the left-hand sides of (i), (ii) 
and (iii) be denoted by L;, Le and L, respectively, then we find that 
І,+1.+1,=0, i 4 
showing that La=0 is the same as L;--L,—0, ie., Ls=0 passes 
through the point of intersection of Lj 0 and L,=0, 
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Hence the three lines Lj —0, L,—0, L5—0 are concurrent. 


Let O be the point of concurrence. Since О lies on the per- 
pendicular bisector of BC, therefore, OB=OC. 


Again, since O lies on the perpendicular bisector of CA, there- 
fore, OC—OA. Thus we have OA—OB-— OC, so that if we draw a 
circle with centre O, and radius OA, then it will pass through all the 
three vertices of the triangle. Recall that the point of concurrence 
of the perpendicular bisectors of the sides of a triangle is called the 
circumcentre of the triangle, and the distance of the circumcentre 
from any of the vertices of the triangle is called the circumradius of 
the triangle. The co-ordinates of the circumcentie of the triangle in 
the above discussion can be found by solving equations (i) and (ii). 


Thefollowing example will illustrate the method of finding 
the co-ordinates of the circumcentre of a triangle. 


Example 27. Find the co-ordinates of the circumcentre of the 
triangle whose yertices are A\2, 3), B(3, 4) and C(6, 8). 


Solution. The co-ordinates of “the mid-point (say D) of BC 


346 448). (9 ) 8-4 , 
are (33$. Ax) i.e., ( 2 , 6 |. The slope of BC is 63,6 


+ , and therefore, the slope of the perpendicular bisector of BC is 


3 


weer The equation of the perpendicular bisector of BC is 


ie., 6x+8y—75=0. 0) 
Again, the co-ordinates of the mid-point (say E) of CA are 


( ed , in ) ie., (4, 4 ) Since the slope of CA is 528, ie., 
i therefore, the slope of the perpendicular bisector of CA is — 
The equation of the perpendicular bisector of CA is 
y3 a d 0—4), 
ie, . 8x+10y—87=0. (її) 
Solving (i) and (її), we find that the co-ordinates of the circum- 
centre of the triangle ABC are (—5- >). 


Aliter. Let (h, К) be the required centre and let R be the 
radius of the circumcircle of the triangle. Since the distance of the 
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centre from each of the points (2, 3), (3, 4) and (6, 8) is the same, 
namely R, therefore, 


(h—2)*-(k—3) —R*, a(i) 

(h—-3P-+(kK—4)2?=R?, (Hi) 

(h—6)*-F(k—8) 2 R*. (i) 
From (i) and (ii), we have 

ht+k—6=0. (iv) 
From (ii) and (iii), we have 

6h+8k—75=0. v) 
Solving (iv) and (v) for h and k, we have 

jugi. чө, 

29 2 


EER 
VE EE. 

Remark. On substituting the values of / and К in (i), we find 
that R= IV 82. Therefore, the radius of the circumcircle of the 
given triangie is i 82. 

EXERCISE 10 (k) 
Find the angles between the pairs of straight lines : 


l. x+y ¥3=1 and 43x—y-2. 

2. у+3х+1=0 and Зу+х—1=0. 

3. x—4y—1=0 and 6x—y+3=0. 

4.. y=2x4+-5 and 2x+4y+3=0. 

5. y=x+1 and (2+ 43) x+y=2. 

6. The equations of the sides of a triangle are y—4, y—x 434-1, 
y=—xV3+2. Prove that the triangle is equilateral, 

{ 7. Find the equation of the straight line through (3, 4) parallel to 
| the straight line x--2y—1. 

8.. Find the equation of the straight line through (—1, 0) parallel 
to the straight line 3y—4x— 6. 

9. Find the equation of the straight line through (0, —3) perpendi- 


cular to the straight line 2x -3y—4. 

10. Find the equation of the straight line through (2, 4) perpendi- 
cular to the straight line 5x —7y— 1. 

11. Find the equation of the. straight line parallel to the straight 
line. 2x—y--4 and passing through the intersection of the 
straight lines 3x--y —7 and 3y—2x— 5. : 


| 


| 
| 
| 
H 
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12. 


13. 


14. 


XS. 


16. 


10.6, 


Find the equation of the straight line parallel to the straight 
line x4-2y—1 and passing through the points of intersection 
of the straight lines x—y=4 and 3x-+-y=7. 

Find the equation of the straight line at right angles to the line 
5x—2y-+7=0 and passing through the intersection of the lines. 
x4-2y4-1—0 and y=x+7. 

Find the equation of the straight line perpendicular to the line 
2x—3y--1—0 and passing through the point of intersection of 
the lines x--y—4—0 and 3x4-2y—1-0. К 

The equations of the sides of a triangle are 

yp+x—6=0, 3y—x+2=0, 3y 5x42. 

Find the co-ordinates of its orthocentre. 

Write down the equations of the perpendiculars from the origin 
` to the lines.x4-5y—13, 5x--y=13 and find the equation of the 
line joining the feet of the perpendiculars. 

DISTANCE OF A POINT FROM A LINE 

To find the length of the perpendicular from a given point оп а 


given straight line. 
Let the equation of the given straight line be 


ax+by+c=0 


and let the co-ordinates of the given point P be (x1, Ji. 


If the given straight line meets the axes of co-ordinates in the 


point A and B, then the co-ordinates of A are 


Fig. 10°26. 
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— с/а, 0) and those of B are (0, —c/b). Join РА and PB and draw 
Sb 1 AB. If p denotes the length of PD, then 


1 p. AB—AAPB. 
_ 24 APB р 
р= A Sn -O 
Since the co-ordinates of the points A, P, B are (—с/а, 0), 
(xı, уз) and (0, —c/b) respectively, 


Therefore, 


therefore, АЛАРВ= Jap (rb. Fe) ; 


Also, «ABS V (ct/a*--e*[b2) 
Substituting the above values of AAPB and AB in (i), we have 
Маху + 
р М (+B) 


Corollary. The length of the perpendicular from the origin 


on the straight line ax+by+c=0 is VeL 


Example 28. Find the [ent of the perpendicular from the 


point (1, —3) on the straight line 3; xt 4y+5=0. 
, Solution. If p denotes the required length, then 
13.14.0395. 4. 
pr AGUA) ы Б 


Ехатар1е 28. Find the distance between the lines 

3х+4у+15=0 and 3x+4y—10=0. 

Solution. The distance between the given straight, lines is 
equal to the length of the perpendicular from any. point on one of 
these straight lines upon the other. - ; S 

Putting y—0 in the equation 

3x+4y+15=0, i 
we find that (—5, 0)is a point on the first straight line. The length 
of the perpendicular. from the point (—5, 0) on the Straight line 
3x+4y- 10—0 is given by 
| 3(—5)+4.0—10 | 
p= A/ (32-42) =5. 


EXERCISE 10 (/) 
„l, Find the distance of the point (—2, 3) from the straight liae 


17 روک رر 
Findthe length ofthe perpendicular drawn from the point‏ ,2 
on the straight line 3x--4y—5,‏ )1— ,2( 
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3, 
4. 


and 


Find thelength of perpendicular from the point (3, 4) upon 
the straight line 8x--15y4-1—0. 

Find the distance of the point (4, 2) from the line joining the 
points (4, 1) and (2, 3). 

Find the distance of the point (2, 3) from each of the straight 
lines 3x-4-4y —28—0, 4x—3y+11=0 and 5x4-12y—20--0. 
Show that the perpendiculars let fall from the point (1, —1) 
upon thetwo straight lines 3x—4y—2 and 5x—12y 4 are 
equal. 

The equations of the sides of a triangle аге. 3x-- y 4-4—0; 
3x—Sy+34=0 and 3x—2y--1-0. Find the lengths of the 
altitudes. 

Find the lengths ofthe perpendiculars from the vertices on 
the opposite sides of the triangle whose vertices are the points 
(0, 0), (1, —1)'and (3, 2). 

Find the distance between the lines '9x--40y4-21—0 and 
9x-:40y—20.— 0: 

Find the distance between the straight lines 3x--4y--5—0 and 
3x 4y 20 —0. 


'7. PAIR OF STRAIGHT LINES 
Consider the two Straight lines represented by the equations: 
axthy+eo=0, > NT 
asx-bbsy- c, 7-0. (й) 


Let (х, y') be the co-ordinates of апу. point Р on. either of the 


two lines (/) and (i). Obviously, (x^, у) will satisfy the equation 


(ayx Tb y cy) (aax t bay + ¢2)=0,. (їй) 


Fig. 16:27, 
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because if P lies on (i), then a,x’+-b,y’+-c,=0 and if P lies on (ii), 
then a,x’ 4-b5y' -- c —0, and so in either case (x*, y‘) when substituted 
in the left-hand side of (iij) will make it zero. 

Also, if a point Q with co-ordinates (x7, y") does not lie on any 
one of the lines (i) and (ii), then 

a,x" +b y" 1520 and aix" t b,y" 4-057540, 
and so (x, у") when substituted in the left-hand side of (ii), cannot 
make it zero. 

Thus equation (iii) is satisfied by the co-ordinates of all points 
which lie on (i) or'on (ii) and is not satisfied by the co-ordinates 
of any other point. Hence (iii) represents the pair of straight lines 
(i) and (ii), that is, (iii) is the joint equation of the lines (i) and (ii). 
ltis possible, therefore, that a single equation can represent two 
lines. In fact, if F(x, y) is a quadratic expression in x, y which 
сап be resolved into two real linear factors, then F(x, y)—0 


represents two straight lines obtained by equating to zero the two 
linear factors of F(x, y). 


108. PAIR OF STRAIGHT LINES THROUGH THE ORIGIN 


We know that the equation of a straight line through the origin 
is a homogeneous equation of the first degree, and conversely every 
homogeneous equation of the first degree representsa straight line 
through the origin. To representa pair of straight lines through 
the origin, we need a homogeneous equation of the second degree. 
Infact, as we shallsee, the equation of a pair of straight lines 
through the origin is a homogeneous equation of the second degree, 
and conversely every homogeneous equation of the second degree 
represents a pair of straight lines through the origin. 

Theorem 10'1. The equation of a pair of straight lines through 
the origin is a homogeneous equation of the second degree. 


Fig, 10°28. 


STRAIGHT LINES `` 341 


Proof. Let y—m,x=0, 
and °° y—msx-0ü 
be two lines through the origin. 
Then the equation of the given pair of lines is 
(y—mx) (у—т»х)=0, 
Le., mmx? —(m +m) xy4-y*—0, 
which is a homogeneous equation of the second degree, 


Theorem 102. Every homogeneous equation of the second 
degree represents a pair of straight lines through the origin. 


Proof. Consider the homogeneous equation of the second 
degree : 


ax?+2hxy+by?=0. 00) 
Now if 5750, 


ax*+2hxy+by=b ( Pet ayt У 


=b(y=mx)(y—m,x), 
—2h 
where mima vas 
a 
mym,y— p? 


so that m, m; are the roots of the equation 
пт. =o, | 
ie., bm?+2hm+a=0. E 
Hence (i) represents a pair of lines through the origin whose 
equations are х 
y—m,x=0 and y—m,x=0, 
where m, and m, are the roots of the equation (ii). 


If b=0, the given equation reduces to x(ax+2hy)=0, which 
represents the lines x=0 and ax+2hy=0, both passing through the 
origin. x 

Remarks. |. If /?—ab>0, then the roots of (ii) are real and 
nisnin and so in this case the lines represented by (i) are real and 

istinct. 


2. If h?—ab=0, then the roots of (ii) are equal and ѕо in this 
case the lines are coincident. " 


: 3. If h?—ab<0, then the roots of (її) are imaginary and so in 
this case the equation does not represent any real straight lines. 
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109. ANGLE BETWEEN THE LINES ax*--2hxy — by:—0 


Suppose y—m,x=0 and y—m.x=0 are the. lines represented 
by the equation 
ax*-+2hxy+by?=0. 
Then as discussed earlier, if 5540, 


2h 
туі ту b mii 


lf 0'is the acute angle between the two lines, then from 
Fig. 10°29, 


tan 0= | tan (0,.—6,) |, 
. | tan 6,—tan 9, | 3 
-Itan 6, tan б,” 
Ha — ту | 
=| 1+т,т, 


Fig. 10°29, 


Lo mn ting Amy) 
| mm, | 4 


IC) $F 
| او‎ 

LA (аа4ар) 

lora] - 


А2 М bi —ab 
i [a+b] 
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24/ ab) 
Spare 
If b=0, then from Fig. 10°30; 
tan 6=tan (90°—6,), 
=cot бү, 


§=tan™ 


| } 1 = 23а, provided a0. 


кыз. 


Fig. 10°30. 
Hfa=b=0, the lines reduce to the axes of co-ordinates, the 
angle between which is 90°. 

Hence we have the following : 

Theorend 10.3. The ankle between the lines ` 
ї ахз 2xy4-b3—0 is tàn! 2V hab, 
‘ 1 Lab] 
1 Corollaries. 1. The lines are perpendicular«-mimy— —1, 
E of =l, 640, 
P. at b--0. ; 
ке In case 2—0, [one of the lines being x=0, the other, viz.,. 


ax-+2hy=0 is perpendicular to it if a=0, so that we again have the 
condition a+b=0. 
2. The lines are coiricident «»0«-0, 
1 «tin 050, 
ht -ab. 


} 
ў 
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1010. COMBINED EQUATION OF THE BISECTORS OF 
THE ANGLE BETWEEN A PAIR. OF STRAIGHT 
LINES REPRESENTED BY 


ax?--2hxy--by?-: 0 i (D 

Letthe equation (7) represent the two straight lines 
у—тух=0 and y=m,x=0, (Hi) 
so that m,+m,= —2h[b, and myns—a[b. (iii) 


Recall that the locus of à point which moves so that its 
distances from two given intersecting straight lines are equal is the 
pair of straight lines bisecting the angles between them. Therefore, 
the point (x, y) will lie on a bisector of an angle between the lines 
(i) iff its distances- from. the lines v —mix—0' and y—msx-—0 are 
equal, i.e., iff (if and only if) 


| у—тух| _ |у—т»х| 
Vim?) — (mg ’ 
à (у= тух)? (у= тух)? 
Le, iff (т) ^ ETON 3 
Le, iff (1-5 та) (у mx)? (01 4 m3) mx), 
Le, iff (mj! ту) (2—52) -2 (тут. — (mt m;)xy —-0, 
Le um (my my) — y?) + 20mm, — 1)xy—0, E62) 
since m — m40. у? 


By (iii), we can re-write (iv) as 
(= Jena $-1)»-6 


orna GUTEN ху 


a—b © h ^ "aa o 
which is the desired equation, oA NM i 

Aliter. Let statin p. Tepresent the two straight lines 
M,ON; and M,ON, inclined at angles 0, and 0, to the x-axis 
(Fig. 10.31) so that (i) is equivalent to 


b(y—x tan 0,) (y—x tan 0,)=0, ---(ii) 
(ii) can be re-written as 
bx? tan 0, tan 0a—bxy (tan 0,--tan 0,)-- by*— 0. (їй) 


Comparing (i) and (iii) we find that 
b tan 0, tan 0,—a, —b(tàn 0,4-tan 6.) 22h, 
во that | : : Ч E 
Ad tan 0,-+tan 0,— —2//b, tan 0, tan 0 — a/b. 509) 
Now Z A0M,— ZM,0A, ne 
therefore, Z AOX—0,—0-- /'AOX, 
e, 2ZAOX=0; +6,. 
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, ..Fis.1031, 
Also, ZCOX=90°+ 7 AOX, Badio 
therefore, ——— 27 COX—180* 4-27 AOX—180?--0--0,. 


" Hence if 0 stands for either of the angles AOX or COX, we 
ave ‚ 
tan 20—tan (0, 4-6,), . 
_tanQ;+tan0, | —2h | .... ‚ 
чап: 0, tan ûj ba 0) ©) 9) 
If (x, y) be the co-ordinates of any point'on either of the lines 
OA or OC we haye 


Чап 0—y/x. , PCR 
Re-writing (v) as P i 
mii d ...2 tan 6 
: py 9020 rates 9” 
and using (vi) we have 
| _ 2h _ уд | 
b—a 1—(y/x)” 
А ху x | an 
je RS | 00) 


. Since (vii) is a relation between the co-ordinates (x, y) of any . 
point on either of the two bisectors, ‘therefore, it is the combined 
equation of the bisectors. —. 
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Example 30. Find the lines represented by 
2x! -5xy- 2y*— 
Solution. Suppose that y—7,x—0, y—m,x—0 are the lines 
represented by the given equation. 
Then m, and m, are the roots of the equation 
bm*+2hm+-a=0, 


where a=2, 2h=5, b=2. 1 
Thus, mj, т, are the roots'óf the equation 
2ni*-5m-4-2-— 0. 
ч eI ME SEMI, 
NETS i 
1 i 
Toe 


Hence the required equations are 
yt$x=0and p+2x=0; 


bitis 2y--x-— 0 and y 4-2x —0. 
Example 31. Find the angle between the lines 
xt-F4xy ty! —0. 
Баенов! If х-4ху узах +-2hxy-+by?, 
then t a=1, b=1, h—2. 


If 0 is the angle between the given lines; then 

2 V(h*—ab) _ 24(2—1.1) 243 
a+b A OLD 

0—tan^! ¥3=60°. 


Hence theangle between the lines represented by the given 
equation is 60°. 


= N3, 


tan 6 


Example 32. Find the. Жуу of the bisectors of the angle 
between the straight lines 2x?4- xpty=0. 


Solution. If 2395-45 база xy + byt 
then а=2, h=2, b=1. 


Therefore, the equation of the bisectors of the angles between 
the given pair of straight lings is 


xy? oy 


ie., © 2x3— xy—2y! —0. 


Do VETE JU P ONES TENERE T 
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EXERCISE 10 (m) ; 

1. Find the lines represented by each of the following : | 

(i) x?—4y?=0, 

(ii) x*—3xy —452—0. 
(iii) 4x*—5xy4-y*—0. . 

(iv) 333--19xy +209 —0. 
Find the angle between the lines represented by tach of the 
following : 

(i) x?+-3xy+2y?=0. 

(И) x*--4xy-rF4y*—0. 
(i) x*--2xy cos 2a—y*—0. 

(iv) x*—2 sec'0 xy--yt-—0. 
3. Find the value of A so that the equation eros 
may represent two coincident Jines Ü 
4. Show that the angle between the Tines —' by 

(2-3) sin? a=(x cos 0— y sin 6)? 


ю 


18 2а. 


` Find the equation of the straight lines through the origin per- 
pendicular to the lines represented by 


2x? + 3xy-+y?=0. 


1011. CONDITION FOR THE GENERAL EQUATION OF 
SECOND DEGREE TO REPRESENT A PAIR OF 
STRAIGHT LINES 


The general equation of second degree is of the form 
ах? -2hxy4- by*+2¢x+2fy+e=0. 0 


This will represent two straight lines if we can resolve the left- 
hand side of (i) into two real linear factors. 


Three different cases arise : 

Case І. a0. j 

In this case, multiplying both sides of (i) by a, we get 
atx* + 2ax(hy+g)+-aby*+-2afyt+ac—0, 


UA 


E, (ax -- Ay -gY — (hy-- g--aby? +-2afy+ac=0, 
o ten fax thy +E)" — iab) -2(gh—af )y +2*— ac]--0. 


‚ The expression on’ thë left of the above equation can be 
resolved into two linear factors iff (if and only if) 
(Q?—ab)y*-- 2(gh — af )y +g — aê 
is a perfect square, that is, iff 
(gh—af  — U*—abY(g*—ac) =0, 
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Le., iff 5 —2afgh --a*f*-l-abg*--ackt —a*bc —0, ) 
ie., iff a(2fgh-t-abc—af*— bg: — oh?) - 0. - (i) 
Since a»0, therefore, (ii) is equivalent to 


abc-2fgh—af*— bg1— c? — 0, -- (iii) 
which is the required condition. ' 
Case П. a=0, 50, 
In this case, the equation reduces to 
2hxy-- by + 2ex+ 2fy-+o=0, i °. 
Multiplying both sides of (iv) by b, we get : 
2bhxy--b*y*-2bgx--2bfy-4-bc—0, 
їе., b*y*--2by(hx- f) J-2bgx-I-bc—0, 
іе, (by - hx f [0х P=>2bgx—be]=0, 1 
ie., (by+hx+f = аха 2x(hf-—- bg) +f 2—60. ту чт 
` The expression on the left-hand:side of the above equation can 
be resolved into two linear factors iff 
hx? -2x(hf — bg) 3: f*— bc 
is a perfect Square, that is, iff 
(hf—bg)*=1(f?—be), 
ie., iff Big*— 2bfgh+ beh?=0, 
ie., iff s (2fgh—bg*—ch?)b=0. een) 
77. Sincé/b»«0, (у) їв equivalent to . iss VERI 
я ` 2fgh—bg!— chià--0, 
which is the same condition as (iii) with a=0, 
Case III. a=0, b=0. 


In this case, the equation reduces to А у í 

2hxy+2gx-+-2fy+e=0, yi mE 

Here /7£0, because the given equation is. a. second * 
equation. . : 


Now (vi) can be written as 


=. ENa 
گر‎ (+ (>+ (=0. 
The left-hand side of tlie above equation can be resolved into 
two linear factors iff g/h=c/2f, that is, iff 2 J@—ch=0, whichis the 


same condition as (ii) with a—0 and 5=0. Thus we have the 
following: І 


degree 


Theorem 104. 4 necessary and sufficient-condition that the 
general equation of the second degree 


axt 2hxy--by*--28h--2fy--e— 0 


try 
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may represent a pair of straight lines is that 
abc--2fgh—af *— bg*—ch* =0. 
The above condition can also be obtained by another method 
wbich we give below. 
Alternative Method : 
Suppose that the general equation of the second degree, viz., 
"ms ax3 +2hxy + by? +2gx+2fyt+ce=0 
represents the two straight lines 
Ix-+-my+n=0, 
and 3 l'x+my+n'=0. 
Then, ax --2hxy-rby*--2gx-2fy4-c 
Exc my-r n)'xAar m'y En). 
Comparing coefficients, we get 
1 =а, mm' =b, nn'=c, 
Im! +1'm=2h, In' 4-l'n—2g, тп +m'n=2f. 
Multiplying the last three equations above, we get, 
(Im! +1'm)(in' + l'n)(mn! +-m'n)=8fgh, 


ie, Il' (mn' --m' nY--mm'(In' 4- 'n)* 

-Enn' (Im - I'm —All'mm'nn' —8fgh, 
ie, a(2f)?-+b(2g)?+-c(2h)*—4abe=8fgh, 
tex abe +2fgh—af*—bg*—ch*=0, 


which is the required necessary condition. 


Remark, The expression abce+-2/gh—af*—bg*—ch? is known 
as the discriminant of equation (i), and is generally denoted by A. 


1012. ANGLE BETWEEN THE LINES REPRESENTED BY 
THE GENERAL EQUATION OF SECOND DEGREE 


Consider the general equation of the second degree, viz., 
ax?-+-2hxy-+-by*+2gx+2fy+c=0. 
Suppose that the lines represented by this equation are 
у=тх+е and ynmsx-t cs. (i) 
Then, ax*4- 2hxy+by*+2gx+2fyte 
eb(mix-- ey — yy (max d-e3— ya). 
Comparing coefficients of xy and x*, we get _ 
m, ms —2h[b, mym,=alb. 
If Ө is the acute angle between the lines (i), then 


mı- m, 
ар o=] 1+mm 
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_ 2м/ (А-а) 
[4+6 | 
2 зер 
Qaid | V (h?—ab) | 


| a-b | 
which is the required acute angle. 
Remarks, 1. Note that the angle between the lines represented 


by 
ax t 2hxy thy? +2gx+2fy+c=0, E 
is the same as the angle between the lines represented by 
ax*4-2hxy-- by*— 0. : (00) 


The reason for this:is that the equation of the lines through 
the origin parallel to the lines represented. by: (i) is (ii). This can 
be seen as follows : G 


Tf (i) represents the lines х 
y=mx+e, and y=m.x+-¢,, 


then the equation of the lines through. the origin, parallel to the: 
lines represented by (i). is 


Qi mx) m;x)-—0, 


Le; y*— (m d ma)xy-e mm! —0, 

A 2h Y d gi 

ie. »-(-&) Fg ж=0, 
ie., : ax?+2hxy+by?=0. 


Hence the angle between the lines represented by (i) is the 
same as.the angle between the lines represented Бу. (i). Note that 
(ii) is obtained by equating to zero the second degree terms in (i). 


2. Itfollows from the above that the lines represented by 
{ ах? 4-2hxy 4- by? -2gx4-2fy--c—0 
are perpendicular iff a--b— 0 and are parallel iff 5* —ab —0. 


1013. CHANGE OF ORIGIN (TRANSLATION OF AXES) 


Sometimes a problem can be solved more easily by changing 
the origin. In this section we shall show as to how we can change 
the origin, the new axes being parallel to the original onés, 


Let Ox, Oy be a pair of rectangular co-ordinate axes, and let 
O' be a point whose co-ordinates which respect to Ox, Oy are (h, К). 
Throught O' draw lines O'X, O'Y parallel to Ox, Oy respectively. 
Let P be a point whose co-ordinates. with respeet to Ox, Oy are 
(x, у), and with respect to O'X, O'Y are (X, Y) To obtain the 
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relation between (x, y) and (X, Y), we draw PM LOx to meet OX in 
N. Also let YO’ (produced, if necessary) meet Ox in L. 
Then x=0M, 
=OL+LM, 
=X+4, since LM=O’N=X, and:OL=h. 


Fig. 10°32. 


Similarly, 
y=MP=MN-+NP, 
=Y +k, since NP=Y 
and MN-LO'—k. f 
Therefore, an equation in x and у can be transformed into aa 
equation in X and Y. by substituting 
? x=X-+h and y=Y +k. 
1014. THE POINT OF INTERSECTION OF THE LINES 


REPRESENTED BY THE GENERAL EQUATION OF 
SECOND DEGREE 


Consider the general equation of second degree ` 
ax?+-2hxy+-by*4-2ex+2fy+c=0, 
such that A=0, so that it represents a pair of straight lines. Suppose 
that the lines represented by the above equation are. not parallel, 
that is, /252ар. ` Let (x1, yı) be the co-ordinates of the point of 


intersection of these lines. Now, transferring the origin: to (xj, y,) 
by substituting 


‚ XX, y=Y +J, 
where X, Y are the new current co-ordinates, we get, 

a(X4- xy - 2A(X-x)) (Y y) +94)? T22(X-x,) 
+2f(Y+y)+e=0,. 
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Le., (aX*--2hXY + bY?) +-2(ax,+hy; +g)X+2(hx,+by,+f)y 
* 7k (ax? -2hx yy Бу,%-Е2вла-Е2/у\-Ес) =0. 
Since axi*-2hx y, by,’ +2¢x,+ 2fy,+c=0, 
the above equation reduces to 
(aX*-E2hXY +bY*) + (ax, --hyy--g)X4- (hx, tby +f ) Y —0. 
Sinee the above equation now represents a pair of lines through 
the origin, therefore, it must be a homogeneous equation of the 
Second degree. 
This means that we must have 
аху-ЕВуу+в=0, „0 
апа hx,+by, +f=0. (й) 
Solving (i) and (ii), we get - 
hf—bg | _gh—af 
| ab—h* °“ ab—h? ’ 
which gives the co-ordinates of the point of intersection. 
Remarks. 1. If ab—h’=0, then the equations (i) and (ii) do 
not have a unique common solution. 
if A = 2. AF the equations do not have any common 
solution. This corresponds to the case of the two lines being parallel 
' and distinct. { 
COT RAIS i А Sais fs : 
If ob fi the equations have infinitely many common 
solutions. This corresponds to the case when the lines are coinci- 
dent (and so every point of the lines is a point of intersection), 


2. If ax?+2hxy-+ by*--2gx4-2fy--c—0 represents a pair of 
lines, the left-hand side of the above equation can be resolved into 
two linear factors. When equated to zero, these factors will give 
the equations of the two lines. We can then solve these two equa- 
tions to obtain their point of intersection, 

Example 33. Find the equations of the lines represented by 
E X! 3xy-E-2y!- 4x 5y 4-320. 

Also, find their point of intersection and the angle between them. 


Solution. The given equation is 
x*E3xy-E2yH-4x4-5y4-3—0, 
ie; poXEx(3y 4:4) 3-2)? 5y4-3—0, 


E [++ Т +» }+»+ъ+з—о, 


— 


Mr bat ts 


а á io ы AS — 
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М 2 
e ( xr» +2 }——-®ю—4+зю+5у+з=0, 
ie, ( aa (о), 
E 3y 2 d з 
tas (ао ] (ик, 
і pum; РА erie y 4 
б» | Xr nep T x+ 2 +2— xin } 
Le. (х-Е2у-Е3)(%-+-у-Е1)=0. 


| Thus the equations of the lines represented by the given equa- 
tion are K 


x+2y+3=0, (i) 
and х+у+1=0.` 0) 
Solving (i) and (ii) for x and у, we get . 
х=1 and y=—2, 
Thus the point of intersection of the two lines is (1, —2). 
Also, if 0 is the acute angle between the lines, then 
—{#+1 |= 
13-3 3 
Hence, the angle between the lines is tan-* 3. 


tan 0=| 


Example 34. For what value of c, does the equation 
Ў 2x?-F3xy--y*-- 11x4-6y4-0—0 
represent a pair of straight lines ? 
Solution. Comparing the given equation with the general 
equation of the second degree s 
ax*-F2hxy Lby?+2gx+2fy+c=0, we get 
a=2, b=1, h=3/2, g=11/2, f=3. 
A necessary and sufficient condition that the general equation 
:о the second degree may represent a pair of lines is 
abc --2fgh—af * —bg*— ch*— Q. 
Thus the given equation will represent a.pair of lines iff 
2ct- 2... + . + r2 gS c=0, 
which on simplification yields с=5. pv 
P orar 35. Find the point of intersection of the lines repre- 
231—xy—y*-5x4-y4-2—0. 
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Also, determine the angle between them. 
Solution. If (х1, уу) is the point of intersection of the lines 
ax +-2hxy +-by*+2ex-+ fy +c=0, 
then xı, уу are obtained by solving the equations 
ax, +hy;+g=0, 
and i hx, +by, +/=0. 
1 5 1 
Неге, a=2, b=—], Е fes c2. 
Thus the point of intersection of the given lines is given by 


1 5 
231—353: —0, 


; 1 qus 
and —T*h-At 479. 


These give, x, —1, »i-1. 
(—1, 1) is the point of intersection, 
Also, if 0 is the acute angle between the two lines, then 
: 2 3 7 
Керро 
2v G+2) 
2—1 ¢ 

=3. 
Me 6=tan- 3, 
Example 36. Show that x°+6xy4-9y2+-4x-+-]2y—5=0 repre- 


senes two parallel siraight lines. Find the distance between these 
ines. 


Solution. Arranged as a quadratic equation in x, the given 
equation. is 


ха 2Gy42)x+9)24 12 50, 


or lx + Gy-:2)9— 3 -2)--9)2-12» 5-0, 
or (x+3y+2)?—9=0, 
or (¥+3y-+2)?—3?=0, 
or (x+3y+243)(x-+3y+2—3)—0, 
or o &+3y+5)(x+3y—1)=0, 
the lines represented by the given equation are 
x+3y+5=0, x ~(i) 


and х-ЕЗу--1=0. | У (i) 
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These lines are parallel since their slopes are equal, 


To find the distance between these lines, suppose AB is the 
Straight line represented by (/) and CD is the straight line repre- 
sented by (ii). It can be easily seen that the relative positions of 
AB and CD are as shown in Fig. 10:33. 


Let OM and ON be the perpendiculars drawn from the origin 
О to the lines AB aùd CD respectively. i 


Y 


Fig. 10:33. 
Clearly, the distance between AB and CD is OM+ON. 
5 5 } 
Now, OMz——— ——_ | 
a Vito Vio 
1 1 
and ON=———_ — TES 
0-9) мї 


` Thus the required distance 
E ome TENÊ 
: М10 vio? 5 
Remark. The distance between the lines AB'and CD in the 
aboye example can also be obtained as follows : 
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Let P(x’, y") be any point on the line CD. 
Draw PQ 1 AB. 
Since (х, y") lies on CD, 
x’ +3y'—1=0, (fil) 
Now, 
x FES 
PQ= Vito А 


ESE WAN 
= Jio [Using (iii), A 


: Q 
= 5710. Frg, 10:34. 


EXERCISE 10 (n) 
1. Show that each of the following equations represents a pair of 
straight lines : 
(i) x*--3xy-2y*--3x—5y -2—0. 
(ii) 3x*--8xy — 33 2x —4y 4-1—0, 
(iii) 4x°+-12xy+9y? 4- 10x-4- 15y 4-4— 0. 
(iv) 3x°4-Txy-+2y?+-5x+5y+2=0, 
2. Find for what values of A; do the following equations repre- 
sent pairs of lines : 
(i) Tx®+12xy+5y2+ 6x+4y+A=0. 
(ii) Ах®+-ху— у%—11х—5у--14=0. 
(iii) 3х%—10ху-Е7у%-Е2Ах—7у—42=0. 
(iv) 12x*+-2Axy+2y?+11x—Sy+2=0. 
3. Find the equations of the lines represented by 
3y*—8xy—3x*—29x-4-3y—18—0. 


M find their point of intersection and the angle between 
them. 


4. Find the equations of the lines represented by 
6x*-+7xy—20y?-+-x+ 14y—2=0. 


Also, find their point of intersection and the angle between 
them. 


5. Show that the equation — 
2x? —5xy T 2y1—3x--3y -1—0 
represents two straight lines intersecting at an angle tan? 2. 
6. Show that the equation 
x—xy—6y*—3x--14y—4—0 


represents a pair of lines inclined at 45° to each other. Also, 
find their point of intersection. 
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7. 


12. 


12; 


Find the point of intersection of the lines represented by 
x*-E3xy y! —7x—3y4-1—0. 

Also, find the angle between them. 
Find the point of intersection of the lines represented by 

3x?+ 10xy+-8y2+ 14x4-22y 4-15—0. 
Also, find the angle between them. ; 
If 6x?— 11xy—10)24-19y--c—0 represents. two straight lines, 
find the equations of the lines and the tangent of the angle 
between them. 
Find A in order that the equation 

x*pAxy4-y3—5x—7y--6—0 y 
may represent a pair of straight lines. Write the equation of 
the lines through the origin parallel to these. 
Show that the equation 9x? --6xy--)?--9x4-3y--2—0 repre- 
sents a pair of parallel straight lines. 
Show that the equation _ 

9x? —24xy+-16y*—12x+16y—12=0 

represents a pair of parallel straight lines. 
Show that the equation 

16x°+-24xy-+-9y?+-24x-+ 18y-+5=0 


represents a pair of parallel straight lines and find the distance 
between them. л 


Show that the equation 
Р 4x? + 20xy +-25y?+8x+20p—5=0 
represents a pair of parallel straight lines and find the distance 
between them. 
TEST YOUR UNDERSTANDING X б 
In each of the following, four alternatives аге given, Put a tick 


mark (У) against the correct alternative. 


1. 


The equation of the straight line which passes through the 
point (1, —2) and cuts off equal intercepts from the axes is 


(a) х+у=1 (b) x—y=1 

(c) х+у+1=0 (d) x—y—2-0. 

The equation of the straight line passing through (1, 2) and 
perpendicular to x+y+1=0 is 

(a) y—x+1=0 (b) у—х—1=0 

(с) у—х+2=0 (d) y—x—2-0. 


If the lines 3y-+4x=1, y=x+5 and kx-+5y—3=0 are con- 
current, then the value of & is 
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20. 


А ТЕХТ-ВООК OF MATHEMATICS 


(а) 1 (Б) 3 
(с) 6 х (d) 0. 
The distance between the lines 3x--4y—9 and 6x+ 8y=15 is 


3 3 
(a) TY 0) 0 
( 6 @ йт: 


The lines (p+-2q)x-+(p—3q)y=p—q for different values of p 
and q pass through the point 


25 ЖОБОГО? О: 
e (> 5) B.) 

3o 3 709 
өф =) e (5 3) 
The equation of the straight line passing through the point . 
(2, 1) and parallel to 2x—y+1=0 is 
(a) 2x —y—0 (b) x4-2y—420 
(c) 2x—y—3=0 (d) 2x—y+3=0, 


The angle between the straight lines x—y+1=0 and 
x y—2-0 is 


т л 
(а) э (b) Ж. 
т т 
(с) Er (a) 6 


The equation of the straight line which passes through the 
point of intersection of x--y—1 and X—y-land is parallel 
to the line 3x 4-y—1 is 

(a) x—3y+2=0 (b) 3x-+-y+3=0 

(c) 3x--y—3=0 ` (d) x+3y—1=9, 

The straight lines represented by the equation x*—y?=0 are 
inclined to each other at an angle 


т т 
(а) ES (b) ig 
(Qe z, 
(OSA (d) =; S 


The equation x*trAxy-- Ay! 3x 4 6y+2=0 represents 
(a) a pair of parallel Straight lines : 
(b) a pair of perpendicular straight lines 


- (c) a pair of straight lines Fassing through the origin 


a of straight lines passing through the point 
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10. 


11. 


14. 


REVIEW EXERCISE X 
The vertices of a triangle are A(5, —2), B(—9, 3) and 


„С(—3, 5). Find the equations of the medians, 


Provethat the points (4, 5), (6, —1) and (0,17) are ina 
straight line and find the equation of the straight line through 
them. 

Find the ratio in which the join of (1,2) and (—9, —6) is 
divided by the join of (3, 7) and (—11, —11). ' 
Find theequation of the straight line which bisects the join 
of (2, 1) and (3, 5) and also bisects the join of (1, —3) and 
Obtain the equation of the straight line through the point 
(4, —1) and inclined at an angle of 30° with the x-axis. 

Find the equation of the straight line which passes through the 
point (2, —5) and has intercepts on the axes equal in magni- 


` tude but opposite in sign. 


In what ratio is the line joining (1, 3) and (2, 7) divided by 
3x+y=9.? Fou 
Find the equation of the straight line which passes through the 
point (3, —2) and cuts off positive intercepts on the x and 
y-axes which are in the ratio 4 : 3. А 
Find the area of the triangle formed by the lines 4 

y=2x-l, 2y-3x—5 and x--y+1=0. 
For what value of k are the lines 4x--3y—3-—0, kx+7y=11, 
and x4- y —2, concurrent ? у 
Find the equation of the straight line joining the origin to the 
point of intersection of the straight lines 

Sx+-6y—1=0 and x+2y—7=0. 
Prove that the points (3, 0), (1, 3), (3, 4) and (5, 1) are the 
co-ordinates of the vertices of a parallelogram and find the 
angle between its diagonals. 
Find the equation of the straight line perpendicular to the 
straight line 2d 

:3х-=5у+7=0' , 
and passing through the intersection of the straight lines 
5x—6y=1, 3х-Е2у-Е5=0. 


Find the’ equations: of the diagonals of the parallelogram 


` formed by the straight lines whose equations аге 


2x—y—5=0, 2x—y-+7=0, 
3x+2y—5=0, 3x+2y+4=0. 
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15. The vertices of a triangle are (4, —3), (—2, 1) and (2, 3). 
Find the co-ordinates of the circumcentre of the triangle. 
16. Theline 2x—3y—4=0 is the perpendicular bisector of the 
line AB and B is the point (3, 6). What are. the co-ordinates 
of A? . 
17. Find the distance between the straight lines 
7x--24y--3—0 and 7x4-24y-- 28 —0. 


18. Find the length of the perpendicular from (b, a) upon the 
straight line : 
a(x—a)=b(y—b). 
19. For what value of A will the equation 
Ax*—10xy--12y14-5x—16y—3--0 
represent a pair of straight lines ? Also find the equations of 
ı the lines. 
20. Show that the four lines given by 12x*—-7xy—125?—0 and 
12x*--7xy—125*—x4-7y—1 —0 lie along the sides of a square. 
SUMMARY 
1, The equation of any straight line parallel to y-axis is of the form x=a, à 
2. The equation of any straight line parallel to the x-axis is of the form у=. 
3. The equation of a straight line in the slope-intercept form is y—mx 4 c. 
`4. The equation of a straight line in the point-slope form is 
y—n-m(x—»xi). : 
5, Theequation of a straight line in the two-point form is 
Уу o Son 
Yayı Ха-а 
6. The equation of a straight line in the Symmetrical form or distance form is 
х-№ ررر‎ 
coso sing =" 


7. The equation of a straight line in the intercept form is 
т ay 
AOR E 
8. The equation of a straight line in the perpendicular form is 
р *cos «+y sin «=p. 


БЕС 


. 9. The point of intersection of.the straight lines ) 
ax+by+c=0 and a'x+b'y Fe'=0 is ~ 1 
bc'—b'c саса | 
(=? аа ). 


; ıı The angle between the straight lines whose equations are y=mx+cı, and 


105% 
_ у=т„х+-сз, is 


tan-i | Zs [ 


1+ тт» 


STRAIGHT LINES ү я 361 


11. . The angle between the straight lines whose cquations are 
Aix Biy4-Ci-0 and A,x+Bay+C.=0, is 
AıBs=AsBı 
ТАЛА, ВІВ, | 
12. The straight lines whose equations are 
у=тх+с and y=m; x+ co, 
are (i) parallel if zr; E 
(ii) perpendicular if mim,— —1. 
13. The distance of the point (xı, yı) from the straight line ax +by+e=0 is 
Lexckbyere | 
4 (a*- b*) 
14. The angle between the lines ax? 4-2/txy 4-5y*—0 is 
tani 2 Ezab. 
[a+b | 
15. The equation of the bisectors of the angles between the due represented 
by ax?*--2Iixy--by* —0 is 
хау ху 
azb ~ he 
16. A necessary and sufficient condition for the equation 
ax? 2hxy+by?+-2gx+2fy+c=0 
to represent a pair of straight lines is that 
A —abe4-2fgh—af?—bg*— ch? =0, 


tan~! 


Oo. 


GOTTFRIED WILHELM LEIBNIZ (1646-1716) 


Gottfried Wilhelm Leibaiz was born in "Leipzig іп 1646. . When he was 
“only eight years old, he could read Latin and Greek, Mathematics was only one 
of the many fields in which Leibniz showed conspicuous genius. Before he was 
twenty, he had mastered the ordinary text-book knowledge of mathematics, 
philosophy, theology and law. 


Leibniz is said to- have lived not one life but several. Asa diplomat, 
historian, philosopher and mathematician, he did enough in each field to fill 
one ordinary working life. It was in 1672-73, while he wason a diplomatic 
mission, first in Paris and then in London, that he -exhibited his calculating 
Machine to the Royal Society. 


The last seven years of his life were embittered by the controversy which 
others had brought upon him and Newton concerning whether he had discovered 
the Calculus indep:ndently.of Newton, Leibniz made important contributions 
to the study of geometry as well. 
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r CHAPTER 11 


Circles 


111. INTRODUCTION, 


A circle is the locus of a point which moves in a plane so that 
its distance from a fixed point is constant. The fixed point is called 


the centre of the circle and the fixed distance is called the radius of 
the circle. 


112. THE STANDARD FORM OF THE EQUATION OF A 
CIRCLE 


Let O (0, 0) be the centre of a circle and let r be its radius. If 
P(x, у) be any point on the circle, then ; 


ОР=г. 
But ОР= V (x—0)*4-(y—0). © 
=V x+y. 
Hence the required equation is 
муг, 
ог j r aa m a 


Fig. 11:1. 
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З Example 1. Find the equation of the circle whose centre is the 
origin and whose radius is 3 units. 


Solution. The equation of the circle is 
vV (x—0?+G—0)?=3, 


or e+yi=9, 
11'3. EQUATION OF A CIRCLE WHOSE CENTRE AND 
RADIUS ARE GIVEN ? 


Letr be the radius and C(A, k) the centre of a circle. If 
P (x, y) be any point on the circle, then $ 


Cpu 
But, by the distance formula, 
СР= V (x— hy-F(y— Ky. 
Hence the required equation is 
Va AFO kr, 
or (x— By! (у), 


Fig. 11:2. 


Example2. Find the equation ofthe circlé whose centre is the 
point (1, 2) and whose radius is 3 units. 


Solution. The equation of the circle is T 
G— Dt 029-32, 
or x+y? —2x—4y—4=0, 
. 114. THE GENERAL EQUATION OF A CIRCLE 


-—.. The equation of the circle Whose centre is the point (4, k) and 
Whose radius is r, is 
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i (x—hY--(y—ky*-r?, 
or x?—2hx-E n? 4- y3 —2k y k*—r2, 
or x?-+-y?—2hx—2ky+h?+k?—r?=0, (0 
Equation (1) has the following special features : 
(i) It is of the second degree in x, y. 
(ii) The coefficients of x? and y® are equal. 
(iii) The term containing xy is absent. 
The equation of every circle has the above properties. 
Conversely, every equation having the above properties re- 
presents a circle. ! 
The general equation with the above properties is 
Xy! -2gx--2fy4-c—0. 402) 
Equation (2) may be re-written as 
(x*--2gx-F-g?) --Q*-E2fy- E f2) g' E f*— с, 
or (rte (tg Efe, 
showing that the distance of the point (x, y) from the fixed point 


(—8, —f) is constant and equal to 4/g*--f*—c. The locus of the 
point (x, y) is, therefore, a circle whose centre is the point (—g,—/f) 


and whose radius is /(2*—f*—c). 
Thus, the equation 
xy! 2gx4-2fy4-c—0; 
represents а circle whose centre is the point (—g, —f ) and whose 
radius is 4/ g33-f?—c. 4 L : 
Rule. If thé equation of a circle be 
X*-Fyt--2gx-2fy4-0—0, 
the coordinates of the centre—(— 3 coeff. of x, — 3 coeff. of y), 
radius — 4/((3 coeff. of x)*--($ coeff. of y)?—constant term} 
Example 3. Find the centre and radius of the circle’ 
x*-?4-6x—8y— 11-0. 
Solution. Comparing the given equation with 
Pry +2gx+ 2fy- c0, 
we have 2g=6, 2f— —8, c— —11, - 
or g=3, f=—4, с=—11. 


Hence the centre of the circle is the point (~g, —/), ie. 
(—3, 4) and the radius of the circle x CU 


=V Ff e 
= VG (4X 311-6. 


366 A TEXT-BOOK OF MATHEMATICS 


Aliter. The given equation is 
XF3*6x—8y—11—0, 
or GF 6x9) 97— 8y4-16)—94-164:11, 
or à (x+3)?-+(y—4)*=36, 
Therefore, the centre is (—3, 4) and the radius is 6. 
Example 4. Find the equation of the circle whase centre is the 
point (1,—2) and which passes through the centre of the circle 
+y?+-4x—4y+1=0/ l 
Solution. Let A be the cehtre of the circle 
XE! FAx—4y 31-0, А 
so that A is the point (—2, 2). 
If C be the centre of the required circle, the radius of the 
required circle is СА. Ву the distance formula, 
CA-—4/ (—2—Iy-E(23-2)9— 5. 
Thus the centre of the required. circle is the point (1, —2) and 
_ its radius is 5, { 
Hence the equation of the required circle is 
(x— D*-F(y 4-2)98—52, 
or X yt—2x-EF4y— 20-0. 
EXERCISE 11 (a) 
' 1. Find the equation of the circle whose 
(i) centre is (3, 2) and radius is 5 units ^ 
(ii) centre is (5, — 12) and radius is 13 ünits ; 
(ili) centre is (a, b) and radius is Vab? ; 
E 3 . 
(iv) | centre is (=. -3) and radius is 1 unit. 
2. Find the centre and the radius of each of the following circles : 
G) xHyt-16; o (ti) x*+y%6y=0; 
(iii) x+y 4x9; (v) 3?-b52—8x—6y—0 ; 
(v) XY! 2x4-2y4-1 0; (vi) TY +Ty2—4x—y=3 $ 
3. Find the centre and the radius of the Circle whose equation is 
x+y -6x4-4y— 36=0, j 
4. Find the centre and the radius of the circle whose equation is. 
a ay2= bx cy. : 
5. What is the locus of the equation 
*+y?+-6x—6y+9—0 2 
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6. Find the equation of the. circle through (4, —2) and having 
the same centre as the circle _ 
XEyt—6x-4y—1-0. 
7. Find the equation of the, circle whose centre is (—1, —2) and 
which has the same r^dius as the circle 
x +y'+3x—Ty—2=0, 
8. Find the equation ofthe circle whose centre is (—5, 7) and 
which passes through the centre of the circle 
x*-Ey*4-8x—6y--1—0. 
9. Find the equation of the circle which is concentric with the 
circle 
x*4y*7x—5y4-120 
and whose radius is 4 units. 
10. Find the equation of the circle which is concentric with the 
circle 
x+y? —3x-+4y—2=0 
and which passes through the point (—1, —2). 


115. EQUATION OF THE CIRCLE THROUGH THREE 
GIVEN POINTS 


Since the general equation of a circle contains three indepen- 
dent constants viz!, g, f and c, therefore, in general one circle can. 
be drawn:so as to pass through three points. For; on substituting: 
the co-ordinates of the points in turn in the equation. р 

x+y? 2gx4-2fy4-c—0, 
we obtain three equations in g, f and c, which have one solution in. 
' general. ; ^ 


Remark. The words[in general have been used here to indi- 
cate that there is an exceptional Case, viz, when the three points are 
distinct and collinear. 


Example 5. Find the equation of the circle that passes through 
the points (4, 3), (—1, I) and (2, — 1). Я 
Solution. Let X y*-2gx4-2fy4-c—0, 6 


: ; (i) 
be the equation of the circle. By substituting the co-ordinates of the 
given points in turn in equation (i), we get 


10--2g-F6f--c—0, - - (ii) 

2—2¢+2f+-c=0, ; (Hi): 

apnd - 5+4g—2f+c=0. Xv) 
Subtracting (iv) from (iii), we get у 

—3--6g--4/—0. E) 


Subtracting (Hii) from (ii), we get 
8+4g+4f=0. ` slri): 
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Subtracting (vi) from (v), we get 


—11—10g-0; 
О 
or qu£ 10 
Substituting the value of g in (vi), we get 
8— 22 учо, 
or ا‎ 
INTUS. 
' Substituting the values of g and f in (ii), we get 
ЖЕ T 
10—72- = +e=0, 
or pels 
METAM ; 


Substituting the value of g, f and c in (i), the required 
equation becomes 
11 9 12 
2 CER د‎ ЕНДЫ ЕТ 
WFP C umi T AES 0. 
or 5х24-5у2—11х—9у-—12=0). 
Example 6, Find the equation of the circle that passes through 
the points (1, —2) and (—2, 2) and whose centre is'on the straight line 


8x—4y +9=0. 
Solution. Let the equation of the circle be 
xr y*F2gx-2/fy4-0—0. 00. 
Since the point (1, —2) lies on the circle, we have ; 
5-E2g—4f--c—0. «D 
Since the point (—2, 2) lies on the circle, we have à 
8—4g--4f--c-—0. : ii) 


d The centre of the circle (i) is (—g, —f). Since it lies on the 
straight line 


8x—4y+9=0, 
we have - —8g--4f4-9—0. 07) 
Subtracting (iii) from (ii), we have : 
6g—8/—3—0. «oi 
Solving (iv) and (v), we have 


& [AUT TR 


3 
98 SS ia KIDS 
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Substituting the values of g, f in (iii), we have 


==-——5, 


Substituting the values of &,fand cin(i), the required equa- 
tion becomes 


LHH- 3 у—5=0, 
ог 2x*--2y*--6x-3y — 10-0. 
i EXERCISE 11 (b) 


1. Find the equation cf the circle that passes through the points 
( (2, 0), (0,3), (2, 3) ; à 
(ii) (0,1), (2, 3), (—2, 5); 
(йй) (2, 3), (3, 2, (5, 1); 
Gv). (1, 2), (3, — 1), (5, —6). : 
2. Find-the equation of the circle that passes through the points 
(2a, 0), (0, 2^) and (a+b, a+ B uw 
3. Find the equition of the circle that passes through'the points 
(4, 1) and (6, 5) and has its ccntre on the line 4x4-y— 1612 54 
4. А circle has its centre on the line x=2y and passes through 
the points (—1, 2), (3, ~21. Find the co-ordinates of the 
| centre and the equation of the circle. i 
.5. Show that the points. (2, 2), (5,3); (6,0),.(3, —1)lieona 
circle. Find the centre and the radius of this circle, 
6. Show that the four points (3, 01, (0, 3),.(, 3) and (0, 0) аге 


concyclic. : 
7. Show that the Points (4, 3), (8, —3), (0, 9) cannot lie on a 
circle. 


8. Find the equation of the circle circumscribing the triangle 
formed by the lines 1 
x—3p+5=0, x--2y—0, 3x-y 25226. 
9. Find the equations of the circles which pass through the points 
(0, 3) and (0, —3) and have radius equal to 5. j 


10. Find the equations of the circles which pass through the points 
(7, 10) and (—7, — 4) and have radius equal to 10. 


166. THE EQUATION OF THE CIRCLE WHEN THE CO- 
GRDINATES OF THE ENDS OF A DIAMETER ARE 
EN 


j 


А Let (x, уу) and (xs, уз) be the co-ordinates of the ends A, B 
of a diameter, i Ич ү 
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Let (x; y) be the co-ordinates of any point P on the circle. 


Fig. 11:3. 


Since angle in а eui ccelo is a right angle, Z APB is a right 
angle. Therefore, the lines AP, BP are perpendicular to each other. 


Now 


Ed 
Slope of i S ; 


i УИА 
slope of BP— Ron 
DZ у Ex 
XXI X—Xa 2 е 
or ; را( وکن‎ р) —(х—ху)(х—х»). 
,„., Hence. (x—áx)(x—x9--G -y)0 —»9— 0, 
is the required equation. { } 
Aliter. Since / APB=90°, 
therefore, PA?*-J-PB*—AB*, 


or {(x—x) + (yr) H-Q xg)? (ye)? } 

х =(x 4) + (уау), 
or Hy (х 4-33) — (n ty) ха ууз 0, 
or 7 — Goss Hr (9) =0. 


pet ‚ Example 7. Find the equation of the circle when the co- 
Р ordinates of the extremities of a diameter are (4, 1) and (6, 5). Find 
‘the цан and the co-ordinates of the centre of this circle. 


‘Solution. Since the equation of the circle described on the 
join of the points (X1, yı) and (xə, уз) as diameter is 
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(х) +a), 
therefore, the equation of the circle described on the join of the 
Points (4, 1), (6, 5) as diameter is ‘ (ERA 
(x—4)(x— 6)+ (y —1)(y—5)—0, 
or x*-E3?— 10x —6y 4-29—0. 
Co-ordinates of the centre are (5, 3). 
Radius =, 5? 1:32--29—4/5. i 
Aliter. The centre of the circle is the mid-point of join. of 
(4, 1) and (6, 5). Therefore, the centre of the circle is the point 
(E US ie. (5, 3). 


Diameter of the circle=4/ (6—4)#-Е(5— 1, 
=2 v5. 
aN Radius= 45. 7 1 
Hence the equation of the circle is 
(х—5)#+-(у—3)#= (4/5)2, 

Ora x+y? 10x—6y 4-29 —0. 
Parametric equations of a circle 

The equation of a circle can be expressed in parametric form. 

Let C be a circle with centre at the origin and radius r. Let 
P(x, y). be any point on the circle and let M be the foot of the per- 


_ pendicular drawn from P on OX. If / POX —0, then from the right- 
angled triangle POM, we have ! 


Ф 


Fig. 11,4. 
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х== OM —OP cos 0— r cos 6, 
п. у= МР=ОР sin 0—r sin 0. 
We find that the co-ordinates of any point (x, y) оп C can be 
expressed in terms of the parameter 0 in the foi m 
x—rcos0, y=rsin 0. (A) 


Conversely, if the co-ordinates of a point in the plane be given 
by (A), then we have x*+y?=r?, so that the point lies on the 
circle. It follows that à point (x, y) lies on a circle C if and only if 
its co-ordinates are of the form (A'. The equations (A) are known 
as parametric eq«atio;s of the circle. In à similar fashion we can 
easily see that the parametric equations of a circle whose centre is 
(A, k) and radius is r, are given by 

x=h+r cos Ө, y -k--r sin 0, 
9 being the parameter. 


е 


EXERCISE 11 (c) 

1. Find the equation of the circle having for a diameter the line 
joining the points (0, 1) and (1, 1). 

2.. Find the equation of the circle described on the join of the 
points (3, 4) and (2, — 7) as a diameter. 


3, Find the equation of the circle drawn on the line joining Gale 
i 2) and (3, —4) as a diameter. Find the radius and co-ordinates 
| of the centre also: ; 3 


а О Find the equation of the circle which passes through the origin 
and cuts off intercespts equal to 2 and 3 units respeectively 
from the axes: ^ 

5. The equations of the sides of a rectangle are 

x+3y—10=0, x4-3y —20—0, 

3x—y+5=0, and 3x—y—5=0. 
Obtain the equation of the circle, two of whose diameters are 
the diagonals of the rectangle. 


118. INTERSECTION OF A STRAIGHT LINE AND A 


CIRCLE 1 
Let x+y =a? 5 0) 
ánd acusa E а 0) 


: cosð sind — 
be the equations of a circle and a straight line respectively. : The 
point (x,-+r cos 0, у, +7 sin 0) which lies on the gives line (ir) for 
all values of r, will also be on the given circle (i), if r satisfies the 
equation 


(xı+r cos 0)?-- (у; 4-r sin 09? — a, 
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Le, — rE2r(x, cos 6+); sin 9) +x +y2—a?=0, Gli) 
and this Беша quadratic equa- 
ton in r, gives two values, say r^ 
and rs, of r which may iere 
and’ distinct, equal, or co; plex. 
Then eL utn 
(Xy Fr, cos 6, y, HF; sin 8) 
and (x; +r, cos 6, Jı +r; sin 6) 
are the tw» points of intersection, 
Which may be real (either distinct 
or coincident) or imaginary. І 
Thus, every Straight line meets 
a circle in two роіи which may 
be rcal (either distinct or coins 
cident) or imaginary. 


"P (х,.У,) 


Fig. 11°5. 


Example $. Find the points of intersection of the straight 
line х+у=2 and the circle x* +y?=4, 


Solution; For any point (x, y) on the straight line 


XTy- 2, we have y=2— x, (i) 
Substituting the above value of y in the equation 
H=, n) 
we have xta 2—3)9-4, Ў 
бено 2x*—4x —0, 
Le., xix—2)-0, 
80 that x=0 or x=2, 
From (i) we find that $ 
when .. x=0. y-2—0—2; 
when *=2, y=2—2=0, 


Therefore, the points of intersection are (0, 2) and (2, 0), 


Example 9. Find the equation of the circle described on the 
intersection cf the cir d: x. y= 2а але straight line y=2x F] as a 
diameter, 


Solution. The x-co-ordinates of the points of intersection of 


the sivaight line ATOR тет 
у=2х+1 t1 ce) 

and the circle x+y =2 

are given by %-+-(2х--1)5—=2, 

Le, à 53*--4x — 1-0, eG) 

Le. (5х—1)(х+1)=0, 


ie; x=} onai (iii) 


374 A TEXT-BOOK OF MATHEMATICS 


When = چ .2رر چ‎ 1-5. 
When х=—1ў=2.(—1)+1=—1. 
Therefore, the points of intersection of (i) and (ii) are 


(= ў +) and (—1, —1). The equation of the circle having 
(+ ; +) and (—1, —1) as the extremities of a diameter, is 
1 373 
(х) eo (»— ono. 


4 2 1 
A. me CE COPAIN SUA 
or ety ts ety E OE 0, 
or 5x +57 --4x —2y —8— 0. 


EXERCISE 11 (d) 


1., Find the points of intersection of the straight line 
3х+4у+7=0 
\' апа the circle x?--5?—4x—6y—12-0. 
2. Find the points of intersection of the straight line 
2х+у—2=0 
and the circle x*--?—x —2y —0. 
3. Find the middle point of the intercept of the circle 
xy —4x—6y—12=0 А 
on the straight line x4-y--1—0. 
4. Find the equation of the circle which passes through the point 


' (L, 2) and also through the points of intersection of the straight 
line x-+-y=0 and the circle 


X yt —4x-4y -2-0. 
5, Find the equation of the circle having as the ends of a dia- 
meter the points of intersection of the straight line 
x+y—2=0 
and the circle x*-- y*4-2x—2y —1—0. 


119, EQUATION OF THE TANGENT TO THE CIRCLE ` 
(s oxHEyi-a! AT THE POINT (x, у) 


Let (35, y,) be a point on the circle, so that we have 


xû +p =a. ; a(i). 
"Тһе points of intersection of any line 
ر‎ 


Ski оа Gi) 


1 
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through (xı, y) with the given circle are Ga dr, Jı mr), where the 
values of r are the roots of the equation Ten ў Ў 
Ga Ir (узт) a, 
ог (т?) 3-265, +my,)+x2-+ y—a2—0, 
or eo OPI Mm) 4-2r(Ix, ту!) =0, by (i). . | 
One root of the above equation in r is Zero, so that one of the 
Points of intersection coincides with (x1, Уу): The line (ii) will bea 
tangent t» the given circle provided the second point of. intersection 
also coincides with (ху, уу), the condition for which is that the | 
second value of r must also vanish. This requires | 
lxı+my,=0. i (їй) 
Eliminating the ratio / : m between (ii) and (iii), we have 
(хха) +0-y)y1=0, 


or XM Ti — (HP +92) =0, 
or хх уу, —a*—0, by (i), 
or xxi yy —a?. 


We shall now state and Prove two basic. facts about tangents 
toa circle. You must be already familiar with these facts. We are 
Proving them here to illustrate the use of the methods of coordi- 
nate geometry. s 

Theorem 111. The length of the perpendicular from the 
centre ofa circle on any tangent to it is equal to the radius. 

Proof. Let the equation of any circle be x?4- у?=а?. The ` 
equation of the tangent to the circle at a point (x,, yı) on it is 

d Xx, Fpj =а?. sing EX (3) 
à The length of the perpendicular from the centre (0, 0) on 
i) is ; 


eI Van. ~G) 
Since (xı, ут) lies on the circle, therefore, 
xiryi-a. (їй) 


From (її) and (iii) we find that the required length is a?/a=a= 
radius of the circle. 

Theorem 112. The tangent to a circle at any point is perpen- 
dicular to the radius through that point (i.e., the line Join.ng the point 
to the centre of the circle). 


Proof. Let the equation of any circle be x*--y?—a?, and let 


_. Va: Xj) be any point on it. 


; The equation of the tangeat to the circle at (х,у) is 

хх Буу, =а?, so that the Slope of the tangent is —x,/y,. Also, 
the slope of the line joining the centre (0, 0) to the point 
(л, Yi) is Уу/лу. Since the product of the slopes of this line and the: 
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tangent is (y,/xi). (= x,/y)) = —1, therefore, the two lines are per- 
pendicular to each other. 


Example 10. Find the condition that the straight line y=mx 
+e may meet the circle х 4- у= а? in coincident points. 
Solution. To find the points of intersection of the straight 
line ^ 
y=mx-+e, i) 
and the circle xt yg EX) 
we have to obtain the common solutions of equations (i) and (ii). 
Substituting the value of y from (i) in (ii), we have 
Ae x*+ (mi +c)? =a’, i 
LE (I -4-m*?)x*4- 2mex-- c? —a3—0. (їй) 
The points of intersection coincide if and only if the roots of 
(iii) are equal, the condition for which is 
4m*c* = 4(1 +m?) (è —а?), 
i.e., ec? =a? (1-- m). 
` *Hence the points of intersection coincide, if and only if 
je T e= (+m). 
Example 11. Find the equation of the tangent to the. circle 
3391-25 at the point (3, 4j. 


8.4 Solution... The equation of any straight line through the point | 
(3, 4) is ` | 


1 y-4-m(x—3). : ' 00) 
The length of the perpendicular from (0, 0) on (i) is 
) 1 3m=4 | i) 
V+?) ` 


` If the straight line (i) touches the circle x?+-y*=25, the length 
(ii) must be equal to 5 units, the radius of ihe circle. 


iej Гаты. 
М\1+т) 7°? 

Le (3m—4)?=25 (1+m?), 

ie; 16m?+24m+-9=:0, 

Le; : m=— +. 


Substituting this value of m in (i), we find that the required 
€quation is 


Hohe 


ipio DE 
| ста 
ог | I 3x+4y—25=0. 
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Example 12. Find the equation of the tangent to the circle 
à x+y +2x+4y—20=0 ° : 
through the point (2, 2). sgh 
Solution. The given equation can be put in the form 
(x+1)?+-(y+2)?=25, 


AS Sie 1—2 = 


Since the tangent at (2,2) is perpendicular to the radius 
through (2. 2), therefore. the slope of the tangent at (2, 2) must be 


-(GHe К 3 
3 ILU var a 


The equation of the straight line through (2, 2) having -4 


as its slope is í 
3 
4 ут2= (x—2), 
Le, 3x4-4y — 14-0, 
which is the required equation. 


à Dena Theequation of any straight line through the point 
, 2) is 


у—2=т\х—2).. i) 


If (i) touches the given circle, the length of the perpendicular 
from the point (—1, —2) must be equal to the radius of the circle, 


1(6—2—2)—т\—1—2) | 


МА m:) mun 
ie, (3m —4)*—25 (1+m?), 
Le., l6m?--24m-4-9 —0, 
ie, 4 ,  (4m+3}=0, 
ie. ү EX 
SET M { 4° 


‘Substituting т=—5- in (i), we find that the equation of the 
required tangent is ; 
| (y-2)=— 3-(х-2), 
ie., 33+ 4y-14. 
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Example 13. Find the condition that the straight line j= mx 
+c may touch the circle x*+-y*=q?, 


Solution. The length of the perpendicular from the centre 
А { lel 
(0, 0) of the given circle on the straight line yo mx cit ус з т, E 


If the given straight line touches the circle, this length must be equal 
to a, the radius of the circle. Therefore, the required. condition is 
lel 
М1+т* ® 
і.е., a1 -4- m. 
Aliter, The straight line А 
y=mx+e E) 
touches the circle ; 
کر‎ (її) 
provided the points of intersection of (i) and (ii) are coincident. As 
in Example 10, the condition for this is 


с%—=а%1-Ет?). 
Remark. Since c*—a*(1 +т?)+=с=-+Еа\/1-+-т*, therefore, the 


lines y==x-La 4/ 1--m? touch the circle x*-- y X for all values 
of m. These are, in fact, the two tangents to the given circle {which 
are parallel to the straight line y-mx. 


Example 14. Find the equations of the tangents to the circle 
× y!—4x—6y4-12-:0, 
which are parallel to the straight line 
3x=4y+7=0, 


Solution. The equation of any straight line parallel to the 
line i 


3x—4y+7=0 is . 
3x—4y4-k=0. =@ 
If (i) is a tangent to the circle 
x*- y! —4x—6y-4-12—0, 


the length of the Perpendicular from the centre (2, 3) of the circle 
ол (i) must be equal to the radius 4/(224-31—12)—1. 


Therefore, we must hàve 
| 3.2—4.3-+k | 
Ra =, 
DON (k—6)?=25, 
peg k=1 or 11, 
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Substituting these values of k in (i), we have 
- 3x—4y+1=0, à 
and 3x—4y+ 11-0, 


as the required equations. 
1110. LENGTH OF A TANGENT TO THE CIRCLE »*4-)*—a* 
FROM A GIVEN POINT (х,у) ` 
. Let PT be a tangent to the circle x?4: y2=a" from an external 
point P (xi, yi). 


Fig. 116. 


If O be the centre of the circle, then PT must be perpendicular 
to OT. Therefore, in the right-angled triangle OTP, we must have 


.PT2- PO:—OT*. d): 
Also, PO?— (,—0)22- (y, 0)? =x? Fy, (н) 
апа OT?=a’. (їй) 


From (i, (ii) and (iii), we have 
PTI =x? yi? ah, | 
so that PT= V (;*- y; — a?). 
Remark. The length ofa tangent from an external point 
(хз, у) to the circle x*+-y*+-2gx+2fy+e=0 is i 
V(t tye 3-29, +2fy t O)- 
( MV the same notation as above, taking O to be the point 
—8, J); 
PO! (x, +g) +0, rf, 
OT?=g?+ f!—c, 
PT*—PO:—OT*, 
= (x g)* ++ gH 0), 
=xetyi+2gx,+2fnire. 
Hence PT =v (x+y -2gxi 2fi. 
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EXERCISE 11(e) 


1. Find the equation of the tangent to the circle x*+y°=169 at 
the point (5, —12). 


2. Fiad.the equation of the tangent to the circle хуа at 
the point (a cos 0, u sin 0) 


3. Find th: equations of the tangents to the circle x? +у%=169 at 
the points (5, 12) and (12, —5)' Show that the tangents 
intersect at right angle at the point (17, 7). 


4. Find the equation of the tangent to the circle x*-+ y?—4x —4y 
+4=0 at the point (4, 2). : 


5. Find the equations of the tangents to the circle x?-+-y?=4 
which are parallel to the straight line x -2y 4-3—0. 


6. Fiad the equatioa of tre tangents to the circle x+y? =169 
which are parallel to 5x-4-12y 4-21 =0, 


T. Find the equations of the tangents to the circle x*+-y?=9 
` which are perpendicular to the line x—y—1-0. 7 


8. Find the equations of the tangents to the circle x*y?—2x—4y 
~4=0 which are perpendicular to the line 3x--4y—1=0. 


9. Find the equations of the tangeats to the circle x? Ty-25 
which are inclined at an angle of 30* to the axis of x. 


10. Find the condition that) the line x cos a+ysina=p may 
touch the circle x*4-y*—a*, > 


11. Find the condition that the line Ix+-my+n=0 may touch the 
~ circle x? 4- y?— q£, 4 
12. Find the length of the tangent from the point (2,3) to the 
circle x*4-y*—4, ` 
T3 Find the length of the langent from the point (4, 2) to the 
circle x*-- у#-4-2х+4у--11—0. { 
Wil. POWER OF A POINT WITH RESPECT TO A CIRCLE 
Let 3*4-)*-E2gx 4-2fy4- c—0 (i) 
be the equation of a circle and let P (51, у) be any point. 
The equation of any straight line through P is . 
Х—җ% y») = 
050 ^ sing '* 3 


The points of intersection of. raight line (ii i 
Ome ONS i ection of the straight line (ii) and the circle 


(0 Greer cos 0*--(s--r sin 0)#--2е (x; r cos 0) 
i 2f (a+r sin 0)4-0—0, 
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R, 
R, 
Fig. 1177. 
or r*-E2r (0х +8) cos 6+(y, +f) sin 9] 2 з 
жх nt +2627 +0. шин) 
If rı. rẹ be the roots of (iii), then 
rye xa ty? 2gxi t 2fyit с. ~-(iv) 


From (iy) we find that if the straight line (її) meets. the circle 

(i) in the points Ry, Ry then 
PR; PR =x, +y +2gxyt fyt c. e). 

Since the right-hand side of (v) does not depend upon 6, 
therefore, we find that PR,.PR, is the same for all straight lines 
through P. Thus we find that if P be a given point and Ri, Rs be 
the points in which any straight line through P mects a given circle, 
th: n PR,.PR, is constant. This constantis called the power of P 
with respect to the circle. Thus the power of the point (xy, уу) with 
respect to the circle x®+-y*?+2gx--2fy+c=0 is 

xiTyi-2g3c2fyc. 

Remark. It is obvious that the power of a point with respect 
to a circle is positive if the point lics outside the circle, zero if the 
point lies on the circle. and negative if the point lies within the 
circle, 


Comparing (iv) with the expression for the length of a tangent 
to a circle from a point lying outside the circle, we find that if a 
point P lics outside a circle, then the power of P with respect to the 
circle is egual.to the square of the length of tangent from P to the 
circle. { 

The above statement is simply the following theorem which 
you must have already read in earlier classes : 


If through a point outside a circle, a chord and a tangent be 


drawn to the circle, then the square of the length of the tangent is 
equal to the rectangle contained by the segments of the chord. 
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Example 15. Find the power of the poini (—1, 2) with re; 
to the circle x? +y? 4x—3y-- 2-0. xo fa 
Solutior. Power of (—1, 2) with respect to the circle 

x* yt 4x —3y 32-0 
(—1%-+Е+2#--4..(-—1)—3 (2)4-2, i.e., —3. 

Example 16, Find the power of the point (1, 0) with respect to 
the circle 3x*+-3y*4 Sx 7y—4—0. 

Solution. The equation of the given circle can be written as 


5 ТЖ 
attat з-у— 37-9. eG) 


is 


Power of the point (1, 0) with respect to the circle (i) is 
5 1 4 4 
Iro di. 

We now state and prove an important fact about the power of 
a point with respect to two circles. 

Theorem 113. The locus of the point, the powers of which 
with respect to two given circles are equal, is a straight line. i 

Proof. Let the equations of a pair of circles be 

xt4- y!-2gx-2fy--c— 0, «(I 
xy! 2g'x 2f y c0. i) 
The powers of a point Р (ху, уу) with respect to the circles (i) 
and (ii) are 
xi yet 2gn2fyi c, (їй) 
х хау 2g x 2f vite’ (dv) 
respectively. If (iif) and (iv) are equal, we must have } 
xit yit 2021-2591 t cx! ул 285 2f ‘nite’, 
i.e., ‚1 Ж —&') ху+2 (ff) temem. (у) 
From (у) we find that the locus of (xı, yı) is the straight line 
2(g—g') x+2 (f—f') y--e—c' —0. 

Definition 111. The locus of the point whose powers with 
respect to two given circles are equal, is called the radical axis of the 
circles. 

In view of the above theorem, we have the following result : 

The radical axis of the circles 

x*-+-y*+2gx+2fyt+c=0, 
Зап х2 ry*-r2g'x-2f'y4c'—0, 
is the straight line 
: 2 (g—2) x--2(f—f» у+с—с'=0. 
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Rule. /f the equation of two circles be: S=0, S'—0, and the 
coefficient of x*--y*. in S and S' be unity, then the equation of thc 
radical axis of the circles is S—S'=0. $ 

Example 17. Find the equation of the radical axis of the circles 

3t y*--3x4-4y--5—0, 
and x1! y*--2x-3y--4—0, ү 
and show that the lengths of the tangents from any point on it to the 
two circles are equal. у 

Solution, The equation of the radical axis of the given circles 
is ` к 
(x*4- y*-3x--4y 4-5) — (x Fy - 2x4 -3y-- 4) - 0, 

i.e., ч х+у+1=0; i E) 

Let Ол, y1) be any point on the radica! axis.: The lengths /,, /, 
of tangents from (x, yı) to the circles t І 

х4)2-3х+4у+5=0, 
and xt y! +2x-+3y+4=0, 
are given by 


1,®= 2, E yt 30a 4-494 4-5, 


and =x? yit 21 3y4 4-4, 
respectively. У 
12—12=х;+у +1. (й) 
Also, since (xj, у) is a point on the radical axis of the given 
circles, therefore, м+уТ1=0. (й) 
From (ii) and (iii), we find that 
12—12 =0, 
Le., Ih. 


Hence the lengths of the tangents to the given circles from any 
point on the radical axis are equal. 


Example 18. Find the radical axis of the circles 
xt Ey! 2x 4-3y—7—0, 
and x*4-*—2x— y 1-0. 


Also, find the points of intersection of the circles and show that 
they lie on the radical axis. 


Solution. The equation of the radical axis of the circles 


x4 2e-3y— 1-0, d) 
and х?+у#—2х—у+1=0 (ii) 
is x*-Ey*!-2x-3y 7-5 x3 +y 2x—y+ l, | 

i.e., ‚ Ax 4y—8—0, 


і,е:, x+y—2=0.; (її) > 
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To find the points of intersection of (i) апа (ii), we have to 
find. the common solutions of (i) and (її). Subtracting (ii) from (i), 
we have 


4x+4y—8=0, 
ie., x+y—2=0, 
i.e., х=2—у. (фу) 


Substituting the above value of x in (i), we have 
(2—y)*-+y?-+2 (2—y)+3y—7=0, \ 
i.e., 232—3y+1=0,, | ' 
i.e., у=1, or}. 
When y=1, x=2—1=1, 
; When y=}, х=2—4= 8, y 
Hence the points of intersection are (1; 1) and (2, 4). By 
actual substitution we find that both these points lie on (iii). 
Example 19. Find the equation of the radical axis o f the circles 
x+y —4x —2y-p4—0, 
x*4yt—5x—2y4-7—0, 
and show that it touches both the circles at the point (3, 1), 
Solution. The equation of the radical axis of the circles 


x*y*—4x-2y4- 4-0, en) 
and х2+у2— 5x—2y+7=0, ; (їй) 
is Р x*tpyt—4x—2y--4— x24 y1—5x—2y 4-7; 
i.e., ` a3; 
The line x—3 intersects (7). in the points given by 
9+ y®?—4.3—2y+4=0, 
Tea 20 po2y+1=0, 
ie., (y—1)*—0. 


3 The line x —3, therefore, meets (7) in two coincident points i.e., 
it touches (i), the point of. contact being (3, 1). Similarly it also 
‚ touches (ii) at (3, 1). E 
. Remark, It can be shown that given any three circles, the 
radical axes of the circles taken in pairs all pass through a point. 
This point is called the radical centre of the circles: 
Theorem 11d. The radic.l axis of two given circles is per- 
pendicular to the line joining the centres of the circles: d 


Proof. Let the equations of two circles be 
x+y 2g x +y taO, (i) 
and XHY Hg 4-2f; y J-0,—0. Noc OD 
The radical axis of the circles (i) and (ii) is the line 
2 (8—89 x+2 ( fi =f) ye — 0,0, 
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so that the slope of the radical axis is 
_ و18‎ f! 
Si ihe б 
The co-ordinates of the centres of the two Circles are 


(~g1, —fi) and (~ga, — f;), and therefore, the slope of the line join- 
ing the centres is i 
Ath, 


8178: 
The product of the slopes 
Ele тшше Sl : 
Sifa 8178s Biy 
-Since the product of the slopes is —1, therefore, the two lines 
are at right angles to each other. ) 


EXERCISE 11 (f) 


1. Find the power of the point (1, —2) with respect to the circle 
x*-+y*4+4x—3y+1=0. 


2. , Find the power of the point (—3, 1) with respect to’ the circle 
x? -+y?+-6x-+-y—8=0, | Tisch 


3. Find the locus of the point whose power with respect to ‘the 
circle x?--y*--4 is equal to twice its power with respect. to. the 
circle x*-y?—3x4-6y4-4—0. Nn 


4. Find the radical axis of the circles X y*—6x4-8y4-350 and 
xP y! 2x— 5y4-1-—0. : 


5. Find the radical axis of the circles X*--y*--4x—3y— 7-0 and 
+. у 3x--2y —5--0, and show that it is perpendicular to the 
line joining the centres of the circles. nari 


6. Find the radical axis of the circles x'4-y!3-2x 3y31-0 and 
№+ J*4-3x—4y —2-— 0, and show that it is perpendicular to 
the line joining the centres of the circles. bu 


7. Find the radical axis of the circles 


x?+y*+4x—10y+4=0,‏ ,= ر 


and show that it passes through the points of intersection of 
the circles, snl e | 


8. Find the radical axis of the circles х#+у%—2х=ап@ 5 - 


XLy'-4x-0 and show that it touches the circles at the 
origin. I fU ШАЮ 
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9. Show that the radical axis of the circles x*+-y?-++-4x+-7=0, 
2x’ + 2y?+3x-+5y+9=0 and x*--y*—7x—8y—9—0 taken in 
pairs all pass through the point (5 S -5 ) 

10. Show that the radical axes of the circles x*-- y^ 4-x-4- 2y4-3—0, 
x?-+y®4+2x+4y+5=0 and x®+y?—7x—8y--9=0 taken in 
pairs all pass through the point (—%, —$). 

1112. FAMILY OF CIRCLES PASSING THROUGH THE 

INTERSECTION OF TWO CIRCLES 
Let S=x?+y?+-2ex4- 2fytc=0, 
and Sax? y? 32g'xT-2f' yr c —0, 
be the equations of two circles. 
Consider the equation S+kS’=0. 
Now 
S-FkS' (0. --k) 8 4-y?) -2 (8 tkg )x-t- 2C f kf Dy 
4r (c-F kc"). ў (i) 
If kz& —1, then S--kS'—0 represents a circle. Also, for each 
value of k other than —1, S+kS'=0 gives one circle. Thus S--kS' 
=0 represents in general (except when K=—1) a family of circles. 
If we impose one condition. on S+kS'=0, we can determine the 


value of x, i.e., we can find that member of the family which satis- 
fies the prescribed condition. 


Example 20. Find the equation of the circle which passes 
through the points of intersection of the circles 


x4 yi—6x—8y4- 1-0, 
and х2+у2+9х+12у—4=0, 
and also passes through the point (1, 1). 


Solution. The general equation of the family of circles passing 
through the points of intersection of the given circles is 
(xy! —6x— 8y--1) 3- K(334- y? +9x+12y—4)=0, si) 
provided kz — 1. 
The point (1, 1) lies on (7) provided 
(1+ 12— 6.1 — 8.1 -- 1) -K (1-122 -9.14-12.1 —4) —0, 


i.e., provided —11+19k=0, 
"which sives pene. 


19 


CIRCLES . 79387.71 


Substituting к= in (i) and simplifying we find that the 


equation of the desired circle is 
30x? 4: 30y?— 15x— 20y —25 —0. 


EXERCISE 11 (g) 


|. Find the equation of the circle which passes through the points 
of intersection of the circles х?--у2=1 and x°+y*+ 6x+8y—4 
=0 and also passes through the origin. ч ; 


2. Find the equation of the circle which passes through the points 
of intersection of the circles 


Fy 8x4-6y-—4—0 
and xt y?+6x+8y—2=0 
and whose centre lies on the line x—y=3, 


3. Find the equation of the circle which passes through the point 
of intersection of the circles x?--y?—3x-—0 and x*4-y?4-6y —0, 
and also passes through the point (1, 1). ү 


1113. ORTHOGONAL CIRCLES 


Definition 11°2.. Two circles are said to cut each other ortho- 
gonally if the tangents to them at any of their points of intersection 
are at right angles. If two circles cut each. other orthogunally, they 
are said to be orthogonal. $ 


Let C, С’ be the centres of two orthogonal circles S and S’ 
(Fig. 11'8) and let P be a point of intersection of these circles, The 
tangent to S at P is perpendicular to PC, and the tangent to S' at P 
is perpendicular to PC’. Since the circles are orthogonal, therefore, 
the tangents at P to the two circles are at right angles. This means 
that PC and PC’ must be at right angles. Thus we find that if two 
circles intersect each other orthogonally, the radii to the two circles 
through a point of intersection are at right angles. 


11.13.1, Condition for the Circles x*--y?--2gx--2fy--c—0 and 
x!--y!--2g'x--2f'y--c'—0 to Intersect Each Other 
Orthogonally 


Let C, C’ be the centres of the two circles and let P bea point 
of intersection of the circles. 


If the circles cut each other orthogonally, then / CPC’: must 
be aright angle. By applying Pythagoras theorem to the right- 
angled triangle CPC’, we then have 


PC?+-PC?=CC?, D) 
Now PC?=3? +f t — e, PC'2—g't- py —c, 
and CC3-—(g 26) Gf fun 
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Fig. 11:8. 


Substituting the above values in (i), we have 
(g! f *— Fg +f '3—c') - (g' gyt--( f'—f y, D 
or 2g8'-2ff' — c-- c', 
as the required condition. 
` Remark. The condition (ii) can be stated as 
r +r? =d, 


where r, r' are the radii of the circles and dis the distance between 
their centres. 


Example 21. Show that the circles 
x! y! —2x 4y—9—0, x+y +6x—4y—5=0 
. Cut each other orthogonally, ° 


s Solution. The equations of the given circles can be written 
as 


G—D*4- y4- 2)? —14, 
and (x+3)?+(y—2)2=18, 
The centres Of the circles are, therefore, (1, —2), (—3, 2), and 
thejr radii are 1/14 , V18. 
The distance between the centres is) 
d=V (IFI F(2 = 4/32; 


Now r2 VA, r'- 4/18, d= 4/32, 
so that ri pri 

Hence the circles cut each other orthogonally. 

Aliter. 


g^ —1,f—2, с==-——9, g—3, f '= —2, c —5. 
282'4-2/f '—2(—1).34-2.2.( —2) 2 —14. 
cte (—9)-4-(—5) 2 —14. 
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Hence 2gg' --2ff'—c-Fc', showing that the circles cut each 
other orthogonally. 


Example 22. Find the equation of the circle which passes 
through the points (1, 3) an? (—2, 4), and cuts orthogonally the 
circle . 


x+y? +4x—6y+1=0. 
Solution. Let the equation of the desired circle be 


x*-E y*4-2gx--2fy 4- c—0. (i) 

The points (—2, 4) and (1, 3) lie on (i), provided 
20--4g+8f+c¢=0, -« Gi) 
and 10+2¢+6f+c=0. ...(iii) 


The circle (i) cuts the circle 
x+y2+4x—6y+1=0 
orthogonally if 2g.24-2f(—3)—1-4-c, 


Le., if 1—4¢+-6f+c=0. (йу) 
Solving equations (ii), (iii) and (iv), we have 
Ed AL =50 
GERI ick ge ava be 


Substituting the above values of g, f, c in (i), we find that the 
required equation is 


x®-+y?—3x—19y+50=0. 
Example 23. Find the equation of the circle which cuts ortho- 
&onally the three circles 
х#-+-у#—6х--4у—1=0, 
х?-+у#+8х—6бу-+3=0, 
апа x3--y2— 2x -8y— 7 —0. 
Solution. Let the equation of the desired circle be 
x*4-y*-2gx -2fy 4-c— 0. ex) 
Since the circle (i) cuts the given circles orthogonally, therefore, 
29(—3)+2f2=c—K 
2g.4+2f(—3)=c+3, 
and 2g.(—1)+2f4=c—7. 
Solving the above equations we have 


Beh еы mods 
Bu 24 DAE > ety 


Substituting the above values of g, f and c in (i), we have 


{Меш و‎ пу 


i251 7712 29. 
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i.e., 123x14-12y?—11x—25y— 5—0, 
as the desired equation. 

EXERCISE 11 (h) 


I. Prove that the circles x?4-9*—3x—0 and x*--y?--6y-—0 cut 
each other orthogonally. 


2. Prove that the circles x*--y?—2ax—0 апі x*+y?—2by=0 cut 
each other orthogonally. 


3. Find the equation of the circle which passes through the points 
(2, —1) and (1, —2), and cuts orthogonally the circle 


xt-yt— 2x--3y — 5-0. 


4. Find the equation of the circle which passes through the origin 
and cuts orthogonally the circles x?-+-y2—8y+12=0 and 
x+y3—4x—6y—3=0. 


5. Find the equation of the circle which passes through the 
points of intersection of the straight line x+-y—1=0 and the 
circle x*+y?—6x—8y=0, and cuts the circle x*+y?=1 
orthogonally. 


6. Find the equation of the circle which passes through the point 
(—3, 2) and cuts orthogonally the circles 


xt y*—2x—2y-4-1—0, 
and xt4-y?—3x4-6y—2-—0. 
7. Find the equation of the circle which cuts orthogonally the 


three circles x?+y?+4x—5y+6=0, x*+y?+5x—6y+7=0, 
and x*°++-y?—x—y—1=0. 


8. Find the equation of the circle which cuts orthogonally the 
circles 1 


х“+)у%#—2х-+3у—7=0, 

x+y? +5x—S5y+9=0, 
and xy? 7x—9y-4-29—0. 
Find the equation of the circle which cuts orthogonally the 
circles x°-++y*+3x+5y+7=0 and x*4-y?--x- y—1=0, and 
has its centre on the line 3x4-2y4-5—0. 
10. Find the equation of the circle which cuts orthogonally the 


Circles x*+y?—6x-+-4y—3=0, passes through (3,0), and . 
touches the axis of y. 
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TEST YOUR UNDERSTANDING XI 


in each of the following problems, four alternatives are given. 


Put a tick-mark ( У) against the correct alternative : 


1. 


10. 


The centre of the circle x*d-y*—4x--6y —8 =0 is at 
(0(—2.) (0) Q,—3  (0(-46 (4 (4, —6). 
The radius of the circle x2-+y"—8x—6y=0is —— 

(a) 8 ` (b) 6 (г) 5 (d). 4. 


The equation of the tangent to the circle x?4- y?--6x —4y —4—0 
at the point (1, 1) is 


(a) x+y—4=0 à (p) 4х—у—3=0 

(c) x—4y—3-0 „in (d) 4x+y+3=0. 

The line y—2x--c touches the circle x?+-y? —16 if c equals 
(a) 4 (b) «5 (с) 245 (d) 445. 


The power of the point (1, 2) with respect to the circle 
x2-+y?—3x—4y—6=0 is 
(a) 12 (-—12. (e) 6 (а) "12. 
The circle 3?4-y?—6x— 8y—0 cuts the circle 
x-y +8x+6p+c=0 
orthogonally provided c equals 


. (a) —48 (b) 48 ()24 . (d) —24. 


The length of the tangent to the circle -4-y?*--2x-4- 4y -6—0 
from the point (1, 2) is 


(a) 4 03 (09 (d) 8. 


The equation of the normal to the circle x?-+-y?—4x—8y +3=0 
at the point (1, 0) is 


(a) 4х+у—4=0 (b) x—4y+1=0 

(e) x+4y+1=0 (d) 4x—y—4—0. 

The equation of the common chord of the circles 

хауз 4-2x--3y4-1 50 and x+y? +4x+3y+2=0 is ' 

(a) 6x+-6y+3=0 (b) 2x+1=0 

(©) 2y-1=0 (4) х—у+1=0. 

The normal to the circle x+y 4x-F6y—=39=0 at the point 
(2, 3) meets the circle again at the point i 
(a) (2, 6) (b) (—6, —9 (с) (—2, 3) (d) (3, =2). 
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.REVIEW EXERCISE XI 
1... Find the equation of the circle which passes through (1, —2) 
and (4, —3), and which has its centre on the straight line 
3x+4y=7. (A.I.S.S.E., 1984) 


2. The length of the tangent from (f, g) to the circle x*7-y*—6 is 
twice the length of the tangent to the circle 


32-3 3x-L-3y—0. à 


Show that +g J-4f4-4g--2—0. (4.LS.S.E., 1984) 
3. Show that the four points (0, 0), (1, 1), (—5, 5) and (—5, 1) 
are concyclic. (4.I.S.S.E., 1985) 


4. Find the equation of the tangent to the circle 
x*+y"—4x—4y+-4=0 at the point (4, 2).  (4.LS.S.E., 1985) 
5. Firid'the equation of the circle which is concentric with the 
‚ Circle:x?4-)*—6x— 8y--1—0 and whose radius is 5 units. 


6. Find:the equation of the circle circumscribing the triangle 
formed by the lines x--y—6, 2x--y—4, and х+2у=5. 


7. Findthe equation of the chord of the circle x+y? =81 which 
is bisected at the point (—2, 3). 


8. Find the equation of the circle whose diameter is the common 
chord of the circles X! y*4-2x--3y4-1—0 and 
M+ y+4x+3y4+2=0, 
9. Show that the circles x?-- J*-5x—5y-4-9—0 and 
(9 4:y*— 16x —18y—4 cut each other orthogonally. 
10. For what values of P and q will powers of the point (p, д) 
with respect to the circles 
Dorf y? 457—0, 2x?4-2y2--3x-5y--9:- 0 
and X*--y*-- y —0 be equal ? 
SUMMARY 
1. The equation of the circle with centre (h, k) and radius r is 
(х0) (y—k) =r, 


2. The equation X3--y2--2gx--2fy--c--0 represents a circle whose centre is 
| (-g, —f) and radius is 


М@+/з—о). Я 
The equation of the circle having (xı, yı) and (ху, Ya) as the extremities of 
a diameter is (Х—ха)(х—х,)-+(у—у)(У—у„)=0, 


. The equation of the tangent to the circle x*--2—a' at the point (xs, yı) is 
XX yyis-at, 


5. The straight line y=mx-+c touches the circle x2 +22 =а° provided 
. c*»at(14-m?*). 


CIRCLES 
The length of the tangent drawn to the circle x24+y2+2gx+2fy+c=0 from 


6. 


an external point (x1, у) is 


М Qat-ryit-2gxid-2fyi C). 
The power of the point (x1, уз) with respect to the circle 


x8 y2+2gx+2fy+c=0 
is x4 yi8-2ga t 2fyir c. 
The equation of the radical axis of the circles 

x24+y2+2gx+2fy+c=0 
and x+y 2gix + 2fiy4- 60 
is 2x(g—g1)+29(f—fa) t c— 6:0. 
The circles i4 y24-22x-2fy4- c—0 
and x2--y34-2g:x-2fiy 4 су=0 
intersect each other orthogonally provided 

2gg t 2f ct ei. 
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JOHANN KEPLER (1571-1630) 


Johann Kepler, a contemporary of Galileo and a forerunner of Newton 
devoted himself to the study of conics because he needed them for applications 
to astronomy. The three laws of planetary motion discovered by him are well- 
known. His discovery that the planets describe ellipses with the sun at one of 
foci has given him a permanent place in the history of science. He also found a 
method for calculating volumes of solids of revolution. 
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CHAPTER 12 


Conic Sections 


171. CONIC SECTIONS 


A conic section or a conic is the locus of a point which moves 
$0 that its distancefrom a fixed point is ina constant ratio to its 
distance from a fixed straight line. 


The fixed point is called a focus, the fixed straight line is 
called a directrix, and the constant ratio is called the eccentricity 
of the conic. The straight line passing through the focus and per- 
pendicular to the directrix is called the axis of the conic. A point 
of intersection of a conic with its axis is called a vertex. 


The eccentricity of a conic is denoted by e. When e—1, the 
conic is called a parabola; when e <1, the conic is called an ellipse, 
and when®e>1, the conic is called a hyperbola. 


eu LA 


CIRCLE ELLIPSE PARABOLA HYPERBOLA 
Fig. 1271. 

The name conic section is derived from the fact thatifa 
right circular cone (extending infinitely in both directions ; the 
figure is incomplete!) be cut by any plane, the section will be in 
all cases а conic as defined above. In fact, if the plane is per- 
pendicular to the axis of the cone, the section obtained is a circle 
as shown in Fig. 1271 (a), (except when the plane passes through 
the vertex of the cone) ; if the plane cuts the cone obliquely in such 
a way that it cuts all the generators of the cone of points lying on 
one sheet of the cone, then the section obtained is an ellipse as 
shown in Fig. 121 (b) ; if the plane cutting the cone is paralled to 
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а generator of the cone, then the section obtained is a parabola as 
shown in Fig. 1271 (c) ; and if the plane cuts both the Sheets of 
the cone, then the section obtained is a hyperbola consisting of two 
infinite branches as shown in Fig. 12.1 (d). Here, we exclude the 
case when the plane passes through the vertex of the cone in which 
case the section obtained reduces either to a pair of straight lines or 
to a point. 


We have already studied Pairs of Straight lines and circles 

(often referred to as degenerate conics). In the present chapter we 
. propose to study. the remaining three conic sections, viz., the 

parabola, the ellipse and the hyperbola, 
122. PARABOLA 

Definition 121. 4 parabola is the locus of a point which 
moyes in such a way that its distance from a fixed point (called the 
focus) is equal to its distance from a fixed straight line (called the 
directrix) not containing the point. 
123. THE STANDARD EQUATION OF A PARABOLA 

Let S be the focus and let Y'Y be the directrix of a parabola. 
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Draw SO perpendicular to Y'Y and let OS—2a. Then by definition, 
OSistheaxis of the parabola. Let A be the middle point of OS. 


Take the origin of co-ordinates at A, the x-axis along AS, the y-axis 
along the perpendicular AZ to AS at A. 3 


Let P(x, y) be any point on the parabola. Draw PM and PN 
perpendiculars to OY and OX respectively as shown in Fig. 12:2. 
Then 


MP=ON=OA+AN=a-+-x. 
But by definition, MP—PS, 


ог. MP?—PS?, 

or (ax)! xa)", 

or (x+-a)’—@—aP=y*, 

or 4ax-y _ ` 

or y?=4ax. (0) 


Hence the equation of a parabola is y*—4ax, the vertex being 
the origin and the axis of the parabola being the x-axis. Equation 
(i) above is known as the standard form of the equation of a 
parabola. 


The focus is the point (a, 0) and the directrix is the line 
х+а=0. d 


Remark, Sometimes it is quite convenient to express the 
co-ordinates of a point on the parabola in terms of a single 
parameter, say /. Since x=al? and y=2at satisfy the equation 
y*=4ax for every value of t, and since every point on the parabola 
corresponds to some value of t, therefore, x=at®, y=2at are called 
the parametric co-ordinates of a point on the parabola y*-4ax. We 
shali frequently refer to this point as the point *£". 


124. TRACING A PARABOLA - 
We shall now trace the parabola y*—4ax, where a is positive. 


(i) Since у? іѕа positive quantity, x must also be positive. 
Therefore, the curve lies wholly on the right side of the axis of y. 


(ü) Forevery positive value of x,there are two equal and 
opposite values of y, that is, if (x, y) be any point on the curve, 
then (x, —y) also lies on the curve. Therefore, the curve is symme- 
trical about the x-axis. 
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(iii) If y=0, then x=0, 
that is the curve meets the x- 
axis only at the origin. 


(iv) As x increases, y also 
increases and there is no limit 
to this increase of x and y. 
There fore, there is no limit to 
thecurve on the right side of 
the axis of y. ` 


Taking all the above 
facts into consideration, the 
parabola can be traced as 
shown in Fig. 12:3. 


Fig. 12:3. 


Remark. A point (x',y') lies outside, on or inside the 
parabola у? —4ax according as y'*— 4ax' is posit ive, zero or negative. 


Let P be the point with co-ordinates (x', y"). Draw the 
: ordinate PM meeting the curve in N. 
Then P will lie outside the parabola 
if PM» NM, that is if PM?--NM?>0. 
Now, PM =у' and since N lies on the 
porabola y*—4ax, NM?—4ax'. Thus, 
PM?*—NM?—y'—4ax'. Therefore, 
if P lies outside the parabola, then 
i y?—4ax'»0.. Similarly, P lies inside 
-—— ———w- the parabola if y'*—4ax'—0. Obvi- 
ously, if »"—4ax' =0, then the point 
P(x’, y') lies on the parabola. 


P (x^ y^) 


Fig. 12:4. 


Example 1. Find the co-ordinates of the focus and the equation — 
of the directrix of the parabola y*—8x. 


Solution. We know that focus of the parabola y?=4ax is 
i (a, 0) and the equation of its directrix is x--a=0. Now, comparing 
the equation j*—8x with the equation y*=4ax, we have a=2. 


Thus, focus is the point (2,0). Also the equation of the 
directrix is x4-22-0. 
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Example 2. Find the focus and directrix of the parabola 
(y+3)?=2(x+2). у 
Са pone To change the origin of co-ordinates to the point 

let , x+2=X and y+3=Y. 

` Then the equation of the given parabola becomes 

Y3—2X. 
Comparing it with y =4ax, we get 

a=}. 


Therefore, the co-ordinates (X, Y) of the focus (referred to the 
new origin) of the parabola 


Y#==2X, 
are given by | X=}, Y —0. 
: x+2=4, y+3=0, 
or x=, у=—3. 


Thus, (—3, —3) are the desired co-ordinates of the focus of 
the given parabola. 


Also, the equation of the directrix of the parabola 
y3—2X is X+3=0. 
Therefore, x+2+-3=0, i.e., 2x+5=0 
is the equation of the directrix of the given parabola. 
Example 3. Find the focus and directrix of the parabola 


ж№= —8у. 
Solution. The given equation сап be written in the form 
xi-(-2*-0-T2», - 0) 
ог Я х24(у+2)=(у—2)%, +i) 
2 ог Мё+\у+2#= 12—21. —(їй) 


lf P (x, y) is any point on the given parabola, then (iii) shows 
that the distance of P from the point (0, —2) is equal to its perpen- 
dicular distance from the straight line ў 7 
y=2. 


Therefore, x^— —8y is the equation of the parabola whose 
focus is (0, —2) and whose directrix is the straight line y—2. 
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S (0, —2) 
P (x, y) 


Fig. 12:5. 


Remarks. 1. The given equation has been put in form (i) by 
writing —8y as 4y.(—2) and then using the formula 


4pq —(p-- 9 —(p— 9)°, 
with Ў р=у, 4= —2. 
This enables us to get (ii). 


| 
| 
2. It can be shown, as in the above example, that the focus of ! 
the parabola x*— —4ay (a>0) is (0, —a) and the equation of its 
directrix is y=a. 
125. THE LATUS RECTUM OF A PARABOLA j 


The chord of a parabola through the focus and perpendicular 
to the axis is called the latus rectum. Let the chord of the parabola 
3*—4ax through the focus S perpendicular to the axis AX meet the 
parabola in L and L’. Then L'SL is the latus rectum. (Fig. 12:6). 


Now, the co-ordinates of L, L’ are easy to determine. Since 
L, L' are the points of intersection of the line x—a with the para- 
bola y*—4ax, therefore by solving these two equations together we 
get x=a and y—--2a. Hence L, L' are the points (a, 2a) and 
(a, —2a) respectively. F 

Thus the length of the latus rectum=L’L=4a. 


Hence the length of the latus rectum of the parabola y*—4ax 


is equal to 4a, which is also twice the distance between the focus 
and the directrix. 
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Since ће equation of a parabola . contains only one arbitrary 


Fig. 12:6, 


constant, it follows that the lengh of the latus rectum determines 
the size of a parabola. 


12:6. FOCAL DISTANCES 


If Р(х, y)is any point on the parabola y*—4ax, then the 
distance of P from the focus S is called the focal distance of P. If 
B'B is the directrix and PM and PN the perpendiculars drawn from 
P to the directrix and the axis respectively, then the focal distance 
of P is ] { 


| Fig. 12°7.. 
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PS-PM-—OA--AN, 
А =а+х. 
Thus, the focal distance 
=а+х. 
Example 4. Find the length of the latus rectum of the parabola 


y=16x. Also, find the focal тие of the point (1, 4) оп the 
poene 


Solution. Comparing the given equation with the equation 
y'=4ax, we get a—4. ! 
Thus, the length of the latus rectum 
í =4a=4.4=16. 
Also, the focal distance of (1, 4) is 
a+x=4+1=5. 
И EXERCISE 12 (a) 
71.7 Find the equation of the parabola whose focus is E 3, 9 and 
whose directrix is x+5=0. 
2. Find the co-ordinates of the focus and. the equation of the 
directrix of the parabola у= —6x. 
.3. Find the focus and the directrix of the parabola 
(4-5) 4(x4-3). 
4. Find the length of the latus rectum of the parabola у?=9х. 


Also, find the focal distance of the point (1, 3) on the para- | 
bola. 


5.. Find the vertex, the focus and the latus rectum of the parabola 
y—Sx+8y+6=0. 


6. The parabola y*—4ax passes through the point (3, —2). 
Find the co-ordinates ofits focus and the length of its latus 
rectum. 


7. Findthe equation of the parabola whose focus is (0, 0) and 
` whose vertexis (0, 1). - 


8. Find thé co-ordinates of a point on the parabola y* = 8x 
whose focal distance is 8. 


. 9, Show that the point (3, 4) lies within the parabola y*—6x. 
10. Find the focus and the directrix of the parabola : 
(i) у= —4ах (a>0). 

(ii) x*=4ay (a>0). 

Also, trace these parabolas,’ 
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127. CONDITION THAT y=mx+c MAY TOUCH THE . 

PARABOLA y*—4ax ў 

The abscissae of the points of intersection of the line 

2 у=тх+с 
with the parabola y*—4ax are given by the equation 
(тх+- c)! —4ax,. 

or m?x!-(2mc-— 4a)x-- c 0, -—( 


If y—mx-rc is to bea tangent to the parabola, the two Toots 
of (i) must be equal. The condition for this is í 


(me 4a) — Anis, à 


ог 16a*—16ame=0, i 
or ? =<, Provided m0. 


For this value of с, the equation (i) now becomes” 
2 
mx! 4-2(a—2a)x4- 179 


or mx—<-=0. 
Thus, х=. 
The corresponding value of y is given Ьу 
yemxdc-m Seats بک‎ 22. 


f 1 тт т у 
Thus,  у=тх--с, m0, touches the parabola J*-4ax if 


a : 2 a 2a 
cg the point of contact. is (&. *) 


Remarks. 1. The straight line yomx+ = touches the 


parabola y?=4ax for all values of m (>40). This equation is gene- 
rally called the slope form of the equation of the tangent. + 


2. The tangent to the parabola 5*—4ax parallel to the line 


yszemx--cis: 
a 
=mx+—. 
y + 7 


It follows, therefore, that only one tangent can be drawn to à para- 
bola parallel to a given straight line. " i 


· ‘Example 5. · Find the equation of the tangent to th ab А 
5*-8x parallel to the straight line 2х—3у+1=0. dlse, Яла he 
co-ordinates of the point of contact. ae $ 


. 
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Solution. The slope of the given line is" » 
Ee A i 
Comparing the equation y*—8x with у2=4ах, we get 
a=2, ‘ 
Hence the equation of the tangent with slope $ is 


2 
у={х+ 5, 
1877 
ог 2x—3y+9=0. 
The co-ordinates of the point of contact are 


(S , x where m=§, a=2. 
m m $ 
Thus the point of contact is (2, 6). 
Example 6, Find the equation of the tangent to the parabola 
y*=4ax which makes an angle of 60° with the axis of x. 


Solution, Suppose т is the slope of the required tangent. 
Then the equation of the tangent is 


a 
у=тх+ m: 
Since the tangent makes an angle of 60^ with the axis of x, 
j m-tan 60°= 4/3. 
*. the equation of the tangent is 
y= 3x ay 
or 3x— ¥3y+a=0 
EXERCISE 12 (5) 


1. Find the equation of the tangent to the parabola y*—3x which 
is parallel to the line 2x—-y=1. Also, find the point of con- 
tact. 

2. Find the equation of the tangent to the parabola y*—6x which 
is perpendicular to the line 5x—7y+6=0. Also, find the point 
of contact. 


3. Find the equations of the tangents to the parabola y*—3x 
. Passing through the point (1, —2). 

4. Find the equations of the tangents to the parabola yi-16x 

which are parallel and perpendicular respectively to. the line 


2x—y+5=0. Also, find the co-ordinates of their points of 
contact. 
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5. Show that the line 3y=6x-+2 touches the parabola 3)2—16х 
and find the co-ordinates of the point of contact. 

6. Show that the line 7x--6y—13 isa tangent to the parabola 
y'—7x—8y--14—0 and find the co-ordinates of its point 
of contact.. : 


128. ELLIPSE 


t The ellipse was studied by the ancient Greeks, notably by 
Menaechmus (fourth century BC), a pupil of Plato and Eudoxus. 
He called it a section of the acute-angled cone and obtained’ itas a 
section of a right circular cone of semi-vertical angle less than 45° 
by a plane perpendicular to a generating line of the cone. Apollo- 
nius, the great Greek geometer, later on (3rd century B.C.) obtained 
itasa section of a right circular cone of arbitrary semi-vertical 
angle by taking a section at a suitable inclination. The focus- 
directrix property was first treated, much later, by Pappus of 
Alexandria (about 300 A.D.). Kepler, working at Prague with the 
Danish astronomer Tycho Brahe discovered that the planets move 
in elliptical orbits with the sun at.one focus. In 1680 A.D. Newton 
proved that the elliptical orbit was a consequence of the ‘inverse 
square law of gravitation.’ The ellipse has thus turned out. to be 
of great physical significance to us. 


As discussed earlier, an ellipse is a conic section for which ‘the 
eccentricity is less than unity. r 

Thus, we have the following : 

Definition 12/2. An ellipse is the locus of a point which moves . 
50 that its distance from a fixed. point bears to its distance from a 
fixed straight line (not containing the point) a constant ratio which is 
less than. unity. The fixed point is called a focus and the fixed 
straight line is called a directrix, The constant ratio is called: th 
eccentricity and is denoted by e. j 
129. EQUATION OF AN ELLIPSE IN THE STANDARD 

FORM 

Let S be a focus and XM a directrix of the ellipse whose 
equation is required. Draw SX perpendicular to XM. Since the 
eccentricity e is less than one, we can divide SX internally and 
. externally in the ratio e : 1 at A and A’, so that 

: SA=eAX, e) 

and SA'=eA'X: ı | (шй) 

Ву the definition of an ellipse, А and A'lie on the ellipse. Let 
С be the middle point of AA’ and let AA’=2a. Then 

АС=СА'=а. 

Produce XA’ to X' making A'X'—XA. Cut off A’S’=SA, 

so that A’ lies between S' and X'. 
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Now, adding (i) and (ii), we get. 
» AA'z eXX', 


Fig. 12:8. 


Again, subtracting (i) from (ii), we get 


SS'—eAA'., 
Now, ^ АА'=еХХ'=2а=еХХ', 
=2a=2eCX, 
2 CX-ale. 
Similarly ' SS'—eAA' gives CS=ae. 


Take C as the origin, CA’ as the axis of x anda line through 
'€ perpendicular to CA’ as the axis of y. Let P be any point on the 
ellipse with co-ordinates (x, y) and let PM be perpendicular to the 
directrix. From the definition, we have, 


PS=ePM, 
or V/(x-+-ae)*-+-y?=eXN, 
| ` =e(XC+CN), 


a 
RS (= +x): 
Squaring, we get 


x*+ 2aex+a%e?+ у®==а% + 2aex+erx?, 
er x*(I—e*) +y*=a(1 —e*), 


| x yi 
x а tagze cL 
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‘Since el, a*(1—e2)» 0. Put а(1—е2) =F". 
Then, ` j х 
х? 2 
» Ta 1 
15 the required equation of the ellipse. 
12:10. TRACING OF ELLIPSE 


Consider the ellipse 


зж E 
Putting x=0 in (i), we get 
yb, 
от Р у=. ў : 


Hence the y-axis cuts the curve in two points B(0, b) an 
В'(0, —b). 
Putting y=0 in (i), we get 
х= ta. 

Hence the x-axis cuts the curve in two points A'(a, 0) and 
‘A(—a,'0). j 
‘Also, equation (i) gives 

xe v by’. 


Thus for any value of y, there are two values of x which are 
‘equal in magnitude but opposite in sign. This shows that the curve 
is symmetrical about the axis of y. Also, x is real if | » | <band 
imaginary if | y | >b. Therefore, the curve lies within the region 
lounded by the lines y= +b. 


"Similarly, we have 
у= xy ax, 


which shows that the curve is symmetrical about the axis of x and 
lies within the region bounded by the lines x= ta. 


It follows that the curve lies within the rectangle whose sides 
are y= xa, and у= +b. 


Xf (X', у') satisfies the equation 


a 
Aie, 


AN . 1 ^ 
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then obviously (x) —у) also satisfies it. Therefore, every chord 


drawn through the origin is bisected at it and so origin is the centre ` 


of the curve, 
Also, as x increases, y decreases and аѕ y increases, x 
decreases, Therefore, the curve is a closed curve. 
The shape of the curve is shown in Fig. 12/8. 
Remark. Since 5*—a*(1 —e?) and ex, 3) DI oA 
<. Б%<а% and hence ААВВ”. : Ў 
. The line segment AA'—2a is called the major axis and the 
‚ ine segment BB'—2) is called the minor axis of the ellipse. 
The lengths a and b are called the major semi-axis and 
minor semi-axis respectively. 4 EI. 
Remarks. 1. Sometimes the axes of co-ordinates are so 
Chosen that the minor axis lies along the x-axis and the major axis 


tics along the y-axis. The equation of. the ellipse then takes the 
orm . . i 


DET 

TY 
2. A point P(x,, y) lies outside, on, or inside the ellipse 

xi 2 

ap 3 
according as the expression: d 

2 2 У 
A =1 >, =, or <0. 
Proof. Draw PN perpendicular to the Major axis and let 

PN or PN produced meet the ellipse in О. If QN—y,, then Q is the 
point (x, y). { [ pd en 


Fig. 12:9, : 


| 
i 
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Since 9 lies on the eg 
TE { х® A UTI! 2E 


таб. n bp 1, 
же have з 
x Li 2 
Aa К 
Now,the point P will be outside, on, or inside the ellipse 
according as 
PN >, =, or < QN, 8 
i.e., according as y>, =, or «ys, 
2 
i.e., according as TT SERT OB ae JE 


3 x? 
i.e., according as m >, =, 0r «145 gin 


x 
i.e., according as = eta We I>, = оге 0; 


This proves the assertion . 
1211. THE SECOND FOCUS AND DIRECTRIX 


The equation of the ellipse : 
á jr yt 
adt teased) 2 
can be re-written as 
; x1—2aex EE E eres, 
2 
or (x—ae) +y’ =e? (£- ) 5 


The above form of the equation shows that the given ellipse is. 
also the locus of a point which moves so that its distance from the 


point S'(ae, 0i ise times its distance from the line х= 
"Hence there is a second focus 5 (ё, 0) ahd a second cites aie 


a 
whose воо is. Ln “ үз 


Remark. In Fig. 12/8, since CS=ae and сҳ= 5, Leti, 
the ا‎ ‘of the focus S are (—ae, 0) and the cou of the 


directrix XM is: x= css Also; the second dirécttix x= = is the 


line parallel to the y-axis and at a distance + from the origin. 
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12'12. THE LATUS RECTUM 


. The chord LL’ through the focus S perpendicular tothe major 
:аліѕ is called the latus rectum (see Fig. 12:8). 


_ Since CS= ae, the equation of LL’ is x— —ae. Therefore, the 
-abscissae of L, L’ are given by 


de уз 


a E Bb 
or bret + yt p, 
or Ie te 
Lad as 
or SB 
} p 
or y= eee 
Hence L is the point (— ае, b*/a) and L' is the point 
(—ae, —b*/a). 


Similarly, the co-ordinates of the extremities of the latus 
tectum through the other focus S' will have co-ordinates 


(ае, b*/a) and (ae, —b*/a). 
Also, LL'-28L- 2P oq. qs), 


SL is called the semi-latns rectum and its length is b/a. 
1213. FOCAL DISTANCES 


Asincase ofthe parabola, the distance of a point on the 
ellipse from a focus is called a focal distance of the point. Since aa 
. ellipse has two foci, there are two focal distances for each point. 


The following theorem gives a relationship between the two focal 
distances of a point. 


i Theorem 121. The sum of the focal distances of any point on 
the ellipse is constant and is equal to the length of the major axis. 


Proof. Let Р(х, y,) be any point on the ellipse 


x? 
atc 
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As in Fig. 12:8, 


Similarly, PS'=ePM’. 
=d—ex,. 
PS-FPS'—(a-- exi) -(a—ex), 
—-2a. C 
Fhis proves the theorem. 


Remark. Because of the above Pe E a popular way of 
drawing an ellipse is as follows : 
Take a piece of string. Fix the ends 
of the string to two points S and 
S' on a piece of paper. Now take 
a pencil and with the head P of 
the pencil, tighten the string. Now 
move the pencil keeping the string 
tight. The closed curve traced by 
the pencil isanellipse whose foci 
are S, S' and whose major axis is 
equal to the length of the string. 


1214. THE EQUATION OF AN 
. ELLIPSE WITH GIVEN . 
ECCENTRICITY, A 
GIVEN FOCUS AND A 
GIVEN DIRECTRIX 


Suppose we want {o find out 
the equation of an ellipse with ecc- 
entricity e, one of whose foci is the 
point (л, К) and the corresponding 
directrix being the line 

ax+-by+e=0. 

Let P(x, y) be any point on Fig. 12:10. 
the ellipse. Then by definition, 
the distance of P from the point (h, К) is equal toe times its per- 
pendicular distance from the line 


ax+by+e=0. 
: This gives 
(Ву 0-е (tis ў: 


ven 
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or (a? +*)[(x—h)?-+ (y —k)*]= e*(ax-+ byt e), 
which is the required equation. 

Example 7. Find the equation of the ellipse whose major axis 
lies along the x-axis and is of length 10 units, and whose minor 
axis lies along the y-axis and is of length 8 units. 

Solution. The equation of the ellipse is 


xt? 
Th 
where 2a—10 and 25—8. Thus the equation of the ellipse is 
у? 


etw 

юу г l 
bes seges i 
i.e., - 16x2--25y*— 400. ; 


am a 8. Find the equation of the ellipse whose eccentricity 


is n one of whose foci is (— 1, 1), and the corresponding directrix 
is the line : p 
x—y+4=0. e | 
Solution. "The equation of the required ellipse is Ж 


ENY PA 
оа 4 mE 


or. Фын 10). Ge, 
or 3x*-E3y* p 2xy —8—0. х : 
Example 9. Find the equation of the ellipse whose foci are 


(—3, 0) and (3, 0) and whose eccentricity is 2. 

Solution. Suppose a and bare respectively the major semi- 

axis and the minor semi-axis of the ellipse whose equation is 
required, Now, the distance between the foci of the ellipse is 24e. 


2ae=6, where =p 


This gives а=12. 

Now, Я b*—a*(1—e), 
=144 ( 1-16): 
=135. 


$5 the c rus of the ellipse is 


Cm ds. 
ог 159--16у%—=2160. 
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Example 10. Find the foci, the equations of the directrices and 
the eccentricity of the ellipse 4x?+-9y* — 36. 

Solution. The equation of the given ellipse can. be re- 
written as 


If a and b are the major semi-axis and minor semi-axis of the 
' ellipse, then i А 


4*—9, 2= 4. 
Also, the eccentricity e is given by 
02=—а4%(1— е3), 
p 
or : ela 
4 эз 
= eg 
* eu 45 . 
e. I) 3 


The foci being the points (+ae, 0), are (4/5, 0). 
The equations of the directrices are ) 


а 3 9 
t= FS | 
Example 11. Find the eccentricity, latus rectum, foci and 


directrices of the ellipse 25x*-k 16у%=400 
Solution. The equation of the ellipse can be re-written as 


ES epee 
чета 
Here, the denominator of J" is greater than the denominator 
of х2. Therefore, the major axis lies along the axis of y and the 
minor axis lies along the 


axisof x. (See remark on 
page 408.) 
Comparing the given 
equation with 
xtv ys 
dits c 
we find that the lengths aand Х 
b of the major semi-axis and 
minor semi-axis are given by 
а%=25, 
Ь%= 16. 
Тһе ессепігісйу е іѕ 
given by 
B=a{1—e*), 


Fig. 12:11. 
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5% 16 59177 
or nl aes ae 
Oni! e 


The length of the latus rectum is 
The co-ordinates of the foci are 

(0, +0) ( 0, +53 )-0, £3), 
The equations of the directrices are 

JS +аје= = 55.25, 


3 


Example 12. Find the centre, 
the major and minor axes, the length 


i 2 
or ern +(y+2)2=1, { 
Transferring the Origin to the point (—1, —2), we get the 
equation of the ellipse as oan 
in Xo YS 
Ki a а 


Here, the lengths a and b of semi-major and Semi-minor axes 
are given by Ў mM 
а2=4, p]. 


(i) The lengths of the major and Minor axés are 2a and 25 
Tespectively, j.e., 4 and 2 respectively, 


The equation of the minor axis is X0; 


ie., *+1=0 and that of the major axis is 
`Х=0, or y+2=0. el 
(i) The co-ordinates of the centre are given by 
° X=0, Y=0, ў 
Qr. 


XT1-9, y+2=0. 
EC —2) is the centre. 


toa 
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or 


or 


or 


or 


(шї) The length of the latus rectum is 


——==1, 


Now, the eccentricity e is given by 
№ 1 3 


ев] =]. 


д“ 4 4 
The equations of the latera recta аге 
X=taest2. V3/2=+ V3, . 
xtl=+¥3, or х= 43—1; 

(iv) The foci-are.the points given by 

X= +ae= + 43, and Y —0, 

xli 3 and у+2=0. 

Thus, the foci аге the points (43—1, —2) and (— V3—1, —2). 
(v) The equations of the directrices are given by 


х= ri, 
Hec. 


4 
хе RR —] and хе 4—1, 


EXERCISE 12 (c) 


Find the standard equation of the ellipse whose major axis. 
Jies along the x-axis and is of length 5/2, and whose minor axis 
lies along the y-axis and is of length 1/2. 


Find the equation of the ‘ellipse whose eccentricity isa focus. 
is (3, 4), and the corresponding directrix is the line 


3x+4y=5, 
Find the standard equation of the ellipse whose centre. is 


the origin, whose eccentricity is 4 the length of whose latus 
rectum is 8, and whose axes lie along the axes of co-ordinates: 


Find the equation of the ellipse the distance between whose 
foci is 8 and the distance between whose directrices is 18, and 
whose axes lie along the axes of co-ordinates. 


Find the foci, directrices, eccentricity and the length of the 
latus rectum of the ellipse 5x*+4y*=1. 


Find the eccentricity, the foci, the directrices, and the length 
of the latus rectum of the ellipse 2x*--3y*— 1 —0. 


Find the co-ordinates of the extremities of the latera recta BE 
the ellipse given in questions 5 and 6 above, 
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8. Find the centre, the eccentricity, the foci, the latus rectum and 
the directrices of the ellipse ` : ibis ; 
x*-4y*— 10x—24y4-45--0. 
9. Find the eccentricity, the foci, and the length of the latus 
rectum of the ellipse : 
8(x—1)*+ 6Cy--1))1— 1 —0. 
10. Find the distance between the foci of the ellipses 
3334-421. 
1l. Find the lengths of the axes of the ellipse whose foci are (2, 0) 
and (—2, 0) and whose eccentricity is 2. 


12. Is'the point (2, 3) outside, on, or inside the ellipse : 
1 2 
(i) 22%--3уа=1, Gi) + = 


DREN, 
те a 
1215. CONDITION THAT y=mx+c MAY TOUCH THE 
Ai RS 
ELLIPSE ^ +- =l 
Theorem 12'2. With a given slope m, there are two tangents 
TEM SOG 4 ; 
to the ellipse uw gb given by y- mx уат +в, 


Proof. Let y—mx--c be any straight line with slope m, 
The abscissae of the points of intersection of the line y=mxte 


i i xt »* Д 
with the ellipse ji uir =1 are given by 


4 2 
Let i jugi eb 


а? b * 
ог 22%? o a*(mx-A- c)*—a?b?, 
or (am? +b) -2mca* x 4 at(c? — 0) —0. 


If the line isa tangent to the ellipse, the two roots ‘of the 
above equation must be equal. The condition for this is 


(2mca*)—4(b?+-a"m?)a*(c?—5%)=0, 


"or e= m rp, 
or c= FV amti, 


Thus the line y=mx+c touches the ellipse x?/a?+)2/b2=1 
provided c= 4-4/ am" +b? , 
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Consequently, the equations of the tansents to the ellipse 
x*[at у= 1 with a given slope m are 
y= an aim b, 
and too ye mx / amt be 
Remarks. 1. The lines 
y=mx+ м ат А6: 
will always touch the ellipse whatever be the value of m. 


2. There аге two tangents to an ellipse parallel to a given 
straight line. These two pai alle! tangents are equidistant from the 


centre of the ellipse, each being at à distance al ке) from 


m*4-1 
the centre. 


Example 13. Find the equations of the tangents to the ellipse 
4x* d 3y*--6 which are parallel to the line y=2x+3. 


Solution. We know that the equations of the tangents to the 
2 2 
ellipse teal, parallel to the line with slope m are given by 
mx L/P p 
Here the equation of the ellipse is | 
424-37 = 6, 


' КР anh i : 
pe 3/3/5227 
de. p-2. 


Also, m, the slope of the given line is 2. Therefore, the re- 
quired equations of the tangents are 
yas f à) (442: 2x32 2. 
M yz2x4-242, and y=2x—-2 V2 
are the two tangents parallel to the line y= 2x43] 


Example 14. Find the valve of aso that the Straight line 
yzx-ra may touch the ellipse 2x24-35*—6, 


Solution, The equation of the ellipse can be written as 


Therefore, the equations of the tangents to the given ellipse 
parallel to the given line are МИ T 


: y—xiwv342 —x44/5.. 
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If y=x+a is to be one of these tangents, then we must have 
а= + V 5 
| . EXERCISE 12 (4) 
.l. Find the equations of the tangents to the ellipse 
931-- 165—144 
parallel to the line у=х--4. 
2. . Find the equations of the tangents to the ellipse 
x*--16y*216 
which make an angle of 60? with the major axis. 


3. Find the equations of the tangents to the ellipse x?--3y2—3 
Which are perpendicular to the line x=3y+5. 


4. Show that the straight line 4x+3y=12 V2 touches the ellipse 
4х24-9у2=36. 
Also, find the co-ordinates of the point of contact. 


5. Find the values of c so that the line y=x+e may touch the 
ellipse 23?-I-3y?— ].- 


. Show that the line x cos a+ y Sin a— p touches the ellipse 


е 


2 2 у 
PES 3-1 if а? cos? a+b? sin? a=p?, 


1216. HYPERBOLA 


The hyperbola was studied like the other conic Sections, by 

, the ancient Greek geometer Menaechmus, Apollonius, Pappus, 

Aristaeus and Euclid. The lost works of Aristacus and Euclid 

. probably dealt with the general hyperbola, but only a single branch 

of it. Apollonius was the first one to treat the double branched 
curve obtaining it as a section of a double cone. 


A branch of a hyperbola may often be seen as the edge of the 
shadow cast on a wall bya circular lampshade, 


The property that the difference of the focal distances ofa 
hyperbola is constant has important applications in theory and 
practice of radar navigation. — ` 


As pointed out earlier, "а hyperbola isa conic section whose 
eccentricity is greater than unity. Thus, we have the following : 
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12:17. THE STANDARD EQUATION OF A HYPERBOLA 


Theorem 123. The equation ofa hyperbola in the standard 
form is 


2 


il 


i 
S 


a N 

Proof. LetS bethe focus and ZM the directrix. Draw SZ 

perpendicular to the directrix. Since e >.1, we can divide SZ 

` internally and externally in the ratio е: 1. Let the points of division 
be A and A’ as shown in Fig. 12°12. 


Let C be the middle point of A'A and let A'A —2a. ; 


Then SA—e.AZ 
and . SA'—e.ZA'. 
DT SA+SA'=e(AZ+ZA’), 
or `  SA+(SA+AA’)=eAA’, 
or 2(SA-+-AC)=eAA’, 
or 2SC=2e.AC, j 
or CS=ae. т e 


Fig. 12:12. 
Also, SA'—SA —e(ZA'—AZ), 
ie., AA'=e(AA'—2AZ), 
ie., 2AC-eZZ, 
he. ; AC=e.ZC, 


ie, (e CA aldi) 
e 
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Now, let C be the’ origin of co-ordinates, СА the axis of x, 
and a line through C perpendicular to CA the axis of y. Let P(x, y) 
be any point on the curve. 


Then from Fig. 12°12, by the definition of hyperbola, 


Sp:—e?PM?, 

or SN?--NP'— e?ZN*. 
Now, . SN-CN-CS- x— ae, 
and t ZN-CN-CZ-x- 5. 


(x—ae)--y?— e ( xy. 


or PHLU- e) ae), 
xtA OLIO А, 

Е "ace И 

Since e > 1, ^. aX(1— e°) is negative. 

Let. a*(1--e?) - —b*. 

Then the equation of the hyperbola becomes 

x y? 
^ut К 


which is called the Vou form of the equation of the hyperbola. 


Remark. Inthe particular case when a=b, the hyperbola 
becomes x?— у? = а? and is referred to as a rectangular hyperbola 
or an equilateral hyperbola. 

1218. TRACING A HYPERBOLA 
* Consider the BIA 
‚Күз 
* a a 
in its standard form. 

If (x, y) is a point on the curve, then (x, —y) and (—x, y) are 
also on the curve. This means that the curve is symmetrical with 
respect to both the axes of co-ordinates. 


Putting y=0 in the equation of the hyperbola, we get, х= da. 
Thus, the curve cuts the x-axis in two points A(a, 0) апа A'(—a, 0). 
lf x=0, then thé equation gives y2=—b5*, which shows that y-axis 
does not meet the curve in real points. 


Now, writing the equation in the form 
a. 
= OF Tb), 
we see that for every real value of y, x is real. 
Also, x increases as y increases. 
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Again, writing the equation in the form. < Ў 

2 
,کہ ھی ye.‏ 

we see that for all values of x such that —a<x<a, у? is negatiye, 
This means that no part of the curve lies between the lines x=a 
and х= —а. Ў 

Also, when x tends to +0, | у | also tends to +o. Thus, 
taking all the above facts into consideration, the shape of the curve 
is as shown in Fig 1242, and consists of two infinite branches, each 
branch roughly.resembling the portion of a parabola near its vertex. 
1219. THE SECOND FOCUS AND THE SECOND f 

DIRECTRIX | 

In Fig. 12°12,.8 is a focus with co-ordinates (ae, 0): Also, ZM 
is a directrix with equation x=a/2. Now, the equation of the hyper- 
bola as deduced earlier, is 


xt b As a 
a red aTe 
or (1 +e) ر‎ =a? (1— e), 
2ax а? 
or x ye ace (ар а. ) 
Ng 
or (xac) ty =e? (x+ 2.) "И 


This shows that the hyperbola is also the. locus of a point 
Whose distance from the point (—ae, 9) is e times its perpendicular 


distance from the line х= — 2. Therefore, there is а second focus 
S'(—ae, 0) and a second directrix Z'M' with equation 
х=— ( 
е 


1220. THE VERTICES, AXES AND CENTRE 


The points А and A’ where the straight line joining the two 
foci cuts the hyperbola ars called the vertices of the hyperbola. 

If (x’, у") is any point on the hyperbola, then obviously, the 
point (— x", —y’) will also be on the hyperbola: But the points (x^, y’) 
and (=x, —y') areona straight line through the origin and are equi- 
distant from the origin Hence, the origin bisects every chord ‘which | 
passes through it and is, therefore, called the centre of the hyperbola. 


: AA" is called the transverse axies of the hyperbola. The line, 
through the centre C perpendicular to.AA' does not meet the hyper- 
bola in real points, because if we put x—0 in the equation 
x*[q? —y*|b3—1, we get y*— —B?, which does not give any real value 
of y. But if B and В” be thepoiats on this line such that В'С= CB— b, 
the line B'B is called the conjugate axis. deus 
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1221. RELATION BETWEEN FOCAL DISTANCES 


Theorem 12:4. The difference of the focal distances of a point 
on the hyperbola is constant and is equal to the length of the transverse 
axis. ? 


Proof. In Fig. 12:12, we have 
. PS' — PS—cPM'—ePM, 
=e(PM’—PM), 
=eMM’, í 
“эй (2а), 
—the length of the transverse axis. 
This proves the theorem. 
1222. THE LATUS RECTUM 


The chord L'L through either focus perpendicular to the trans- 
verse axis is called the latus rectum. 


In Fig. 12°12, if SL=/, the co-ordinates of L are (ае, 1). Since 


L lies on the hyperbola 
x? у? By 
ae) 
we must have 
vet og 
qr ci 
1 be? —1), 
p b 
Ed e (4—1)= у 
UAE ai 
a 


the negative sign corresponding to-L'. 
Thus, the latus rectum 
rg 22° 
L'L- 2SL- —-. 
a 
It follows that the co-ordinates of the extremities of the latera 


recta are (as, Fia y 
a 


1223. THE EQUATION OF A HYPERBOLA WITH A GIVEN 
ECCENTRICITY, A GIVEN FOCUS AND A GIVEN 
DIRECTRIX 

Suppose е is the eccentricity, (h, k) is a focus and 
ax--by--c—0 
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the corresponding directrix of a hyperbola. If P(x, y) be any point 


on the hyperbola, then, by definition, 
(х—һ)%-Е(у—К)%=е®. teste 
which is the required equation. 


Example 15. Find the equation of the hyperbola with one 
focus (1, D, the correspondi ngdirectrix being 2x--y—1, and with 
eccentricity V3. 


Solution.. The required equation is 
Вес үз 
ато (изу (ZHL Y, 
or x*—2x^-14-92—2y4-1—3 ( SEE A fy 


or 7х%-12ху —2y*—2x--4y—7-:0. 

Example 16. Find the equation of the hyperbola the distance 
between whose foci is 32 and whose eccentricity is 2 ¥2. 

Solution. Here, e—2 V2 
and 2ae—32. 

2a.2 ¥2=32, 

or a?=32, 

Now, b?—a*(e—1), 

=32 (8—1)—224. 
Therefore, the equation of the required hyperbola is 
E eius 

i 32 224. 
or 4 7x1 —y3— 224. 

Exemple 17. Findthe centre, the foci, the eccentricity, the 
directrices and the lengths of the axes of the hyperbola 


G-D' 0-2 
9i TIS р 


Solution. Transfer the origin to the point (1, 2). The equa- 
tion of the hyperbola then becomes 


1 2 
>, GAIA E 


-1 


9 16 1 

Here, a*—9, b*—16, so that a=3,b=4. The length of the 
transverse axis is, therefore, equal to 2a—2.3— 6. Also, the transverse . 
axis lies along the line Y—0 or y—2=0. 

Again, the length of the conjugate axis —25—2.4—8. The 
conjugate axis lies along the line X—0 or х—1=0. 

The centre is given by X—0, Y—0 or х—1=0, y-2=0. 
Therefore, the co-ordinates of the centre are (1, 2). 


424 


or 


and 
Or 
and 


6. 
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Now, b! =a (e?—1) gives 
16=9 (e?—1), 
ае. 
3 


the co-ordinates of the foci are given by 
X=+ae=+3.5/3= +5, 
Y=0, 
x-l=+5, 
у—2=0. 
Hence the co-ordinates of the foci are (6, 2) and (—4, 2). 
The equations of the directrices are 


a 3.3 9 
Xu BUE Vs 
9 
х= ёз 
_14 
xc 
= — 4 
WO MESI 


EXERCISE 12 (e) 


Find the equation of the hyperbola one of whose foci is (2, 3), 
the corresponding directrix is x+2y-+1=0 and whose eccentri- 
city is 2. 

Find the equation ofa hyperbola such that d grams between 
its foci is 16 and its eccentricity is V2. 


№ Find the {шоп of a hyperbola with a vettek (4, 0) and a 


focus (0, 0 
Find the equation of the hyperbola with foci (+2, 0) and 


о + Я 


Find the equation of a hyperbola "with latus rectum 4 and 
eccentricity 3. 


Find the eccentricity, foci, directrices od the length of the 
latus rectum of the hyperbola 16x?—9y?= 14 


Find the eccentricity, the foci, the ES ia the length of 
the latus rectum of the hyperbola 


163—25y2— 400, 
Also, find the co-ordinates of the extremities of the latera recta. 
Findthe axes, eccentricity, foci and the length of the latus 


tectum of the hyperbola 4x2—9)2— 36, 
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9. Find the lengths of the axes, the centre, the foci, the length of 
the latus rectum, the eccentricity and the directrices of the ~ 
hyperbola 

(x-FAy OD x 
TORT ESNI X 


10. Find the lengths of the axes, the centre, the foci, the length of 
the latus rætum, the eccentricity and the directrices of the 
hyperbola 

E EE (у—4)° Xe 


9 16 
1224. CONDITION THAT y—mx--c MAY TOUCH THE 


o SONIS adio 
HYPERBOLA = — jz =! 


The abscissae of the points of intersection of the straight line 
2 2 
y=mx-+c with the hyperbola em eo! are given by 
x (тх+ о)? 27 
aic T DNUS LCS 
or рх а? (mx--c) —a*b3 —0, 
or (am? Fb) x! —2mca*x —a* (c?-+-b*)=0. 
1f the line is a tangent to the hyperbola, both the roots of the 
above equation must be equal. The condition for this is 
Qmea?)! 4-4 (~am? F6) а (4-0) —0, 
Or e=am—b?. j 
Corollary. The condition c?—«^m* —b? gives two values of c, 
namely, c— + 4/ a?m^— b*. / 
Hence there are two tangents to the hyperbola with a given 
slope m and the equations of these tangents are 
yemx-/ aim?—b*, 
and yemx—N/am—B. 
Remarks, 1. The lines yemx- v amb? will always touch 
the hyperbola whatever be the value of m. 
Я 2. There are two tangents toa hyperbola parallel to a given 
straight line. The two parallel tangents are equidistant from the 
{ : j ў | ат — 2 
centre of the hyperbola, the common distance being VARII CERE ) 
Example 18. Show that the straight line 3x — y=5 touches the 
з 2 
hyperbola ГР a= land find the point of contact. 
Solution. The abscissa of the points of intersection of the 
straight line E A 
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3x—y-5 ned. (i) 
and the hyperbola 
a 

+ = --) 
are given by 

x? Gx—5)? S P 

ә 20 
ог \ 4x°—(3x—5)?=20, 
or — 5х#--30х—45=0, 
ог x?—6x+9=0, 
or (x—3)}=0. 


Since the values of x are equal, the straight line touches the - 
hyperbola. The point of contact is given by X—3, y=3x—5=4, 
Hence the point of contact is (3, 4). 


Example 19. Find the equations of the tangent to the h iyperbola 
2 
ЧН абе. 
} : 36 725 
which moke an angle of 45° with the axis of x. 


Solution. The slope m of the tangent—tan 45°=], Therefore, 
the required equations are 


у=1.х:®,/36,1—25, 
=x} JT. 
or х=у==:Бү/ үү; 
EXERCISE 12 (f) 


l. Show that the straight line 8x—5y—20 touches the hyperbola 
32x*— 252—400 and find the point of contact, 

2. Findthe equations of the tangents to the hyperbola 4x2— 9y*-1 
Which are parallel to the Straight line 5x—4y4-7—0. 

3. Find the equations of the tangents to the hyperbola 

TR 2 E 2 

За X =1 which are Perpendicular to the Straight line 
3x+4y=5, 


4. Show that the straight line J—xX--4/2 touches the hyperbola 
t 4352—5215, Also, find the Co-ordinates of the point of 
contact, $ 


5. Find the Co-ordinates of the Point at which the line 4x—3y=1 
is a tangent to the hyperbola 4х%—3уз=]1, 


TEST YOUR-UNDERSTANDING хп 


ү In each of the following problems Sour alternatives are given, 
Puta tick (/) mark against the correct alternative : 
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The latus rectum of the parabola y*=—8x is 


(a) 2 (b) —2 () —8 (d) 8. 
The focus of the parabola y*—16x is the point 
(a) (0, 4) (b) (16, 0) (c) (4, 0) (a) (—4, 0). 


The axis of the parabola y*—ax is the line 

(a) x=0 (b) х=—3 (с) y=3 (d) y=0. 
The straight line x+y—c=0 touches the parabola у= 12x 
provided c equals , 


(a) 3 (b —3 (c) 12 (d) —12. 
The eccentricity of the ellipse rab is 

(а) $ (b) $ (с) ¥73 (d) &. 
The latus rectum of the ellipse Auge is 

(a) $ (b) 16/5 (с) 5 (d) 32/5. 


The equation of a directrix of ће ellipse 4x*4-8y*—1 is 
(а) x4- V2—0 (b) y— 42-0 (c) y+ 2-0 (d) x424-1—0. 
The straight line y—1 touches the ellipse x3--16)*—16 at the 
point 
(a) (—1, D (b) (1, D (с) (2,1) (d) (0, 1). 
The equation 4x?—y*+6=0 represents а 
(a) circle (b) parabola (c) hyperbola (4) ellipse. 
The length of the transverse axis of the hyperbola 
9x2—16y?—144 is ‘ 
(a) 16. (b 8 (c) 4 (d) 9. 

) REVIEW EXERCISE XII 


` The parabola y?=4ax passes through the point (5, —10). Find 


the co-ordinates of its focus and the length of its latus rectum. 


Find the equation of the parabola whose focus is (4, 0) and 
whose directrix is the line x--4—0. 


Find the equation of the tangent to the parabola y®=6x which 
is parallel to the line 3x—y+4=0. Also, find the point of 
contact. 


For what value of c does the line y -4x--c touch the parabola 
yi-—8x? : 

hos. isthe distance between the foci of the ellipse 4x?+-9y? 
=1 


Find the eccentricity of the ellipse 16x?--25y*—1. 


For what values of c does the straight line yx +e touch the 
ellipse 6x?--85y*—17 


5. 
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Find the equations of the tangents to the ellipse 4x?--3y*—1 
which are parallel to 2x-+y+3=0. 


‚3 2 
Find the eccentricity of the hyperbola Boy n У 


Show that the straight line 4x—3)=1 touches the hyperbola 
4x*—3y*— | at the point (1, 1). 
SUMMARY 


The equation of the parabola with vertex at the origin, axis along the x-axis, 
tangent at the vertex along the y-axis, and latus rectum 4a, iso? —4ax, 

The equation of the ellipse with centre at the origin, major axis along the 
x-axis and of length 2a, minor axis along the y-axis and of length 26, is 
x*/a°+y2/b*=1. The eccentricity e is given by 5*—a2 (1—e*), the co-ordinates 


of the foci are (ae, 0), the directric:s are the lines x= 4 + ‚ and the 


2b? 
length of the latus rectum is uM 


The equation of the hyperbola with centre atthe origin, transverse axis 
along the x-axis and of length 2a, conjugate axis along the y-axis and of 


length 2b, is +> =1. The eccentricity e is given by b°=a* (e*—1), The 


" 5 ^ a 
co-ordinates of the foci are (Lae, 0), the directrices are the lines x= + 


> 8 b? 
and the length of the latus rectum is p^ . 


The straight line y 9mx-tc touches the parabola »*=4ax provided c= > 


The straight line y—7mx- c touches the ellipse = + A =1 provided eu 
a m+ bp, 

The straight line y=mx-+c touches the hyperbola x = z= 1 provided 
с%=а%тз—Ь°. 


OO 


PART Ш : TRIGONOMETRY 


Chapter 13 Trigonometric Functions 
Chapter 14 Graphs of Trigonometric Functions — 
Chapter 15 Properties of Triangles and Their Applications 


Chapter 16 Inverse Trigonometric Functions and Trigono- 
metric Equations 


а о 9 1 
` A | 
One of the two greatest contributions that ancient India 
has made to Mathematics, is the knowledge of Trigono- 
metry. |n pariticular, the sine function can be traced 
back to Surya Siddhanta which to date is regarded as a 
„ marvellous work on Astronomy. К 


‹ 429) 


ABRAHAM DE MOIVRE (1667-1754) 
Abraham de Moivre was born at Vitry in Champagne, France on May 26, 
1667. Attheage of twenty-one he left France for England, where he spent the 
rest of his life as a tutor in Mathematics to sons of rich noblemen. 
De Moivre was elected a Fellow of the Royal Society in 1697. His friends 
included Halley and Newton. Newton held him in high esteen who (as the story 
goes !), when approached by students with problems often used to say, “Со to 


Mr. de Moivre, he knows these things better than I do". He is remembered 
most for ‘De Moivrs’s Theorem’ in Trigonometry. He was among the founders 
of the mathematical theory of probability. His Doctrine of Chances, а master- 
piece, ran into three editions—in 1718, 1738 and a posthumous one in 1756. He 
died on November 27, 1754 at the age of 87, Poverty stricken, with failing eye 
Sight, an! without frieads, all of wa»m (with the exception of James Stirling) 


had already passed away by then. 


(430) 


CHAPTER 13 


Trigonometric Functions 


131. INTRODUCTION 


The literal meaning of the word ‘Trigonometry’ is the ‘science 
of triangle measurement’. It had its beginning more than two 
thousand years ago as а tool for astronomers. The Babylonians, 
Egyptians, Greeks and the Hindus studied trigonometry only because 
it helped them in unraveling the mysteries of the universe. In 
modern times trigonometry has tremendous applications to physics 
and engineering. 


We shall devote'Chapters 13-16 to the study of trigonometry. 
In the present chapter we shall introduce trigonometric functions 
and obtain identities and some basic formulae connecting various 
trigonometric functions, We shall also try to learn the use of tables 
of values of trigonometric functions. In Chapter 14 we shall stu dy 
the graphs of trigonometric functions. In Chapter 15 we shall study 
properties of triangles and their applications to solution of triangles 
and problems on heights and distances. In Chapter 16 we shall study 
trigonometric equations and inverse trigonometric functions. 


132. EVEN AND ODD FUNCTIONS 


In the first chapter we had reviewed. various concepts which 
included functions, their domain and range etc. It would be worth- 
while if you refresh yourself about those concepts because we shall 
be using them in this chapter. In this section, we shall introduce 
the important concept of odd and even functions which will be use- 
ful to us in the study of trigonometric functions, 


Consider the function f given by f(x)—x*. Since (—x)*=x?*, 
for all x, therefore, f(—x) —(—x)—x'—f(x), for all x. Similarly, 
for each of the functions g and / defined by g(x)= |x|, A(x)—x*, 
we have g(—x)=g(x) and hi—x)=A(x), for all x. Such functions 
ате called even functions. — ' 


Definition 131. A function f is said to be even if 
Sf(—x)=f(x) 
for all x in the domain of f. 


(431) 
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We give below graphs of some even functions. 


(х) = х f(x) = 158 


f) = XTXT- 


Fig. 13:1. Graphs of some eyen functions 


Next let us consider the function F given by F(x)—x*. Since 

| (723) — x3 for all x, therefore, F(—x)=(—x8=—x*=—F(x), for 

all x. Similarly for the functions G and H given by Gix)=x° and 

| H(x)—x', we have G(—xi— —G(x), Н(—х)=— H(x) for all х. Such 
functions are called odd functions. { 


———— 


Definition 13:2. А function f is said to be odd if 


fe) —f-2x) 
for all x in the domain of f. 
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;; We give below graphs: of two,odd functions.. ТИЯ 


(х= (oto sx x 


Fig. 13:2. Graphs of two odd functions 

Finally, let us consider the function 

f: Јох) =. 

Here f(—x)=x°—x which is neither equal to (fx) nor to — f(x) 
for any x other than x—0. This function is, therefore, neither even 
nor odd.‘ Similarly the functions, 

g:g(x)2x!'—3x4-2, 
: AS A(x)=°—2x+1, 
are neither odd nor even. 
13:3. . SINE AND COSINE FUNCTIONS 

Consider the unit circle (e., a circle of radius 1) having its 
centre at the origin of a cartesian ‘co-ordinate system (see Fig. 13° 3). 
The equation of the circle is x*+-y?=1. 


' 5 у 


(x, y)P (5) 


Fig. 133. 
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Suppose a variable point P starts atthe point A(1, 0) and moves 
along the circumference of the circle |s| units, in the counter- 
clockwise sense if s >0, and in the clockwise sense if s,< 0. Since 
the arc length of the circle is 2r (radius of the circle being 1), to 
each real number s lying between —2x and 2r, we shall get a unique 
point on the circle. If [ | >2x, let the point P continue to move 
around until it has travelled a distance | s |. Let this point be 
denoted by P(s). In this manner. with each real number s we shall 
associate a point P(s) on the circle (after. having travelled | s | units 
as described just now) which we shall call the terminal point whose 
distance along the arc from A(1, 0) .іѕ | 5 | units. We thus get a 
function 
P : s ——> P(s) 

whose domain is the set R of all real numbers, and whose range is 
the set of points on the unit circle. 2 

The function P enables us to define two very important 
functions in a very natural manner. If the co-ordinates of P(s) be 
(x, y), then 

5— abscissa of P(s), and s— ordinate of P(s) 
are two functions. These are the cosine and the sine functions, 
commonly abbreviated as cos and sin. 
nition 133. If the terminal point P(s) has abscissa x and 
ordinate y, then ! 
| 


cos S=x, for all SER, 


sin s=y, for all SER. 


| 
| 
| 
1 


The domain of each of the above functions is В, 
Since for every point (x, y) on the unit circle —1<х<1 and 
—lI«y«l, therefore, the range of both cos and sin is the closed 
interval [—1, 1]. 
Since the circumference of the unit circle is 2z units, the values 
of cos s and sin s given in the following table are obvious : 


5 P(s) cos 5 sin 5 
Dae (1,0) 1 0 
x/2 (0, 1) 0 ; 1 
z (—1, 0) 1 ] 0 
wa | €. 0 з 

p (1, 0) 1 e 


Table 13:1. 
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We now proceed to define another trigonometric function, namely 
the tangent function (abbreviated as tan) which is equally impor- 
tant. 

Definition 13.4. If the terminal point Р(ѕ) has co-ordinates 
(x, y), then the tangent function is defined by 


| tan s=y/x, whenever xz£0. 

| | 
Since x=0 if and only if s—Kz--x/2, where k is an integer, there- 
fore, the tangent function is defined for all values of s except 
kn--n/2 (KC Z). We shall denote the domain of tan by R* through- 
out, so that 


R*-R-(kz--z/2 :k€2Z). 
There is an obvious but important relation between the three 
trigonometric functions sin, cos, tan. Since tan 5=y/x=sin s/cos s, 
provided cos 5540, i.e., x40, therefore, wehave . 


sin s 
COS s 


tan s= 


for all values of SER*. 

Let us recall the signs of the co-ordinates of the points in 
various quadrants. By noting the quadrant, in which P(s) lies for 
a given value of s, we can find the sign of the value of a trigono- 
metric function for a given value of s. The entries in the following 
table are easy to verify : 


Quadrant у 
in which Sign of sin s Sign of cos s Sign of tan s 
P(s) lies 


+ 
+ 
+ 


т + -— i 
IH = = s 
IV ; ENI dd = 
Table 132 SEE 
134. VALUES OF SIN s AND COS s FOR SOME SPECIAL 
VALUES OF s 


In Table 13:1 we had noted the values of the sine and cosine 
functions for some special values of s. The values of sin Sand cos s 
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cannot be easily found for all values of s. However, there are many 

values of s for which the values of sin s and. cos s can be found 

without much difficulty. Two such values are x/6 and 1/3. We shall 

now find the values of cos s and sins when s has these values. 
Consider the unit circle as shown in Fig. 13:4. 


Fig. 13.4, 
Let P, Р, be the points of trisection of the arc of the unit 
- circle from (1, 0) to (0, 1). This arc is one-fourth of the circum- 
ference of the circle and is, therefore, of length x/2. The arc-length 
of each of the trisected portions is, therefore, 1/6. Let P,—P (z/6), _ 
and P,—P(z/3). Since in a circle equal arcs subtend equal angles at 


the centre, therefore, / P,O x—30? and Z PO х=60°. 


Consider the right-angled triangle P,OD. Its acute angles 
are 30° and 60°. From your knowledge of plane geometry you 
know (or you can easily prove if you do not remember) that in 
such a triangle, the length of the hypotenuse is twice that of the 
Shorter leg. Using this fact we find P,=P(x/6) is the point (4/3/2, 
1/2). The triangle P,OC is also of the same type and therefore, 


P3 —P(/3) is the point (1/2, 4/3]2) We immediately have the 
following table of values : Ў 


5 sin s х cos s tan 8 
PARC рын ДИЕ рН 
m MEN v3 Ыр 
6 2 2 V3 
п V3 1 
3 21 ож УЗ 


; Table 13:3, 
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Remark. By using the fact that in an isosceles right-angled 
triangle the length of the hypotenuse is 4/2 times the length of 
either leg and proceeding in exactly the same manner as above, it is 
easy to show that cos z/4—sin x/4—1/4/2 and tan n/4=1, > 

You should be able to prove it yourself. ! 

EXERCISE 13 (a) 
1. ‘Find the value of 

(a) sin? 0--соѕ? 0. 

(b) sin*(zx/6)-I-cos*(x/6). 

(c) sin*(z/3) 4-cos*(x/3). 

(d) sin?(1/2) 4-cos*(x/2). 

(е) sin (x/4) cos (x/6)-.-cos (7/4) sin (1/6). 

(7) cos (2/3) cos (x/4) —sin (x/3) sin (3/4). 

2. Substitute the values of the trigonometric functions and verify 
that each of the following statements is true : 

(a) sin (x/3)=cos (5/6). 

(b) sin (x/6)=cos (x/3). 

(с) sin (x/3)=2 sin (x/6) cos (1/6). 

(d) sin (z/2)=2 sin (2/4) cos (1/4). 

(е) cos (x/3)=cos? (1/6) —sin? (x/6) 2 cos? (1/6) —1. 

135. TRIGONOMETRIC IDENTITIES 

Recall that an equation that holds true for all those values 
of the variables for which both sides of the equation are meaningful 
is called an identity. An identity which holds when certain condi- 
tions are imposed on the variables is called a conditional identity. 
: An identity involving trigonometric functions is called a 
trigonometric identity. For example, tan 0 cos 0—sin 0—0 is à 
trigonometric identity. In the present section we shall study. some 
basic trigonometric identities. 

Theorem 13:1. Far all s€R, 


cos? s+-sin® s]. 


Proof. With the same notation as in section i2 

Coss —sin*s =x? y'--1, since (x, y) lies on the unit circle. 

Remark. As we have seen above, the proof of the above 
‘identity follows directly from the definitions of the sine and cosine 
functions. It isa fundamental identity which we shall be using 
again and again. ; 

Theorem 132. Jfk be any integer, then 

sin(2kn-++s)=s sin s, cos(2kn-+-s)=cos 5, for all s € R. 
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Proof. Let us consider the notation of section 13:3 and 
Figure 13:3... If s, and s, be two real numbers differing from éach 
other by an intezral multiple of 2x. Then P(s;) — P(s;). In particular, 
if s€ R, then P(2kz 4-5) — P(s). i 

Now sin (2kn--5) ordinate of P(2kr +s), 

—ordinate of P(s), i 
=sin $. 

Again, cos (2kn-I-s) abscissa of P(2kx-+s), 

А —abscissa of P(s), 
=с05 5. 


Thus | sin (kn 4-53) —sin s, cos (2kn+-s)=cos s. 
| a 
, Remark. The above identities enable us to write, by using 
Table 13°1 and 13°3, the value of cos s and sin s for infinitely. many 
values of s. For example, if KEZ, then 

cos 2 kn=cos 0=1, sin 2kx=sin 0=0, 

соѕ(201 1/2) =соз (2/2) —0, sin (2kz-1-2/2) —sin(x/2)—1, 

cos(2kx-}-x/6)=cos (2/6) 3/2, sin (2kx-+-n/6)=sin (x/6) 

=}. 

The two identities proved above involved only: one variable. . 
We shall now prove a general identity involving two variables. As 
we shall see in the following, it is a source for many other identities, 

Theorem 1333, For all s, t€ R, E 

cos (з—1)== сох s cos t+-sin s sin t. 

Proof. Lets and t be any two teal numbers and let P(s), P(t) 
be their corresponding terminal points on the unit circle. | See 
Fig, 13.5. Since.the co-ordinates of P(s) are (cos 5, sin s), and those 
of P(r) are (cos t, sin 7), the distance d between P(s) and P(r) is 
given by ‘ 

d*= (cos s— cot f)?-+(sin s—sin f)", 

=(cos*s—2 cos s cos f--cos?r) 
+(sin’s—2 sin s sin t--sin*r),. - 
=2—2 (cos s cos t--sin s sin f), (i) 
since — cos*s--sin*s—l, cos?r--sin'r— 1. i 

We shall now find the value of d? by another method. Since 
equal chords of a circle cut off equal arcs, and vice-versa, therefore, 
the length d depends only on the arc-length (let us call it u) between 

 P(s) and P(f, and not on the actual positions of these points. 
Clearly u—(s —1) tan integral multiple of 2r. 
. . In Fig. 136, the chord AB cuts off an arc u from the unit 
Circle. Therefore, by the distance formula ч 2 
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d= (cos u—1)*4- (sin u—0)*, 
= 1-—2 cos и4-соѕ? u--sin? и, 
=2—2 cos u, 


ii) 


P (1) (cos t, sin t) 


Fig. 13'5. 


B (cos u. Sif иш) 


Fig. 13:6. 
Since u==(s-—-1)-+2kx, for some integer К, therefore; by theorem 
13/2, соз u=cost (s—1). We may, therefore, write (ii) as 
d?=2—2 cos (s— 1). (iii) 
On equating the two expressions for d* obtain ed in (i) and (iii), and 
simplifying, we have 
: cos (st) =cos 5 cos t+sin s Sin t, 
which proves the theorem. 
Remark. In all the three theorems proved above we have 
used s and / as the variables instead of x and y as is the usual 
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practice. This was only to avoid confusion since we had to use 
them for abscissa and ordinate of the point P. We shall not have 
many occasions now to use the unit circle, and therefore, henceforth 
we shall use the variables x and y instead of s and t. For the sake 
of convenience, we state below all the above theorems using x and y 
as the variables : d. 


For all x, y € R, and kEZ, 


cos*x--sin? x=], | 

cos (2kn-+-x)=cos x, | 

sin (2kx --x)—sin x, | 

cos (x— y)— cos x cos y--sin x sin у: | 
[] 


Theorem 13'4. The cosine function is an even function, that is, 
cos (—x)cos— x, for all x € R. 
Proof. cos (—x)=cos (0—x) : 
=cos 0 cos x} sin 0 sin x, by theorem 13°3, 
=1 .cos x+0 . sin x, : 
= C08 x. 
Theorem 13'5. For all x € R, 
cos (x/2—x)—sin' x, cos (R/2+x)= —sin x, 
sin (x/2— x) —cos x, sin (7/24-x)— cos x. 
Proof. (a) Let x C R. By using the formula for the cosine 
of the difference of two numbers (theorem 13:3), we have 
cos (n/2—x)=cos (/2) cos x--sin (1/2) sin x, 
: =0 .cos x+1. sin x, 
=sin x, 
(b) Since (a) above is true for all x € R, on replacing x by 
(x/2)—x in the above identity, we have 
Cos [n/2— (x/2— x)] -sin (=/2— x), 
or cos x—sin (x/2—x); 
ie., » sin (z/2—x)=cos x. 
- (e) Since cosine is an even function, 
cos (2/24- х) 2 cos [—(x/2--x)], 
=cos (—x/2—x), 
=Cos (—2/2) cos x+sin (—/2) sin x, 
7:0 . cos x+(—1) sin x, (Why ?) 
=—sin x. 
(d) sin (z/2--x) —sin [1/2— (—)], 
١ =cos (—x), by (b) above, 
E E =COs x, 
-Since cosine is an even function. 
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Theorem 13:6. The sine function is an odd function, i.e., 


sin (—x)— — sin x, for all x € R. 


` Proof. We know that for all y € R, 
cos (n/2— y) =5іп y. 
Replacing y by —x throughout, we have 


cos (x/24-x) = іп (—x). (0) 
Also, as already proved in Theorem 13.5, 
cos (1/2--x) = —sin x. x 


From (i) and (ii) above, we have 
. Sin(—x)--—sin x, for all x € К. 
Theorem 137. For all real numbers x and y, 


cos (x4- y) = cos x cos y—sin x sin y. 


. Proof. cos (x-+y)=cos {x—(—y)}, 
=cos x cos (—y)+sin x sin (— y), 
: =cos x cos y—sin x sin y, 
since cos (—y)=cos y and sin (—y)- —sin y. 
Remark, The above theorem is often called the addition: 
theorem for cosine. 1 


Theorem 13'8. (Addition theorem for spe: For all real 
nubes x and y, 


sin (x4-y) sin x cos y--cos x sin y. 


Proof. sin (x—y)=sin [x—(—))]. 
=sin x cos (—.x)+cos x sin (—y), 
=sin x cos y—cos x sin у, 
since cos (—y)=cos y and sin (—y)=—sin y. 
Theorem 13:9. For all x € R 
sin (n —x) =sin x, sin (n +x)=— sin x, 
cos (n —x)- —cos x, cos (n-4-x) = —с05 x. 
Proof. (a) sin (z—x)—sin x cos x—cos m sin x, 
=0.cos x—(— 1) sin x, 
=sin x. 
(b) sin (x+x)=sin x cos x4-cos x sin x, 
=0 . cos x4-(—1) sin x, 
= sin x. 
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(c) cos (x —х) —cos z cos x-rsin x Sin x, 

=(—1) cos x4-0 . sin x, 

=—COS x, 
(d) cos (n-+x)=cos x cos x—sin x sin x, 

=(—1) cos x—0 , sin x, 

=r 608 25 


1351. Trigonometric Functions of 2x and3x in Terms of 
Trigonometric Functions of x 


: We shall now express trigonometric functions of 2x and 3x in 
terms of trigonometric functions of x. 


Theorem 13:10. (Trigonometric functions af 2x). For all 
XER, 


2 (a) sin 2x=2 sin x cos x. 


(с) cos 2x=2 cos? x—1. · 


| 
| | (b) cos 2x—cos* х— sin? x. 
| (d) cos 2x= 1—2 sin? x. | 


Proof. (а) By the addition theorem for sine, we have 
sin 2x—sin (x4-x), 
=sin x cos x+cos x sin x: 
=2 sin x cos x. 
(Б) By the addition theorem for cosine, we have 
cos 2x—cos (+x), 
=Cos x cos x—sin x sin x, 
—cos? x— sin? x. 1 ...)1( 
(с) Since sin? x=] cos? x, we have from (1), 
Cos 2x—cos* x —(1— cos? x), 
=2 cos? x—1, x (2) 
(d) Again, since cos? x=] —sin? x, we may re-write (1) as 
Cos 2x=(I1—sin? х) sin? X: 
—1—2 sin? x, (3) 
Corollary. 1—созх=2 sin? (х/2), 
1+cos x=2 cos? (x/2). 
Proof. The identity 
3 cos 2x=1—2 sin? x 
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«can be rewritten as 
1—cos 23 —2 sin? x. 
Replacing x by (х/2) throughout, we haue 
-1 —cos x=2 sin? (x/2). 
Again, the identity 
cos 2x=2 cos? x—1 
can be re-written as 
14-соѕ 2x—2 cos? x. 
"Replacing x by x/2 throughout, we have 
1--cos x=2 cos? (x/2). 


Theorem 1311. (Trigonometric functions of 3x). For 
x€R, 


sin 3x=3 sin x—4 sin? x, 


cos 3x=4 cos? х—3 :с05 x. 


Proof. By the addition theorem for sine, 
sin 3x=sin Qx--x), 
=sin 2x cos x cos 2x sin x, 
=(2 зіп x cos x) cos x--(1—2 віп? x) sin x, 
=2 sin x cos* x+sin x—2 sin? x, 
—2 sin x (1—sin? x)+-sin x—2 sin? x, 
=3 sin x—4 sin? x. 
Again, by the addition theorem for cosine, 


cos 3x=cos (2x-+x), 
=cos 2x cos x—sin 2x sin x, 
=(2 cos? x—1) cos x—(2 sin x cos x) sin x, 
—(2 cos? x— 1) cos x—2 sin? x cos x, 
= (2 cos? x— 1) cos x—2 (1—cos? x) cos x, 
=4 cos? x—3 cos x. 
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all 


135'2. Transformation of Products into Sums and Vice-versa 


For all x, y € R, we have 
cos (х4-у) =соѕ x cos y—sin x sin y, . 
cos (x—y)=cos x cos y+sin x sin y. 


PU 
~i) 


Adding (resp. subtracting) corresponding sides of (i) and (ii) 


and dividing throughout by 2, we have 
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EL 
COS x cos y=} [cos (x-I-y)--cos (x— Bol (1) 


Sin x sin y=—} [cos (x+y)—cos (x—y) 0) 


Again, from ү 
Sin (x+-y)=sin x cos y+cos x sin y, (ni) 
sin (x—y)— sin x cos Y—Cos x sin y, yr) 


by adding (resp, Subtracting) corresponding sides of (ij) and (v), 
and dividing throughout by 2, we have 


Sin x cos y—1 [sin Gc 4-5) -sin (x —y)], --(3) 
"cos x sin y=} [sin (x+y)—sin (у) E 


дү чейнн бе ен ЫЙЫ 
Let us write x+y=u, and x— y-—v,so that 
{ x=} (иу), y=} (uy), 
Then formula (3) and (4) can be re-written as 


sin u-Fsin y=2 sin 1 (иу) cos 4 (u—v) ...(5) 
Sin u—sin y—2 cos 1 (u--y) sin i(u—»). ...(6) 


Also, formula (1) and (2) can be re-Written as 


Cos и4-соѕ yp cos 3 (u4-v) cos 3 (и—у), (7) 


Соз и—соз у= —2 Sin 3 (u4-y) sia 4 (u—v). ...(8) | 


Example 1. Proye the following identities : 
(0) sin (A-- B) sin (4—B)—sin? A — sin? B, 
ii) cos (A--B) cos (4—B) =co52 4—sin* В. 
` Solution. (i) sin (A+B) sin (A—B) 
' =2 [cos {(A+B)—(A—B)}— cos {(A+B)+(A— B), 
=} [cos 2B—cos 2A], : 
=2(1—2 sin? В)—(1—2 sin? A)], 
=sin? A—sin? B, i 
(ii) cos (A+B) cos (A—B) 
=} [cos {(A+B)+(A—B)}]-+ cos (A--B)—(A—B)yj, 
=} [cos 2A + cos 2B], 
=} [(2 cos? A—1)+(1—2 sin? B)], 
=cos?A—sin®B. 
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Example 2. Calculate sin and sin SE 


12 12 
. ` T э т L3 
e. sin -17-—sin (= a ) 
—sin = = — cos = sin => 
=sin -y cos —-—cos 2 6 
; ny күз т: 
ООМО 1077 
ИЗ р) 
202 
т 
sin PR ) 
MORIR Lj л Bohak, 
=sin 74 °% g 0s 4 sin 6 
(EP ERE Т 
MPU Ze ЕЛ De 
CUESTA. 
RAD 
Example 3. Calculate sin we and cos 51 
тү eet 
Solution. cos ( 10 )=sin (3-72 )=sio ( 10 
LE AED IR Co да 14 
or 4 cos 10 3 cos 10 2 sin 10 cos 10 
zal Tf By ape iol er nee any ie 
or ( cos 10 (= cos 10 3—2 sin 5) 0, 
Сых, MT DE es АЎ eMe S PS: prm) 
or ү 4 cos: 10 3—2 sin 10 0, since cos 10 7*0, 
| sie) Шу эуен mii | 
or 4(1 sin x) 3—2 sin 10 0, 
inte if کو‎ 
or 4 sin 10 +2 sin 10 1=0, 
> on _ —2XX 2:444. 
| or sin = 24. : 
Ba А 


OA 
Sine 0< < E therefore, sin EX 


10 10 
‚от —l—wW$5 
Consequently sin Aye ana muse 
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uomo —1-+.УЁ5 
Hence sin 16 up 
A lcs inc. 
Also, cos 5 1—2 sin 10 
45-1 y 
i > үр 
_{6—2\/5 
I 8 
4541 
2 mor 
Ro A/541 
Thus SO DE T Ea 


Example 4. Express cos x--cos 3X--cos Sx+cos 7x аза 
product. . 


Solution, By grouping the first two and the last two terms to- 
gether and expressing as a product, we have 
cos x-+cos 3x--cos 5x+-cos 7x 


=2 cos EA cos ER 4-2 cos SEE DEC 


=2 cos 2x cos (—x)-+2 cos 6x cos (—3), 
=2 cos x (cos 2x--cos 6x), 
=2 cos x (2 cos 4x cos 2x), 
=4 COS x cos 2x cos 2x. 
EXERCISE 13 (b) \ 
1. Prove the following identities : 


(i) cos (= +x (=+ (cos x— ¥3 sin x). 

(ii) sin (£u )-3 (cos x+ V3 sinix), 
‘(ii sin (= +х )- E (cos x-++sin x), 

(iv) cos x—sin x= уз cos (= +x ) 


po (v) Het i tan x A 


COS x COS y 
sin (х--у) 
(vi) COS X cos y 
2. Express each of the following as a product : 
(i) cos 5x--ces 3x (ii) cos 2x—cos 4x 


=tan x--tan y. 
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(iii) sin 3x--sin 7x (iv) sin 4y—sin 2x 
(у) sin (2x4- y) —sin.(2x—)) (vi). cos (3x—5y)—cos (3x--5)). 
3. Express each of the following product as an algebraic sum of 
sines and cosines : 
(i) 2sin 2x cos 3x (ii) 2 sin 3x cos 2x 
(iii) 2 cos 4x cos 6x (iv) 2 sin 3x sin 5x. 
4. Prove the following identities : 
„n cos 3x—cos 5x 
Ay ren се ee 
cos 2x—cos 4x 


cos 2x--cos 4x pian ng 


Gi) 


20) cos x—cos 2x+cos 3x 1 
sin x—sin 2x--sin 3x — tan 2x 
ü sin 2x AU 
" 1--cos 2x A 
5. Prove that cos 5х= 16 cos x—20 cos? x-l-5 cos x, 


ы à 2x A д; /5—1 
2 de КҮЛ 2 — |= . 
6. Show that sin ( 5 ) sin’ (3 - $ 


7. Show that cos? 98-1008 x cos? 25 -Fcos? T en. 


136. THE FUNCTIONS COTANGENT, SECANT AND COSE- 
CANT З 


We shall now define three more trigonometric functions, 
namely, the cotangent, the secant, and the cosecant, abbreviated to 
' cot, sec, and csc respectively. $ 


ie Я cos x 
Definition 13:5. | cot x= , 
sin x 
sec ×= 
Xx. 
e03 X BRE, 
mL, 
sin X 


where cot x and csc x are defined whenever sin x#0, i.e., whenever x 
is пог an integral multiple of x and sec x is defined whenever 
cos x»*0, ie., whenever x is not an odd multiple of «|2. 


All the six trigonometric functions sin, cos, tan, cot, sec, csc 
are expressible neatly in terms of sin and cos and therefore, theore- 
tically speaking, we need only the two functions sin and cos. How- 
ever, the introduction of the other functions lends flexibility to the 
treatment. : 
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Corresponding to the fundamental identity cos? x-Fsin* х=1 
connecting the sine and the cosine functions, we have two similar 
identities connecting the remaining functions. i 


Theorem 1312. 


se х= 1--tan? x, 


esè x=1-+-cot* х. 
| 


Proof. Dividing both sides of the identity cos? x--sin* x=] 
by cos? x, we have 


sin? x 1 
Ed cos? x ^ cos? x” 
he. 1+tan* x=sec? х. (А 
(A) holds whenever cos X750, ie., whenever x is not an odd 
multiple of x/2.. ] 


Again, dividing both sides of the identity cos? x-+sin? x=1 by: 
Sin? x, we have : ) 1 


cos? x 
- l= -s 
sin? x F sin? x ў 
i.e., . cot? x4-1—csc? x, ; (В) 


(b) holds whenever sin x 
integral multiple of x. 


137. Oe BASIC PROPERTIES OF THE TANGENT FUNG- 
T. 


0, ie., whenever x is not a 


ў Тһе basic properties of the tangent function are 
the following two theorems : 


Theorem 13°13. If x is not an odd multiple of x/2, then 
a 


contained in 


tan (—x)=—tan x, 
OPES 
tàn (2-2 Jecor х, 


tan (+ )=—cot 4 


tan (x —x)— —tan x, 
tan (x 4-x) —tan x, 
ا‎ CUT TB T TESTI ЫЫ... 
Proof. 


sin (—x) —sin x 
ҷа, tan (—х) = 2—2 = — = — 
( ) C ) cos ( ) cos tan x. 


TRIGONOMETRIC FUNCTIONS 449 


S L3 : 
z sın (E 
(b) tan( 5 —x E ( Я а-ы x 
cos | ——x 
2 
x 
sin ($+ ) 
(c) tan( 5 JE 2 = ае Cot x. 
cos (3 +x ) 


_ sin (x—x) sin x Eu 

(d) tan (кт) LX (RL) T EOE anx 
(Cena sin (+x) Seine E ah 5 

Su ~ cos (mx) —cosx- ч 

Corollary. If k be any integer whatsoever, tan (Kr.-i-x)—tan x. 
Proof. If K>0, the result follows by the principle of mathe- 

matical induction. 
If k —0, the result is trivially true. i 
If & «0, let k=—I/ where 1>0. 


tan (kr -x) —tan (—/m-4-x) —tan [—(/n—x)], 
) = tan (In—x), 


=-—tan (—x), 
=tan x. 
` Theorem 13'14. (Addition theorem for tangent). 
x, y and x+y is an odd multiple of «|2, then 


tan (x4-y)— tan x--tan у; 


1--tan x tan y 


If none of 


; Proof. As none of the numbers x, y and x+y is an odd 
multiple of 1/2, therefore, cos x cos y»40, cos (x--y)740. Now 
5 sin (x+y) 
tan (x+y) СО (ОУ 


Sin x cos y+cos x sin y 
©з COS x cos y-—sin x sin y ^ 
Sin xcosy , cos x sin y 
__ COS X cos COS X COS y 
7 с05 X cos y  sinxsiny { 
COS х COSY соз ¥ cos y 
(dividing the numerator and denomi- 


nator by cos x cos y), 
ci BEXE - 


~ ]—tanxtan y 
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tan x—tan y 
i+tan x tan y 8 
where none of the numbers x, у, х — у is an odd multiple of «/2. 
Proof. tan (x~y)=tan [x+(—y)], 
_ tan x-+tan (—y) i 
~~ ]—tan x tan (—y) 
tan x—tan y 
l+tan x tan y 


Corollary. tan (x—y)— 


Example 5. Express tan( E 6 ) and tan( = 574 )in terms 
of tan x, stating the values of x for which the expressions are valid. 


tan >a +tan x 


Solution. tan (= Ех )- x 5 
ў ]—tan gtn 


_ l+tan x 
ie Sle tos Ў 
The above expression is valid for all those values of х for 


which tan( $ E ) and tan x are defined. Now tari x is defined for 

all values of x except those which are odd multiples of zu . Also, 

tan (= "s x) is defined for all thosa values of x for which 

Fte is not an odd multiple of n/2. Thus the above expression is 

valid whenever neither x nor z/4--x is an odd multiple of x/2. 
tan —tan x 


tan (f = 
1 +tan Stan x 


à The above expression is valid whenever neither x nor п/4—х 
is an odd multiple of z/2. 


{ Example 6. Express sin(x+y+z), cos(x--y--z), and 
. tan(x+y+z) in terms of trigonometric functions of x, y and z. 
Solution. sin (x-+y+z)=sin[(x+y)+2z], 
t ==sin (x+y) cos z+cos (x+y) sin 2, 
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—(sin x cos y+cos x sin y) cos z 
+ (соз x cos y—sin x sin y) sin 2, 
=sin x cos y cos z+sin y cos x cosz A 
+cos x cos y sin z—sin x sin y sin л. (a) 
cos (x+y+z)=cos [(x+y)+-z], 
=cos (x+y) cos z--sin (x+y) sin z, 
=[соз x cos y—sin x sin y) cos 2; 
(sin x cos у-Есоз x sin y) sin z, 
—CO08 X cos y cos z—sin x sin y cos 2 
—sin y sin 2 cos x—sin z sin x cos у, (b) 
interchanging the last two terms. 
(a) and (5) express sin (x+y+z) and cos (x+y+z) in terms of 
sines and cosines of х, y and 2. We can re-write (u) and (b) as 
sin (x--y-+z)=cos x cos y cos z [tan x--tan y+tan z 


—tan x tan у tan 2], .. (е) 
and cos (x+y+z)=cos x cos y cos z [1 —tàn x tan y 
tan y tan z—tan z tan x], (d) 


respectively. 


Dividing corresponding sides of (c) by those of (d), we have, 
im (x4-y4-2)— = хап y+tan z—tan x tan ytanz . FS 


—tan x tan y—tan y tan z—tan z tàn x 
Observe that (e) is valid only when cosx, cosy, cos Zi 
COS (x-+y+z) are all different from zero, ie, when none of X, Pez 
and x+y+z is an odd multiple of 7/2. 
1371. Tan 2x and tan 3x in Terms of tan x 


Theorem 13°15. Whenever x is notan odd multiple of x/6, 
п/4 or 7/2, then 


2 tan x 
1—тап* x > 

3 ran x— ten? x 

1—3'tag* xi Ў } 

Proof. By the addition theorem for tangent, we have 

tan x--tan x 

1—tan x.tan x ' 

2tan x 

“istara Med 
Again tan 3x=tan (2x+x), 
tan 2x--tan x 
= tan 2x tan x ° 


tan 2x— 


tan 3x= 


tan 2x—tan += 
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1—tan? x ' 
2 tan x--tan x (1—tan? x) 
1—tan? x—2 tan? x f 
3 tan x—tan? x 
1—3 tan? x ў TO 

(a) is valid when cos 2х and cos x are both different (rom zero, 
ie., when neither of x and 2x is an odd multiple of x/2, ie., when 
xis not an odd multiple of x/4 or x/2. 

(b) is valid when cos 3x, cos 2x and cos x are all different 
from zero, i.e, when none of x, 2x and 3x is an odd multiple of 
7/2, ie., when x is not an odd multiple of x/2, 1/4 or x/6. 

EXERCISE 13 (c) 
1. Reduce each of the following expressions to a single term 

involving only one function : . 

i) 2 tan (7/5) Gi) 1—tan? (2/9) 

1—tan? (1/5) 1+tan? (1/9) 

1—3 tan* (x/7) i 2 tan (2/8) 
zanetan (8/7). 0? "I--tan? (w/8) 
2. Prove that tan x+tan (= )-+tan( 5 +x )=3 tan 3x. 
Prove that tan 3x tan 2x tan x—tan 3x—tan 2x—tan x. 
4. . Prove that 1 

tan (y—z)-+tan (z—x)--tan (x—y)=tan (y—z) tan (z—x) 

tan (x—)). 


(iii) 


a 


5. Prove each of the following identities : 
(i) cot x—tan x—2 cot 2x, 
(ii) cot x--tan x—2 csc 2x, 
(iii) csc 2x—cot 2x=tan x. 
"m tan 2x 
(0) 1+sec 2x 


(у) tan{ = +x \tan(%—x j=l 


138. GENERATED ANGLES 


Recall that in plane geometry an angle is defined as the union 
of two rays (half-lines) radiating from a point. We now extend 
this definition by adding to it the requirement that an angle defined 
in this manner has a measure which equals the amount of rotation 
required to move one of these rays so as to bring it into position 
with the other. 


-tan x. 


ference of a circle of radius 
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Let us consider two rays p and g lying in the plane of the, : 


paper and radiating from O. If we regard p as the initial ray and 
а as the terminal ray, there are two possible directions of rotation 
of p about an axis through O perpendicular to the plane of the paper, 
anticlockwise and clockwise. The angle is said to be positive if the 
rotation is ccunter-clockwise and negative if the rotation is clock- 
wise. А cuived arrow is often used to indicate the direction of 
rotation. Au angle obtained by the rotation of a ray in the manner 
just now described is called a generated angle. _ 

To understand the concept of measure of a generated angle, 
let us consider a ray p which radiates from the origin O of a 
rectangular co-ordinate system and coincides with the positive x-axis 
(see Fig. 137). As this ray rotates, any point P on it will describe a 


TERMINAL RAY 9 


POSITIVE ANGLE 


INITIAL RAY Р 


NEGATIVE ANGLE. 
Fig. 13-7. 


part or whole of the circum- 


OP. It may, in fact, describe 
the circumference more than 
one as well. After the rota- 
tion, OP will be in some 
position OP’. We can use 
the circular arc PP’ 
(denoted by s, say) to 
measure the angle ..POP'. 
An angle such as Z POP’ 
whose initial ray OP coincides 
with the  positive-half of 
the x-axis of a rectangular 
co-ordinate system is said to 
be in standard position. 
Wealso say thatit lies in 
the quadrant in which OP’ 
happens to be located. 


Fig. 13:8. 
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А natural way of measur- 
ing the magnitude of the angle 
POP' is the number of revolu- 
tions described by OP as it 
rotates from its initial position 
to come to its final position. 
(The sign of the angle will, of 
course, be determined by the 
direction of rotation.) 

Now the number of 
revolutions is simply the ratio 
of the arc described to the 
circumference of the circle. 
If thé radius OP—r, then the 
measure of the angle POP', 
according to the above descri- 
ption would be s/2xr revolu- Fig. 13:9. х 
tions. However, this appears to depend upon the radius r—OP, i.e., 

‚ it appears to depend upon the choice of the point P on the initial} 
ray. Since the measure of the angle should not depend upon the 


choice of P, therefore before accepting tes revolutions as the | і 


measure of the angle РОР, we shall show that if we take another 
point, say Q, on the initial ray and Q describes an arc s' when OQ 
coincides with the terminal ray, then s'/2xr* equals s/2nr. 


In Fig. 13'9, we have two concentric circles both having the | 
* — 
centre О PP" is an arc of length s on the circle of radius r, and 


тч 

QQ’ is an arc of length s’ on the circle of radius г". Since each arc 
length must bear the same ratio to the circumference of the circle 
along which it lies, therefore, 


, 


S 5 
2RF | 2nr' 


Thus s/2nr is independent of the choice of the point, and we 
are now ready to have the following definition : 


, _ Definition 13:6. The magnitude ofan angle in revolutions is 
S[2nr, where r isthe distance of any point P on the initial ray from 
the vertex of the angle and s the arc-length described by P when OP 
rotates so as to coincide with the terminal ray. t 


Remark. Since we shall have to often talk of the magnitude 
as well as measure of ап angle, we shall simply ush the word ‘angle’ 


to mean the measure of ап angle. This should not create any 
confusion, | 


Illustrations. If P describes one-third of the circumference 
of a circle, its magnitude is 1/3 revolution. If the rotation is in the 
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B 
90° 
o A 
360° 
— 
B o A uh 
B 
—180* 
270° 
B 
о А 
; } A 

: B А 

| 

7 о А 

— 30° 
180° { 
B Dur м, 
B , о А 
B 
A 


—360° 


Fig, 13°10. 
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anti-clockwise sense, we say that its measure is 7-1/3 revolution, or 
that it is a positive angle of magnitude 1/3 revolution. If the rota- 
tion is in the clockwise Sense, we say that its measure is —1/3 


revolution, or that it isa negative angle of magnitude 1/3 revolu- 
tion. 


139. DEGREE MEASURE OF AN ANGLE 


While the most natural method for measuring angles is by 
means of revolutions (as described above) there are other methods 
which are commonly used. One of these is the sexagesimal system 
which is used in engineering, astronomy, navigation, surveying etc. 
In this system the primary unit is a degree, written as 1°. If 1/360 
of a evolution in the counter-clockwise direction takes the initial 
ray into the terminal ray, then we say that the angle has a measure 
of one degree. A degree is’ subdivided into minutes, and minutes 
are subdivided into seconds, One minute (written as 17) is equal to 
1/60 of a degree, and one second (written as 1”) is equal to 1/60 


of a minute. An angle whose measure is 90° is called a right angle 
(as you already know !). ү 


Angles whose measures аге 45°, 90°, 180°, 270°, 360°, 420°, 
—30°, —180°, —360°, are shown in Fig. 13°10. 
Example 7. Reduce 15°°31' to degrees, minutes and seconds. 
Solution. 0°°31="31 х 60'—18^*6. 
0^6—'6x60"—36". 
Therefore 15*:31—15?18'36/. 


Examp с 8. . Reduce 31925 12" to degrees. 
Solution. 12”=(12/60)'—0"2. 
à 25'"2-252/60 degrees, 
42. 


0۰ 


Therefore, 31°25/12''=31°°42, 


1310. RADIAN MEASURE OF AN ANGLE 


Besides the sexagesimal в 
Ineasurement called the circular system 
because of its use in higher mathematic: 
measurement is a radian. A positive angl 
centre of a circle which intercepts an arc eq 


Since the length of the-circumference of a circle is 2x times 
the radius, therefore, the length of one radian can be measured off 2x 


| 
[ 
| 
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Fig. 13:11. 


times along the circumference. Inother words, the circumference 
of a circle (whatever its radius may be) subtends an angle of 2x 
radians at the centre of the circle. (This is precisely the same thing 
as saying that an angle of one revolution is equal to an angle whose 
measure is 2x radians.) Hence a radian is a fixed unit of angle 
measurement. 


It is well-known that equal arcs of a circle subtend equal 
angles at the centre, Since an arc of length r subtends an angle 
whose measure is 1 radian, therefore, an arc of length s will subtend 
an angle whose measure is s/r radians. Thus, if in a circle of 
n r, an arc of length 5 subtends an angle 0^ at the ceatre, we 

ave 


[e] 


1311. RELATION BETWEEN DEGREES AND RADIANS 


Since the circumference of a circle subtends at the centre of 
the circle an angle whose measure is 2m units in radians and 360 
units in degrees, therefore, 


2r radians= 360°, 


ж тайіапѕ= 180°. 


The above relation enables us to express а radian in terms of 
degrees, and a degree in terms of radians. Thus 
1 radian —180?/z, 
Д =57°17'44"'81. 
Also, 1°=n/180 radian, 
4 = "017453293 radian, 
where we have taken =3:1415927. 
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Т we take 1—3:142, 
(which suffices for many ordinary. purposes), then 
lradian—57*18', 
and 1*—'07145 radian. 
Radian measures of some common angles are given in the 
following table : 
Degrees 30? 45° 60° 90° ` 180° 270° 360° 
Radians «|6 7/4 7/3 n/2 п 37/2 2n 
Example 9. Express 7°30' in radians. à 
f ETE AATE Hh A О ВИО 
Solution. 730'—7*5—75x 180 radians 24 radian, 
71317 radian, 
Example 10. Express 2°5 radians in sexagesimal measure 
correct to the nearest minute. 
Solution. 2:5 тайіапѕ:=2'5 (57°17'45”), 
=143°14’, to the nearest minute. 
Example 11. Find the radius of a circle in which a central 
angle of 50° intercepts an arc of 150 cm. + ] 
Solution. Here s=150 cm, 6—50 1/180. 
Hence by r=s/0, r—180x 3/z cm, 
=171'8 cm (Taking ™=22/7), 
Example 12. The minute hand of a watch is 1'5 ст long. How 
far does its tip move during a class period of 50 minutes ? 


Solution. 'In 50 minutes, the minute hand ofa watch turns 
through 5/6 of a revolution, or (5/3)m radians. Hence the required 
distance travelled is given by 


‚ $=1'5X5x/3 cm, 
=5п/2 cm, 1 
= 5X 3142/2 ст, (1—3:142) 
=7°855 cm. 
Example 13. Find the radius of a wheel whose circumference 
is 110 em (x=22/7). і 
Solution. Here 287110 cm. 
or (44/7) r=110 cm, 
or 7—7X110/44 cm—17:5 cm. 


EXERCISE 13 (d) 


1. Reduce to degrees, minutes and seconds : 
(i) 129-26, (ii) 37°62, (iii) 42*:15, 


"clc 
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Write in degrees correct to two decimal places : 
(i) 191721". (ii) 19421", (iii) 172'4l". 
Determine the quadrants in which the following angles lie : 
—36°, 154° —225°, —315°, 675°. 
What is the acute angle between the hands of a watch at 
3:30 P.M. ? i 


Express the following angles in degrees : 
п/3 radians, 2/6 radians, x/4 radians, x/20 radians, 
DENSE NSS 05; 8097: 10^; ў 
Express the following angles in radians : 
240°, 60°, 45°, 30°, 18°, 104°36’, 
In a circle of diameter 20 cm, the length of a chord is 10 cm. 
Find the length of the arc of the chord. } 
A wheel makes 180 revolutions in one minute. Through how 
many radians does it turn in one second ? 
A point on the circumference of a rotating wheel of diameter 
100 cm is moving at the rate of 50 cm a second. Through how 
many radians does it turn in one second ? 
Find the number of degrees in the central angle ofa circle of 
diameter 300 cin by an arc of 22 cm (x—22/7). 
A wheel rotates making 20 revolutions per second. If the 
radius of the wheel is 50 cm, what linear distance does a point . 
of its rim traverse in three minutes ? 1 
If in two circles, an arc of the same length subtends angles 
60? and 75? at the centre, find the ratio of their radii. 
A circular race track is 2 km. in circumference. Ifa man is 
running on the track at the rate of 8 metres per second, what 
is his angular velocity in degrees and ia radians ? 


A belt moving 15 metres per second passes overa pulley one 
metre in diameter. What is the angular velocity of the pulley 
in radians per second? : 


The equatorial radius of the earth is 6371 km. Find the length 
of the circumference of the equator (1—355/113). 


13.12. TRIGONOMETRIC FUNCTIONS OF ANGLES 


ass (namely the arc length of the unit circle which subtends that 


Since the radian measure of an angle is the same real number 


angle at the centre) for which the trigonometric functions were origi- 
nally defined, therefore, we can define any trigonometric function of 
5, where s is the radian measure of an angle, as the corresponding 
trigonometric function of s. 
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Definition 1377. Ifs € R, then any trigonometric function of 
the angle whose radian measure is s, is equal to the Corresponding 
trigonometric function of s. 


Illustrations : ? 
(а) Let A be an angle whose measure is 30° or x/6 radians. 
hen 


sin A=sin 30°, 
=sin (2/6 radians), 
=sin (x/6)=i/2. 
(b) Let B be an angle whose measure is 90° Or л/2 radians. 
Then : 


tan B=tan 90°, 
tan (2/2 radians), 


—tan (2/2), which is not defined because cos x/2—0, ` 


When we write sin (2/5), it could be interpreted either as the 
sine of the real number 7/5 or as.the sinc of the angle whose radian 
measure is m/6 radians. What interpretation. shall we take will 


1313. VALUES OF TRIGONOMETRIC FUNCTIONS OF 0°, 
30°, 45°, 60°, 90°. 


for an angle, has been indicated by a ‘x? in place of the value. 

Since the radian measures corresponding to 0°, 30°, 45°, 60° and 90° 

‚ ate 0, 1/6, 2/4, 1/3, and 71/2, and we have already obtained values 

of the sine and cosine for all these real numbers, the entries in the 
following Table 13°4 can be easily verified, 


Angle sin cos tan cot sec esc 
0° 0 1 0 x 1 x 
30° 1/2 43/2 1/3 43 2/v3 2 
45° 1/42 1/w2 1 1 42 y2 
60° BMS fo 43 DIAS 2/43 
90* 1 0 х 0 х 1 


Table 13:4 
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1314. RESTATEMENT OF TRIGONOMETRIC IDENTITIES 
FOR ANGLES 


An important consequence of the equality of the value of 
any trigonometric function of a real number x and of the same trigo- 
nometric function of the angle whose radian measure is x, is that 
all the trigonometric identities stated and proved in theorems 
13.1—13.15 are valid identities for trigonometric functions of angles. 
We shall take them as having been proved for angles and shall use 
them as such. A useful application of some of these identities is 
that a trigonometric function of any angle can be expressed in terms 
of a trigonometric function of an angle lying between 0° and 45°. 
The following example will illustrate the method. 


Example 14. (a) Express sin 415° as a trigonometric func- 
tion of an angle lying between 0° and 45°. (b) Express tan(—830°) 
as a trigonometric function of a positive acute angle not exceeding 
45. 


Solution. (a) sin 415?—sin (360°-+55°), к; 
; =sin 55°, e) 


=sin (90°—35°), i 
=cos 35°. ` й), 


Note that in arriving at (i), we have used the identity 
sin(2n-+x)=sin x because for angles this simply means sin (360°+-x) 
—sin x. In arriving at (ii) we have used sin (n/2—x)—cos x, because 
for angles it simply reads sin (90?—x)—cos x. 

(b) tan (—830°)=—tan 830°, since tan (—х) ——tan x, 

= —tan (4'180°+110°), 

= —tan 110°, since tan (kn-+x)=tan x, 

— —tan (180°— 70°), 

= —(—tan 70°), since tan (1—x)— —tan x, 
—tan 70°, d 
—tan (90? —20*), 

— cot 20°, since tan (п/2—х) =сої x. 


EXERCISE 13 (e) 


1. Evaluate each of the following expressions : 
(i) sin 45° cos 30°--соѕ 45° sin 30° 
(ii) cos 60° cos 45°—sin 60° sin 45° 
2. Substitute the values of trigonometric functions and show that 
each of the following statements is true : 
(i) sin? 30°+-cos? 30°=1. 
(ii) sec? 45°=1-+tan® 45°. 
(iii) cos 30°=cos 60° cos 30°--ѕіп 60° sin 30°. 
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А p.. fan 60°—tan 30° 
(iv) tan 30°= l +tan 60° tan 305 ^ 


3. Construct an angle of 330° and find the values of all its tri- 
gonometric functions. 


4. Verify that sin (60°—45°) = sin 60°—sin 45°. 
5. Without the use of tables, find the value of H 
(i) cos 48° cos 12?—sin 48° sin 12°, 
(ii) sin 72° соз 12?— cos 72° sin 12°. 
(iii) sin 32° cos 13°-Lcos 32° sin 13°. 
(iv) cos 68? cos 8°-+-sin 68° sin 8°. 
6. Reduce each of the following expressions to a single term 
involving only one function of an angle : . Ў 
(i) 2 sin 13? cos 13°. (i) cos? 25?—sin? 25,1 
(iii) 3 sin 15?—4 sin? 15°, (v) 1—2 sin? 17°, 
7. Find the values of : , j 


(i) cos 210°, (ii) sin 225°, 
(iii) tan 330°. (iv) cot (—3152), ў 
(v) sec 240°. | (vi) esc (— 150°). 


(vii) sin 330° tan 135°-Есоз 225° sin 135°. 
(viii) cos (—765°) sin (405°)-+-tan 300° csc 120°. 


8. Express the following in terms of trigonometric functions of ө : 


(i) sin (270*--0). (ii) cos (270*—0). 
(iii) tan (2m — 6). ‚ (iv) cot (e-0). 
` (v) sec (x —0). (vi) csc (x/2-1-0). 


Sin (180°+-6) sec (—6) cot (90*—9) ў 
tan (2709—60) cas (360*—8) csc (180°—6) 


9. Express the following in-terms of trigonometric ratios of posi- 
tive acute angles not greater than 45°, ; : 


(vii) 


+ @) sin (—9719). (ii). cos (567°). 
(iii) tan (425°). (iv) cot (—762?). 
(0) sec (—8239). ` i) esc (11465). 


10. Find the angles between 0? and 360° which have their cosines 
equal to 43/2. Е : ч 

11. Find the angle between 0° and 360° whose sine is — ¥ 3/2 and 
whose cotangent is equal to 1/ 43. 


12. Express each of thi following products as an algebraic sum of 
sines and cosines: _ 
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(i) 2 sin 60° соз 30°. (ii) 2 соз 70° sin 30°, 
(iii) 2 сов 45? cos 15°. (iy) 2 sin 40° sin 60°. 
Express each of the following as a product : 

(i) sin 48°++sin 24°. (ii) sin 72°—sin 12°. 


Prove the following identities : 
(i) sin 0+sin (120°+0)-++sin (240?-1-9) —0. 
(ii) sin 20° sin 40° sin 60° sin 80°=3/16. 
(iii) cos 20° cos 40° cos 60° cos 80°=1/16. 
(iv) tan (0--30°)--сої (0— 30°) = !/(sin 20—sin 60°). 


(у) cos? 0-I-cos? (120?--0) 4-cos? (240? 4-8)—2 cos 30. 


Show that tan (29) 
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1315. CONDITIONAL IDENTITIES INVOLVING . TRIGO- 


triangle. 


NOMETRIC FUNCTIONS 


In this section we shall study the technique of proving 
conditional identities, specially those involving the angles of a 


Example 15. Jf 44-B4-C— 180^, then show that 


sin 2A--sin 2B+-sin 2C—4 sin A sin B «in C. 


Solution. 
І.Н S.—sin 2A--sin 2B--sin 2C, 
—2 sin (A+B) cos (A —B) 4-2 sin C cos C, 


The following examples will illustrate the method. ` 


=2 sin (t—C) cos (A—B)+2 sin C cos [x —(A 4- B)], 
since A+B+C=n, 


£2 8f Cc cos (A-- B)—2 sin C cos (A+B), 
—2 sin C [cos (A— B)— cos (A+B)], 
—2 sin C. 2 sin A sin B, 
=4 sin A sin B sin C, 
—R.H.S. 
Example 16. Zf 44-B--C— 180", then show that 
sin? A—sin® B--sin* C=2 sin A cos B sin C. 
Solution. 
L.H.S.—sin? A—sin? B-+sin? C, 
—sin (A+B) sin (A—B)-+sin? C, 


=sin (x— C) sin (А B)+sin C. sin [x—(A+B)], 
since A+B+-C=n, 


—sin C sin (A—B)-+sin C sin (AFB), 
—sin C [sin (A—B)+sin (A+B)], 
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=sin C. 2 sin A cos B, 

=2 sin A cos B sin б, 

—R.H.S. 
Example 17. If A +B+C=180°, prove that 

cos A--cos B—cos C= —1+-4 cos 4 cos 2 sin 5. 
Solution, 
L.H.S.=cos A+cos у С, 

=2 cos (3 (A+B)} cos (1 (A--B)}—cos C, 

=2 cos {$ (л — C)) cos (3 (A—B))— cos C; 

since A+B+C=n, А 


=2 sin ole 1—2 sin C.) ў 


--—1-42 sS [ eo ( AB. )+sin 57 


“7 (G2 у) 


=—] -+2 sing | cos( 


- since А+В+С=п, 


-——]14-2sin 5L a 3 (А+ Л , 


c B 
=—1+2з ut 2054 сов, 


А В 
== — 1-4 cos z cos gino. . 


EXERCISE 13 (f) . 
If A+B+C=n, then prove the following identities : 
1. sin 2A—sin 2B+sin 2C=4 cos A sin B cos С. 
2. cos 2A--cos 2В 4-соѕ 2C= 1—4 cos A cos B cos C. 
3. sin A+sin B—sin C=4 sin A sind cos C . 
сов A+cos B--cos C=] +4 sin sin-B. sinc. . 
sin? aur B—sin? C=2 sin A sin B cos QA 
B € A Ва СС 
2 А. | src ug See “7 = 77514) E. —. 
соз! +cos' j c08 =2 cos 2 jn 2 sin 2 
If eet eos =90°, then prove that ` 
sin? A-+sin? B+sin? C+2 sin A sin B sin C=], 


ESIR” 


а аы ое а. о. шайка. 
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1316. TABLE OF VALUES OF TRIGONOMETRIC FUNC- 
TIONS OF ANGLES 


We have seen above how values of trigonometric functions of 
«certain angles are calculated by geometric methods. But these are 
not enough, for in our study of trigonometry, we sliall come across 
trigonometric functions of other angles as well. By advanced 
methods, the values of trigonometric functions of any angle can be 
computed to any desired degree of accuracy. 


Table 1 at the end of the book gives the values of trigono- 
metric functions of ungles from 0° to 90° at intervals of 10’. This 
table is often called the rable of natural trigonometric functions in 
order to distinguish it from the table of logarithmic trigonometric 
functions. 

The values of trigonometric functions are, in most cases, non- 
terminating decimals, and therefore, the values in the table are only 
approximations (except possibly in those cases in which the values 
happen to be terminating decimals). The values in the ‘table are 
given to four significant figures and therefore, the table is called a 
four-figure table. 

Let us have alook at the table. The first column contains 
angles from 0° to 45° at intervals of 10’. The next Six c.'umns 
contain the values of the trigonometric functions of these апь:еѕ ; 
‘the particular function, the values of which are contained in any 
column is indicated at the top of the column... To find the value of 
‘any trigonometric function of an angle not exceeding 45°, we first 
read down along the first column until the angle is found and then 
read to the right until we reach the column which contains the 
name of the function that we wish to find, at the top. The last 
‘column contains angles from 45° to 90° at intervals of 10°. The six 
columns preceding it contain the values of the trigonometric func- 
‘tions of these angles ; the particular function, the values of which 
are contained in any column, is indicated at the bottom of the 
column, To find the value of any trigonometric function of an 
‘angle lying between 45° and 90° we first read up along the last 
‘column until the angle is found and then read to left until we reach ` 
{һе column which contains the name of the function that we wish 
чо find, at the bottom. 


The table can be used for two purposes : 4 

1. Given an angle, to find the value of any of its trigonometric 
functions, 

2. Given the value of a trigonometric function of an angle, to 
find the angle. 


We sball now consider some examples to illustrate the manner 
in which the table can be used for any of the above purposes. 
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Example 18. Find 
() sin 32°, 

(ii) tan 41°20’, and 

(ii) csc 25° 40'. 

Solution. (i) In table 1 at the end of the book, we read down 
the first column until we come to 32°. Then we look across the page 
in the line corresponding to 32° and read from the column headed 
by sin. We thus have sin 32°="5299. 

(ii) In table 1, we read down the first column until we come 
to 41° 20'. Then we look across the page in the line corresponding 
to 41° 20’ and read from the column headed by tan, We thus have 

tan 41° 20’="8796. e 

(iii) In table 1 we read down the first column until we come 
to 25° 40'. Then we look across the page in the line corresponding 
to 25° 40’ and read from the column headed by csc. We thus have 

esc 25? 40'—2:309. 

Example 19, Find 

(i) cos 68°, 
(i) cor 53°10’, and 

(iii) sec. 71^50'. 

Solution. (i) In table 1, we read up the last column until we 
Come to 68°. Then we:look across the page in the line corresponding 
8 68° and read from the column having cos at its foot. We thus 

ave р ; ) 
dA RC cos 68°='3746, 
Ln (ii) In table 1, we read up the last column until we come to 
53? 107, Then we look across the page in the line corresponding to 


STU eee read from the column haying cot at its foot. We thus 


cot 53° 10’="7490, 
(iii) In table 1, we réad up the last column until we come to 


BN 20, and read from the column having sec at its foot. We thus 


sec 71° 50’=3'207. 
Example 20. Find the positive acute angle Ө, if 
(i) sin 0—3987 ; 1 
(ii) tan 9—2177 ; 
(ШЇ) sec 0= 1630. 


Selution. (i) Since the sines are given in column two, reading 


down and in column three reading 1, 
x 'р, therefore, we must search for 
the number ‘3987 through these columns. We find that 3987 a 


جد یچ ی فر ی ت ھا ھر ھان Dti‏ ھک دک کم هه A‏ س ipta‏ 


= TREE tat 
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in column two which has sin at its top. This column contains the 
sines of angles in the first Column. Reading’ across the page on a. 
line with “3987, we find in the first column the angle 23°30’. 

Hence sin 6="3987 A 0 < 0. « 90° > 0=23° 30’. 

(ii) Since the tangents are given in column four reading down 
and in column five reading up, therefore, we must search for the: 
number 2:177 through these columns. We find that 2177 appears | 
in column five which has fan at its foot. This column contains the 
tangents of angles in the last column.» Reading across the page 
on a line with 2:177, we find in the last column the angle 65° 20’. 

Hence tan 0—2:177 A 0< 0 < 90° > 0 =65° 20'. 

(iii) Since the secants ате given in column six reading down and 
in column seven reading up, therefore, we must search for the 
number 1°630 through these columns. We find that 1:630 appears 
in column seven which has sec at its foot. This column contains the 
secants of angles in the last column. Reading across the page: on a 
line with 1:630 we find in the last column the angle 52° 10^, : 


Hence sec 0—1:630 A 0 < 0 < 90° = 0-52? 10". 
EXERCISE 13 (g) 


1. Use table 1 (at the end of the book), to find the value of the= 
following : PUE 


(i) sin 25° 10' (ii) cos 48? 20' 
(iil) tan 31° 40’ К (iv) cot 57° 30' 
(v) sec 36? 20' (vi) csc 59° 
(vii) sin 74° 40’ 3 (viii) cos 16° 10’ ; 
(ix) tan 65° 50' (х) cot 33°'20'. : HIS. 


2. Use table 1 (at the end.of the book) to find the positive acute- 
angle 0 from the given value of the function : . 


(i) sin 6—*1248 (ii) cos Ө. 9667 : ўр 
(iii) tan 0=1"632 (iv) cot 0—:6959 d enu 
(у) sec 0—2:595 (vi) csc 9= 1'228. ЖС 
(vii) sin 0—:9261 (viii) соз 0—'3529- i ў 
(ix) tan0="4986 (X)'eot0— 5851; $ A 


1317. INTERPOLATION 


In the preceding section, we have seen, how we can find the 
value of a trigonometric function of any angle which appears in the 
table. We shall now see how we сап find an approximate value of 
a trigonometric function of an angle which does not appear in the.” 
table and also how we can approximately find a positive acute 
angle corresponding to a given functional value which does not 
appear in the tabl:. The process by which this is done is called 
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Example 18. Find 
() sin 32°, 

(ii) tan 41° 20', and 

(ii) csc 25° 40'. 

Solution. (i)In table 1 at the end of the book, we read down. 
the first column until we come to 32°. Then we look across the page 
in the line corresponding to 32° and read from the column headed 
by sin. We thus have sin 32*— 5299. 

(ii) In table 1, we read down the first column until we come 
to 41° 20’. Then we look across the page in the line corresponding 
to 41° 20' and read from the column headed by tar. We thus have 

tan 41? 20’="8796. э 

(iii) In table 1 we read down the first column until we come 
to 25° 40'. Then we look across the page in the line corresponding 
to 25° 40’ and read from the column headed by esc. We thus have 

esc 25? 40'—2:309. 

Example 19. Find 

(i) cos 68°, 

(ii) cor 53°10’, and 

(iii) sec 71*50'. 

Solution. (i) In table 1, we read up the last column until we 
come to 68°. Then we-look-across the page in the line corresponding 
w 68° and read from the column having cos at its foot. We thus 

ave ' ^ 7 
ату cos 68°='3746. 
ıı (ii) Intable 1, we read up the last column until we come to 
53° 10", Then we look across the page in the line corresponding to 
à 10' апа read from the column having cot at its foot, We thus 
ve : 
~~ cot 53° 10^—7490. 
“ato Ui) In table 1, we réad up the last column until we come to 
M 50' and read from the column having sec at its foot. We thus 
à $ 
sec 71° 50’=3'207, 

Example 20. Find the positive acute angle 0, if 

(i) sin 0—:3987.; S 

(i) tan 0—2'177 ; 

(ШЇ) sec 0= 1:630. 
3 Solution. (i) Since the sines are given in column two, reading 
‘ Кы and in column three reading vp, therefore, we must search for 
е number “3987 through these colunins. We find that “3987 appears 


ee ee 
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in column two which has sir at its top. This column contains the 
sines of angles in the first column. Reading across the page on a. 
line with :3987, we find in the first column the angle 23?30'. 

Hence sin 0—:3987 A 0 < 0 < 90° = 0=23° 30'. 

(ii) Since the tangents are given in column four reading down 
and in column five reading up, therefore, we must search for the 
number 2:177 through these columns, We find that 2177 appears . 
in column five which has tan at its foot. This column contains the 
tangents of angles in the last column. Reading across the page 
on a line with 2:177, we find in the last column the angle 65° 20’. 


Hence tan 0—2:177 A 0 € 0 «; 90? > 0 —65? 20’. 


(iii) Since the secants are given in column six reading down and 
in column seven reading up, therefore, we must search for the 
number 1:630 through these columns. We find that 1:630 appears 
in column seven which has sec at its foot. This column contains the 
secants of angles in the last column. Reading across the gas, ona 
line with 1:630 we find in the last column the angle 52° 


Hence sec 0—1:630 A 0 < 0 < 90° > 0—52? 10’. 
EXERCISE 13 (g) 
1, Use table 1 (at the end of the book). to find the value of; the: 


following : 
(i) sin 25° 10° (ii) cos 48° 20' 
(iil) tan 31° 40’ (iv) cot 57? 30* 
(v) sec 36° 20" (vi) csc 59° 
(vii) sin 74° 40* Я (viii) cos 16° 10" 
(ix) tan 65° 50° (x) cot 33? 20". 


2. Use table 1 (at the епі оѓ the book) to find the positive; беш 
angle 0 from the given value of the function: 


(i) sin 071248 (ii) cos 0. 9667 i 
(iii). tan 0—1:632 (iv) cot 0—:6959 ; : 
(у) sec 0—2:595 (vi) csc 0 = 1:228 
(vii) sin 9—:926] (viii) соз 0—:3529 & : 
(ix) tan0—'4956 = ғ (x) 'cot0—':5851. 0 is 


13:17. INTERPOLATION 


In the preceding section, we have seen howe we can find’ the 
value of a trigonometric function of any angle which appears in the 
table. We shall now see how we can find an approximate value of 
a trigonometric function of an angle which does not appear in the.” 
table and also how we can approximately find a positive acute 
angle corresponding to а given functional value which does not 
appear in the table. The process by which this is done is called. 
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interpolation. Interpolation is an extremely important technique 
‘whenever we have to use tables. ~ 


In the present case it depends on the observation that small 
` changes in the value of trigonometric functions are Proportional to 
small changes inthe angle. This can be readily seen by going 
through a few consecutive entries (at random) in any column of 
table 1. (Let us warn the reader that the above assumption is not 
true in general but is approximately true only for small changes.) 


We shall illustrate the technique by considering a few examples. 
Example 21. Find the value of sin 34°16’. 


Solution. The given angle is not listed in Table 1. It lies 
between the angles 34° 10’ and 34° 20’ which happen to be con- 
secutive entries in the table. From the table we can see that sin 0 
increases as Û increases from 0° to 90°, Therefore, 

sin 34°10’ < sin 34°16’ < sin 34°20’. 
From the table, we find 
sin 34°10’="5616, . 
sin 34°16'=? 
and sin 34?20' —'5640. 


As the angle increases by 10', its sine increases by ‘0024, i.e., 
24 thousandths. Now the angle 34°16’ is 6/10 of the way from 
34°10" to 34°20’. Therefore, sin 34°16’ is also expected to be 
‘6/10 of the way from '5616 to *5640. 


6 
Now (т of) (24)=14-2 14, (We have rounded off 14-2 to 


14 because 142 is closer to 14 than 15). Since the sine is increasing, 
therefore, we must add (to 75616, 14 thousandths). Thus 


sin 34° 16’="5630, 


. Remark. The difference "0024 between two consecutive 
entries “5616 and 75640 is called the tabular difference. The 
number 14 thousandths is called the correction. The correction is 

. to be added in the cases of sin, tan and sec, because they are 
increasing functions as 0 Increases from 0° to 90°. Since the functions 
соз, cot and csc are decreasing functions as 0 increases from 0° to 
90°, therefore, for these functions, the correction has to subtracted 
from the functional value of the smaller of the two consecutive 
entries between which the angle in question lies. 

Example 22. Find cos 69°13’. 
Solution. The given angle 69° 13’ is not listed in table 1. It 

i lies between the consecutive entries 69°10’ and 69°20’ in the table. 

+ Now cos 69° 10'—'3557, 
cos 69° 13’=? 
and cos 69° 20’="3529, 
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The tabular difference is "0028. Since the given angle is 3/10 
of the way from 69°10’ to 69° 20’, therefore, the correction is 
"0028 x (3/10)="0008. Since cos 0 decreases from 0° to 90°, therefore, 
the correction has to be subtracted from *3557, so as to give 


cos 69?13'—'3557—'0008 —:3549. 
ies Example 23. Find the positive acute angle 9 for which tan 0= 


. Solution. Sincethe tangentsare given in column four read- 
ing down and in column five reading up, therefore, we must search 
for the number 1689 through thes: columns but there are two 
consecutive entries 1:686 and 1°698 in column five between which. 
the given number lies. Since the entries in column five give 
tangents of angles in the last column, therefore, reading the entries. 
in the last column against the above entries, we have 


tan 59° 20'—1'686. 
tan ? =1°689, 
and > tan 59° 30°=1°698, 


Since U689 is 3/12 of the way from 1'686 to 1°698, and since 
the tangent of an angle increases as 0 increases from 0° to 90°, 
therefore, we must add (3/12) x 10' —3' (rounded off to the nearest 
minute) to 59° 20’. We thus find that tan 59° 23'—1'689. j 


Hence the required angle is 59° 23'. 


Remark. After some practice, the reader should inculcate 
the habit of performing the interpolation mentally. 


EXERCISE 13 (Л) 


1. Find th» value of the following (use table 1 and interpolate) = 


(i) sin 28? 23' (ii) cos 51° 47, (iii). tan 39° 56' 
(iv) cot 48° 38" (у) sec 66°25’ _ (wi) esc 78° 42" 
(vii) sin 46° 53’ (viii) cos 33° 46’ (ix) tan 56° 37" 


(x) cot 41° 29’ (xi) sec 15° 24’ (xii) csc 35° 44’. 


2. Find, to the nearest minute, the positive acute angle 0, for 
which : 


(i) sin 0 270627 - (ii) cos 0—'5380 (iii) tan 0—'4329 
(iv) cot 0—1:636 (v) sec 0=2'537 (vi) csc 01:395. 
(vii) sin 09—:9479 (viii) cos 0—'4052 (ix) tan 0—'5682 
(x) cot 6—'4162 (xi) sec 0—1'823 (xii) csc 0—2:184- 


470 A TEXT-BOOK OF MATHEMATICS 


TEST YOUR UNDERSTANDING хш 


Tn each.of the following problems, four alternatives are given. 
Put a tick-mark (v) against the correct alternative. 


1. tan (x—x) equals 


а) tan x 2 { (b) сох 
(c) —tan x 3 (d) —cot x. 
2. sin pec cius sin gin T. equals 
POET 4 
(a) 1/16 . (b) 1/4 
© (д) —174 (4) 1/8. . 
3. sin(A+B) sin(A—B) equals 
(а) sin? А —соѕ? В (b) cos? A—sin? В 
(c) sin? А—ѕіп? B (d) cos* A—cos? B. 
4. The value of sin 18° cos 36° is 
(а) 1/4... (b) (V5—1)/4. 
(с) (54-4 4) 12. 
5. The value of sin 75° is 
(a) (V3+1)/2 42 i (b) (43—1)/242 
(с) (¥3-+3)/2 (4) (/3—1)/2. 
6. sin (+ ) equals 
(а) cos x (b) —cos x 
(0) sinx (d) —sin x. 


7, £08 9*—sin 9° 
"cos 9*-Esin 97 equals. 


(а) tan 54° (b) tan 36* 
(c) tan 81° (d) tan 54°. 
'$. Th а СО 
e value of Trtar d 
eg v3. s. a. 
© уз 5 (а) 3/2. 
2:9; If sintx=4, and x lies іп the second quadrant, then x equals 
2 0) *л/6. : ‚ (b) 22/3 


Су аА - (d) 75/12. 
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An arc of a circle of length 22 cm subtends an angle of 60° at 
the centre of the circle. The radius of the circle is 


(a) 22 cm d (b) 42cm 
(c) 21 cm : (d) 11 cm. 
REVIEW EXERCISE XIII 


. If m tan (0—30)°=л tan (04-120?), show that 


. If A+B=225°, prove that 


cotA  . cotB 
1+cot A 1+cot B 


3. Show that tan 70°=tan 20°+2 tan 50°. 
4. Show that tan 75°—tan 30?—tan 75° tan 30?—1. 


5. If a+8=y, prove that 


е 


соѕ?а -со5 4-2 cos a cos @ cos ү=іп? y. 


1 1 
6. If cos o=+( at ) show that 


. Prove the following identities : 


(i) tant 0—sec* 0—1—2 sec? 0. 


sec 0 sec 0—1 


(10) Ticos 07 sin? 


. Is the following equation an identity : 


cos? 0-4-sin* 6=1 ? 


(Give reasons for your answer.) 


- If 2 tan 8+cot 8—tan a, prove that cot B=2 tan (a—). 
b 

. If tan im s prove that a cos 204-5 sin 20—a. 

. Prove that tan 10?--tan 70°—tan 50°= ¥3. 


. Prove that sin 12° sin 48° sin = ` 


472 A TEXT-BOOK OF MATHEMATICS- 
SUMMARY 


cosx E | 
~ sec x= — — , cese x= 
sin x’ cosx ’ sinx* 


1. tan xus nU cot x= 
cos x 
2. cos? x+sin? x=1. 
1+tan2 xesec? x, 
1+cot® x=csc? x, 
. sin (2k7r --x) sin x, cos (2kx-+x)=cos x for all +5*- 
4. sin (—х)==—$їп x, cos (—x)=cos x. 


ә 


tan (—x)=—tan x, cot (—x)=—cot x, 
sec (—x)=sec x, csc (—x)=—csc x, 


» 


sin( 7x ) =cos x, sin( x )=cos x, 


cos( 3-х Jes x, cos (ze )=-sin x. 
2 2 
6. sin (w—x)=sin x, sin (7+x)=—sin x. 
COS (х—х)== —соз x, cos (n4-x)— —cos x, 
tan (7—x)=—tan x, tan (T--Xx)etan x. 
7. sin (x+y)=sin x cos y+cos x sin y. 
sin (x—y)=sin x cos y—cos x sin y. 
COS (x+y)=cos y cos y—sin x sin y. 
соз (x—y)=cos x cos y--sin x sin y. 


ja tan x+tan y tan x—tan y 
Sy aE) =r nx fan y 7 et у) ten x fan у" 
(ап x--tan y+tan z—tan x tan у tan z 7 
tan (х+у+) 1—tan y tan z—tan z tan x—tan x tan y ~ i 
1 
Р 
І 


9. sin 2x—2 sin x cos x, sin 3x—3 sin x—4 sin? x, 
cos 2x=cos* x—sin* x=2 cos* Tr —2 sin? x. 


Е 2 tan x —tan* x i 
dude eur: ct EE "o 
"o 2tanx 3 tan x—tan* x | 
оу у e Жу I E 


10. sin x cos y=} [sin (x+ y)--sin (x—y)], 
cos x sin y=} [sin (x--y)—sin (x—))], 
cos x cos y=} [cos (x+y)+cos (x—y)], 
sin x sin y=—} [cos (x+y)—cos (x—))]. 


П. sin sim y=2 sin” cos ZEX, 


sin x—sin уе=2 cos =e sin => 
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COS x+cos y —2 cos uc сов 22, 


“cos x—cos у= —2 sin Uu sin 


12. 1°=60’, 1’=60", ча 
13 r radians=180° ; 1 гайіап=57°17/44"81 (approx.), 
1°= 017453293 radian (арргох.). 


14. Angle in Angle in sin cos tan cot sec cse 
degrees radians i 
0° 0 0 1 0 x 1 x 
30* nJ6 1/2 ^32 "M3 УЗ 213 2 
45° n/4 12 1/۷2 1 1 V2 V2 
60° 7/3 V3(2 1/2 435 1۷3 2 2/3 
90* TÍ2 1 0 x 0 x 1 


ج ا — ا اا —À———‏ 


15, sin 18°= УЗУ cos 39-3, 


HISTORICAL NOTE ' 


Trigonometry literally means the science of triangle measurement, Its. 
origin dates back to 1500 B.C, eee a available evidence, the Egyptians,- 
the Babylonians: the-Chinese and. the Greeks used some primitive notions of 
trigonometry for measuring heights by measuring shadows, Real progress in the 
development of trigonometry was due to the fact that it was an important tool 
for the astronomers, In this sense, the origin of trigonometry dates back to 
Hipparchus (c. 140 B C.). The Hindus made notable contributions to- 
Trigonometry. 

The sine function had its origin in India, The word sine itself has also 
descended from the Hindu word jiva, The Arab used the meaningless word jiva- 
which was phonetically similar to jiva, In.course of time /iba became jaib which. 
was translated to sinus in Latin by Gherado of Cremona (с. 1150) because both. 
the words mean ‘a fold’, and from sinus descends the English sine. Trigono- — 
metry was a useful and accurate tool for the Hindu astronomers, 


. The earliest tables for the sine function that have survived the vagaries of ` 
time are those in. Surya-Siddhanta (c. 400) and the Aryabhatiyam of Aryabhanta. 
Here the sines of angles upto 90° are given for twenty-four equal intervals of 32° 
each. The values given in these tables are remarkably close to the modern values,- 
showing how advanced we were in those days. 

The addition theorem for the sine function was knowh to the Greeks.. 
Bhaskara (c. 1150) also gives this theorem. 

- The formula for sin2x was first given as a ruleby Abul-Wefa. Vieta- 
(1591 A.D.) first gave the formula-for sin Зх and cos Зх іп terms of sia x and 
cosx. The expressions for sin 2x and cos 2x in terms of tan x were given by 
Lambert (1765 A.D.). 


oo 
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KARL WILHELM THEODOR WEIERSTRASS (1815 -1897) 


Karl Wilhelm Theodor Weierstrass was born on October 31, 1815 at 
Ostenfelde in the district of Munster, Germany. He had a uniformly brilliant 
record at school, dotted all along with prizes. He Started his career at the age of 
twenty-six in 1841 asa Secondary school teacher and continued as such for nearly 


Weierstrass shot in into prominence only after- the publication, in 1854, of 
"his research work in Crelle's journal. He Bot immediate recognition. The 
-University of Konigsberg conferred on him the degree of doctor of Science, 


- Weierstrass was an inspiring teacher, His lectures were models of clarity 
‘and perfection. He remained a bachelor all his life. He died in his eighty- 
second year on February 19, 1897 at his *home in Berlin after a long illness 
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CHAPTER 14 


Graphs of Trigonometric Functions 


$ 


141. INTRODUCTION _ 

Graphing of. functions is of great imporíance in mathematics. 
By drawing the graph of a function onë can exhibit many properties 
of the function. In the present chapter we shall devote ourselves to 
graphing of some trigonometric functions. We shall need the 
concepts of periodicity, and intervals of monotonicity for graphing 
trigonometric functions . We shall briefly discuss these concepts 
before we actually draw the graphs. 

142. PERIODICITY OF TRIGONOMETRIC FUNCTIONS 

Let f be a function whose domain D is a subset of R, A real 
number р (240) is said to be a period of f if 

(i) x€ De«x--p€ D, and 
(i) f (x--p) «f (x), for all xE D. | 
: Fora constant function, every non-zero number -is a period. 
A function f is said to be periodic if it has at least one period. 
_It is obvious that if p is a period, then every positive intergal 
multiple of p is also a period, 
d.e., f Gct- kp) =] (2), for all kEZ. 
А From condition (i) in the definition of a period, it follows that 
if x is in the domain of a periodic function with p as a „period, then 
so also is x—p, for 4 s : 
x=(x—p)-+p, so that . 
x€De(x—-p)€D. * 
Also, by condition (ii), we then have 
JG) fix—pd- p)—fix—p)- 

. Therefore, —p is also а period. Since every positive integral 
multiple of a period is alsó a period, therefore, —kp is also a period 
for each positive integer k. ; à 
x Thus, if p is a period, then kp (where k is any non-zero integer} 
is also a period. The least positive period of a periodic function is said 

40 be the period of the function. 


(475). 
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Periodic functions are of great importance in Physics, mecha- 
nics and engineering for the study of various periodic phenomena 
such as vibration, motion of machines, alternating electric currents, 
etc. As we shall presently see, the trigonometric functions are 
periodic and one of the most important reasons for the study of 
trigonometric functions is their Periodicity, 


Theorem 14.1. All trigonometric functions are periodic. Also,. 
(a) the period of the functions cos, sin sec, csc is 2m, and 
(b) the period of the functions tan and cot is т. 


Proof. (i) Since cos x=cos (x4-2x) for all x € R, 2x isa 
Period of the cosine function. We shall next. show that it is the 
Period, i.e., it is the least positive period. If not, let a Positive- 
number р<2хт bea period. Then соз (x+p)=cos x, for all xER. 
Putting x—0 in this relation we have cos p-- 1. Since 0<p<2n, the- 
terminal side of the angle having a measure р radians cannot coin- 
cide with the positive x-axis and consequently cos p#1. This gives a 
contradiction. Hence 2z is the Period of the cosine function. 


(17) Since sin x=sin (x+2n), for all XER, 2nis a period of 
the sine function. We shall now show that 2r is the least positive 
period. If not, leta Positive. number p<2n be a period. Then 
sin (x4-p)—sin x.for all x. Putting x—/2 in this relation, we have: 


(ii) Since tan (х-л) (ап x for all xER, x is a period of the- 
tangent function, We shall now Show that x is the period. If not, 


impossible since O<p<n. Hence xis the period of the tangent. 
function. : 


a . The rest of the theorem can be proved in the same manner as 
above. 


_ The property of periodicity simplifies the study of a trigono- 
metric function because by studying the properties of such a function 
Over an interval of length equal to the period, we can know its 
Properties everywhere-in the domain of the function. 


143. INTERVALS OF MONOTONY OF TRIGONOMETRIC: 
FUNCTIONS . 


A function f is said to be Strictly increasing in an interval if 
for any two numbers ху, x, in the interval, 
BASS Xx > f (x) > fix), 
, and Strictly decreasing if x,» xı > f (х) €f (x). 


, A function fis said to be strictly monotonic if it is either 
г Strictly Increasing or strictly decreasing. s 
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Note. Ifa function f has the property that for any numbers 
Xs X, in an interval, x,—x,— f(x) f(x), then we say that fis 
increasing in the interval. Similarly, we speak of decreasing and 
-monotonic functions. Я $ 

Examples. (i) Let f bə the function defined by setting f(x) 
=x? for all x€ R. Then f is strictly increasing in [0, 1] and strictly 
«decreasing in ]— 1, Of. 

(ii) Let f be the function defined by setting 

ШО 0 if x<0 
~ (| xtif x>0. 

Then fis increasing, but not strictly increasing, in [—1, 1]. 

However, f is strictly increasing in [0, 1]. 

(iii) Let f be the function defined by setting 

f(x) 9 x*— 1, for all x R. 

Then f is neither increasing nor decreasing in [—1, 1]. 

We now propose to determine the intervals in which a given 
itrigonometric function is monotonic. 
1431. Intervals of Monotony of the Function cos 


Let xı, x, be two real numbers such that xa > x,. 
We have cos x,—cos x,=—2 sin [3(xs —21)] sin [3(xs-I-21)]. 
; XT) 
1 If xı, x, be both in the interval ]0, xf, {then 3(x,--x,) is also 
in the same interval and so also is $ (%:—%,), and consequently 
sin [3(%,.—21)] and sin [}(%_+x1)] are both positive. Therefore, from 
(1) we find that cos x,—cos x, <0, i.e., cos XQ«cos ху. Since for al 
Xi Xa in JO, n[, x, 7x; > COS xy < vos Ху, therefore, in the interval 
10, zÍ, cos is a strictly decreasing function. 

Also at x=0, the cosine function has the value 1 which is thtl 
-Sreatest value that cos x can have for any value of x, and at x=ne 
the cosine function has the value —1 which is the least value tha, 
cos x can have for any value of x. Thus on the closed interval [0, x], 
соз strictly decreases from 1 to —1. 


a As cos (x-+-x)=—cos x, it follows that cos is a Strictly increas- 
ing function in [x, 27]. 


. . Since the cosine function is periodic with period 2, therefore 
it will have the same behaviour in all intervals of the form [2Ёт,: 
(24--1)т), k being any integer, as in [0, x]. Similarly it will have 
the same behaviour in all intervals of the form ((2k+1)x, QKk--2)n] 
being any integer, as in [r, 2n]. 4 


Thus for each integer k, cos x strictly DENS from Ito —1 
on the interval (2kx, (2k+ Dr], and strictly increases from —1 to +1 
on the interval [(2k-t- 1)n, (2k4-2)x]. 
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“ Thus for the cosiae function the intervals of strict: decrease are 
[2kx, (2k--1)m] and the intervals of strict increase are [(2К-Е1)т, 
Qk-r-2)n]. 

1432. Intervals of Monotony of the Function sin 

Since sin x=cos (x—n/2), therefore, from the results obtained 
above in respect of the function cos, it follows that sin x strictly 
decreases from 1 to —1 as x—z/2 increases from 0 to x, and strictly 
increases from —1 to +I as x—7/2 increases from x to 2m, ie., 

. sin x strictly decreases from 1 to —1 as x increases from 7/2 to 
37/2, and strictly increases from — 1 to 1 as x increases from 3x/2 to 
57/2, or from.—/2 to «/2, using the periodicity. 

By periodicity, the behaviour of the sine. function in the 
interval [x/2, 31/2] is the same as that in the interval [2kx-+%/2, 
2kx--3n/2], k being any integer. Thus for each integer k, sin x 
strictly decreases from 1 to —J on the interval -(2kn-+x/2, 
2kn+3n/2]. Similarly we can show that for each integer k, sin x ` 
strictly increases from —1 to 1 on the interval [kx — 12, 2kr+ т/2]. 

` Thus for the sine function the intervals of strict decrease are 
[Dkz--x/2, 2kx--3n/2), and the intervals. of strict increase are 
[2kn—7/2, 2knx--x/2], k being any integer. ў 
14:3'3. Interval of Monotony of the Function tan | 
Let us consider two numbers ху and x, in R* such that x2>%- 


We have 
sin GS —x) | 
COS Xs COS X1 
If —n/2<x, «x, «x2, then 0«x,—2:« v, so that sin (%2—%) 

>0, cos x, 70, cos 3,50. Therefore, tan x> tan xı, ie., tan i$ 
strictly increasing in ]—x/2, x/2[. 

_As tan is periodic with period т, therefore, for each integer k, 
tan is strictly increasing in the interval \kn—n/2, kx+n(2L[. 
1433. Intervals of Monotony of the functions cot, sec 

and csc 


tan хаап х= 


It can be easily proved that 
(i) for each integer k, cot is stri isi the interval 

Jen, Gc- DE ; * COR : НА decreasing on 
2 (il) for each integer k, sec is strictly decreasing on each of the 
intervals ]2kx—v/2, 2а Land lakn-+x, 2kn-+3x/2[ and is 5 Lian 
increasing on each of the intervals \2ke, 2kn+-/2| and kr tr 12, 

` Zkx nb E 

- ^ Gil) for each integer k, csc is strictly decreasing on each of the 
"intervals 16а, 2624-я] Д апа |2kx-4-32/2, (2k--2)n[, and is strictly 
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increasing on each of the intervals ]2kn+-/2, E2kn--n[ Гапа J2kz km, 
` 2&т-Е31/2[. 


144. RANGES OF TRIGONOMETRIC FUNCTIONS 
14'4l. Ranges of cos and sin 


We have seen that for all x€ R, —1«cos x&l,'so that the- 
range of cos is contained in the interval [—1, +1]. We shall now- 
Show that the range is actually 
this interval. To this end we 
sum show that every number in 
this interval is a value of the 
function. 

Let p be any real number 
Such that —l<p<l. Let us 
choose 470 such that p*-.-z?—1. 
The point P (р, 4) lies on the 
unit circle. 

Let A Бе the measure of 
angle XOP (having OX as the 
initial side and OP as the termi- 
nal side) in radians. Then cos 
9— p. [Fig. 14'1 (а\ and 141 (5). ` Fig. 14 1 (a) 


Thus range of cos is [—1, 1]. ; 

Corollary. The range of the sin function is [—1, 1]. 

Proof. We already know that — | «sin x1 forall x. Also, 
sin (x/2—x)=cos x. Since every real number in [—1,1] is cosy: 
for some y, it follows that every real number in [—1,1] is sin x for 
some x. ب‎ . Я 

1442. Range of tan and cot 


Let a number 20 be given. 


1 
Then 0< XU. <1. 


Sincê the range of cos is 
the interval [—1, 1], therefore, ` 
we choose à real number x such 
that 0<x<n/2 and 


1 
cos x= IETS 


Since sin®x-++cos*x=1, 
and for all x in JO, z/2[, sinx 
is non-negative, therefore, it 
follows that 


Fig. 14°1 (p) 
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sin x= tan x—k. 


Minis 
AU TRY)" 

Thus for every k>0 we can find an x € ]0, »/2[ such that 
stanx=k. Thus every non-negative real number is in the range of 
tan. Again, since tan(—x)=—tanx, therefore, it follows that 
«every negative number is also in the range of tan. 


Hence the range of tan is the set R of all real numbers. 


Remark. Since-.cot x=tan ($= ), it follows that cot 


‘has also thé same range as tan, i.e., the range of cot is the set R 
оғ all real numbers. 


145. GRAPHS OF TRIGONOMETRIC FUNCTIONS 
145'1. Graph of the sine Function 


To draw the graph of sin, we use the equation y=sinx, x 
‘being the independent variable and y being the dependent variable. 
We give to x several values in the interval [0, 2m] and find the 
corresponding values of y. The following table shows, correct to 
two places of decimals, the values of x from 0 to 2x by steps of n/6. 


Т7т|6 | 47/3 | 37/2 | 57/3 |11=/6 |27 


nl3 | n|2 | 22/3 | 5x6 


T 


We choose a suitable urfit of length and then plot the points 

(0, 0), (1/6, `5), «+, (2x, 0). We then join these points by a smooth 

curve to obtain a.part of the graph (Fig. 142)*. Since the sine 

‘function is-periodic with period 2m, therefore, this part can be 

reproduced in the intervals\[—2r, 0], [2x, 4х], еіс, The complete 

graph is a wave from x=0 to x=2n repeated infinitely many times 
- to the.left and to the right. х : 


^ : 
i *For the sake of neatness in the graph, the pointsare not shown in the 
= graph. 5 
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Fig.142. Graph of sine (incomplete Braph) 


Remark. The graph of the sine function of angles can be 
drawn in a similar manner. 


14'52. Graph of the cosine Function 


To draw the graph of cos, we begin as in the case of sin, by 
preparing a table of values giving values of cos x as X varies from 0 
to 2m in steps of 7/6. 


$ L ll si | 72 | 2713 | 5т]6 | „| 75/6 | ants | 35/2 | Sara pts А 
cosx | 1 $i 5 |o e ate BT =y вт 50 s 87 " 
By plotting the Points (0, 1), ...... » 2m, 1) and joining them by 


a smooth curve, we obtain a part of the graph (Fig. 14-3), Since the © 
cosine function is periodic with period 2r, therefore, this Part can 
be Teproduced in the interval [—2n, 0], [2x, 4n], etc. The comp- 
lete graph is a wave from x=0 to X—2m repeated infinitely many 
times to the left and to the right. 


Fig. 14'4 shows the graphs of sin and соз drawn together 
for comparison. 3 
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Fig. 143. Graph of cos (Incomplete graph) 
% e 


(х. у) y = cos М 
1 > 


{(х,у) y = sin х)} 


Fig. 14°4. Graphs of sin and cos (Incomplete graphs) 
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graph of cos through a distance 7/2 units along. the positive direc- 


is only to be expected in view of the identity sin (x/24-x)—cos x 
14:53. Graph of the tangent Function 

To draw the graph; of tan, let us first: observe «аќ ‘since the 
tangent function is periodic with period.m, therefore, it is enough 
to draw the graph over an interval of. length m. The complete graph 
will then consist of infinitely many repetitions of the same to the 
left as well as to the right. 

Also, since tan (—x)——tan x, therefore, if (x, tan X) be any 
point on the graph then (~x, —tan x) will also.be a point on the 
graph, i.e , the graph must.be symmetrical in opposite quadrants. 

The following table gives values of tan x corresponding {о 
some typical values of. x in ]—/2, u2... 


x —а/3 | —n/6 | 0 x/6 . | 'x/3 


tan x | —173 | —'58 0| ‘58 | 173 
A l.l 


! 
l 
| 
I 
l 
l 
| 
i 


LL 
fom M Lu 


Y e 
Fig. 14:5, Graph of tan (incompleta graph) 
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Since tan x is not defined when x=+ x7, therefore, there 
will be no points on the graph corresponding to these values of x. 
(By periodicity, there will be no points on the graph corresponding 
to x=kn+n/2, К being any integer). A’ part of the graph is as 
shown in Fig. 14'5. 

Thoughout the entire domain, the graph rises from the left to 
the right. This is just the graphical demonstration of the fact that 
tan x is strictly increasing on the interval ]kz—m/2, kr +r N, К 
being any integer: 


145:4. Graphs of y=a sin x and y—a cos x 
' We have already drawn the graphs of the sine and the cosine 
functions. We now propose to consider graphs of more general 
functions. 
Example 1. Sketch the curve у==2 sin x. 


Solution. Since sin x varies between —1 and 1, therefore, 
2 sin x will vary between —2 and 2. The period of the function 
f(x, y) : y=2 sin x} being the same as that of ihe sine function, is 
2x. For any value of x, the value of y in y—2 sin x is twice the 
value of y in y=sin x. The graph of y=2 sin x may, therefore, be 
obtained from that of y—sin x by stretching the graph by a factor 
2 in the direction of the y-axis. The graph is as shown in Fig. 14°6. 
The graph of y=sin x has also been shown for comparison. 


4 
| 
I 


m ША a eei 17. سه نند‎ MÀ 
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Example 2. Sketch the curve y—3 cos x. 

Solution. The function {(x, y) : y=3 cos x} is periodic with 
2т as the period. The range of the function is [—3, 3]. The graph 
is obtained by stretching each ordinate of y=cos x by a multiple 3. 
A sketch is as shown in Fig. 147. : 


Y we л 3/2 2n 


Р &. 1477. (yecos x......... ‚ =3 cos SOLL 


i EXERCISE 14 (a) а 
| Sxetch the ,raphs of each pair of equations in the interval 
0, 2x] : 
, y=sin х, y=1'5 sin x. 
y=sin x, y—3 sin x, 
y=sin x, y=2'5 sin x. 
y=sin x, yes —sin x. 


DE nis m 
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5. y=sin х, y=—2 sin x. 
6. y=cos x, yz 5 cos x. 
1 y=cos x, у=2 cos x. 
8. y=cos х, y=2'5 cos x. 
9, у=соз X, у= 008 x. 
10. y=cos х, y=—2 cos x. 
145'5. Graphs of y—sin bx and y—cos bx 


We can obtain another generalization of the graphs of the 
sine and the cosine functions by considering the graphs of the 
functions defined by the equations y—sin bx, y=cosbx. The least 
and the greatest values of the function y=sinbx are —) and | 
respectively. The period may be obtained by determining how 
much x changes in producing a change of 27 in bx. As x changes 
i isom 0 to 2m/b, bx changes from 0 to 2x. Hencethe period of 
frnbxiisi2n] | b | "Similarly, thefperiodfof cos bx is 2m | b |. 


Example 3. Sketch thelgraphlof the function y=sin 2x. 


э 
A uc a Qn FERA TUAR 


EU 
ZV NO 
Po MAGN 
a 


\\ Wr. ý 
Fig. 14'8, (yesin 2x——, yesin х......... ) 


Solution. The least and the greatest values are —1 and 1 
respegtively. The period is 27/2, i.e, т. The graph is similar to that 
ofsin x and is obtained from it by compressing it by a factor 
1/2 along the x«axis. The graph is as shown in Fig. 14'8. 
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Example 4. Sketch the graph-of the function y=cos}x: 


Solution. The extreme values are —1 and 1. The period is 
2n/t, i.e., 4x. The graph is similar to that of the cosine function 
and is obtained from it by stretching it along the x-axis by -a factor 
2. The graph is as shown in Fig. 14.9. 


Fig. 14:9. (y=cosx———, yercosix......... ) = 
EXERCISE 14 (5) 


Sketch ihe grapi: of each of the following functions over one 
period. Along with each graph, draw also the graph of the sine 
function or the cosine function, as the case may be. - 


l. y=sin 3x 2. y=sin 2x 
3. yesin jx 4, y=sin Bx 
5. y-cos 2x 6. y=cos 3x 
7. y=cos $x 8. y=cos fx. 


14'5'6. Graph of у=азіһ bx and y=a cos bx 


The graph of .y=asinbx can be obtained from ‘that of 

y=sin x by first drawing the graph оѓ y=sinbx (as in Example 3) 

. and then stretching the graph of y=sin bx by a factor d^ along the 

y-axis (asin Example 1), The extreme values of y=asinbx are 

+a, and its period is 2x/ | b |. The same is also true of the curve 
y=a cos bx. 


The following example will illustrate the method, 
Example 8. Sketch the curve y=2'5 sin 2x. 


“Solution, We shall first draw the graph. of ysin 2x, and 
then stretch the graph along the y-axis by a factor 2'5, 


y Є+ї 
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The graph is as shown in the Fig. 14710. 


quUemeq 7 л 31/2 2r 5л /2 Зл 


* Fig. 14°10, (y—2.5sin 2x———, y-sin2x......... ) 
EXERCISE 14 (c) 


Sketch the graph of each of the following curves over one 
period : 


1. y-2sin2x i 2. y=I'5 sin 2x 
3. y=2 sin 3x t 4. y=2'5 sin 3x 
So ysd'5simix "s 06. y=3 sin 4x 
| 7. ‚у=2 cos Зх 8. y=2 cos dx 
9- ч J-15 cos 2x 10. y—2'5 cos 2x 
ll. y=2'5 cos 3x 12. у=3 cos 2x. 


1457. Graphs of y=sin (x+-c) and y=cos (х--с) 


, ,, Ihe graph of y=sin (x4-c) is similar to that of y=siu x and 
is obtained by translating it through a. distance c inii to the left, 
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The extreme values are +1, and the period is 27. The graph of 
y=cos (+c) is similar to that of »=cosx and can be obtained 
from it by translating it to the left through a distance c units. The 
extreme values are again +1 and the period is 27. 


Example 6. Sketch the graph of y —sin (x+n/6). 


Solution. The graph of y=sin (x-+7/6) is obtained by trans- 
lating the graph of v —sin x to the left through a distance z/6 units. 
This is equivalent to shifting the origin (and therefore, the y-axis 
also) to the right through a distance 7/6 units. Therefore, we shall 
first draw the graph of y=sinx and then shift the origin to the 
cx ке Supe a distance x/6 units. The graph is as shown in 

ig. 1411. 


т x 5л 7л 3л Мя IF , 5л “177 
TASE F- bit A 6 Bk be 8 


ENE TT 
[г Roe ии 


Fig. 14:11. Graph of y=sin (x+ 7/6): 


145'8. Graph of y —a sin (bx+-c) 


The graph of y =a sin (bx--c) is similar to that of y=a sin bx 
and is obtained from it by translating it through a distance c/b units 
to the left (or equivalently, shifting the origia and the y-axis through 
а distance c/b units to the right), The following example will 
illustrate the method. У 


Example 7. Sketch the curve y —3.sia (2x4- |3). 


Solution. Since 3sin (2x-+-n/3)=3 sin (2(x- 2/0), therefore, 
the graph is the same as that of y—3 sin 2x with the origin shifted 
10 the right through a distance x/6 units. The graph is shown in 
the Fig. 14°12. { 


490 А.ТЕХТ-ВООК OF MATHEMATICS 


Fig. 14°12. (y=3 sin (2x--7/3— =), yasin (2x4 2/3......). 
343 


Example 8. Sketch the curve y= $sin 2х+ cos2x. 


2 
Solution. Let us put 3/2—a cos c, 3 У3/2=а sin c. 
We then have (3/2)?+(3 43/2)? — a*, or a?=9. 


If we choose the positive value for a, then a=3, cos c=}, 
sin c= 43/2, so that we may take c—«/3. With this choice the 
given equation can be written as 


уға sin 2x cos с-а cos 2x sin c, 
—a sin (2x--c), 
=3 sin (2x4- n/3). 


Theequation being the same as in Example 7, the desired 
graph is as shown in Fig 14°12. , 


EXERCISE 14 (4) 
Sketch.the graph of each of the following curves : 
l. y=sin (x+7/4). 2. y=sin (x—7/6). 
3. y=cos (x+n/3). 4. y=cos (х—т/4). 


rore | 
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5. y=sin (2x4- x/4). 6. y=sin (2х—т/3). 

7. y-cos (2x 4-x/3). 8. y=cos (3x—x/2). 

9. y=1'5 cos (2x4-2/3). - 10. y=2.5 sin (2x+2/3). 
1l. y=3 cos (2х--л/3). 12. y=2 sin (3x—3z/4). 


13. y-cos х+\/3 sin 2x... 14. y=4 cos 2x—3 sin 2x. 
15. p=/2 (cos x+sin x) ro 
TEST YOUR UNDERSTANDING XIV 


In each of the following problems four alternatives are given. 
Put a tick-mark (4/) against the correct alternative. 


1. The domain of the sine function is 


(a) R (b) R= (0) 
(с) [—1, 1] (d) Z. 
2. The range of the cosine function is 
(a) В (b) 2 
(с) [71,1] (d) [0, 1]. 
3. The period of the tangent function is 
(a) 2x (b) т 
(с) {т (d) 1. 
4. Thesine function is strictly increasing in 
(0 0,9] ө [=] 
LÀ z п m] 
о [=] e [2.5 
5. The cosine function is strietly decreasing in 
т п 3л 
(а) [-4: +] (b) | т, z] 


© l3, о] (4) 0 £] 


6. The tangent function is increasing 


(a) in R (b) only in J0, oo[ 
(c) only in ]— o0, Of (d) nowhere: 
7. Therange of the cotangent function is 
=n m" ^ 5. 
e |57, | 6) (=1,1) | 
(c) [0, 1] (d) R. 
8... The period of the function f defined Ву х) sin: х-Есоз x for 
allx € R is ; f 
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(a) 2x (b) x 

(с) n? (4) 1. 

The domain of the tangent function is 
(а) [—, 1] (b) R 

(c) [7m =] (а) 10, of. 


The period of the function f defined by f'x)—sin2x for all 
x€Ris 


(а) 2m (b) x2 
(с) x--2 (d) т. 
REVIEW EXERCISES XIV 


Sketch the graphs of each pair of equations in the interval 
[0, 27] : 

y-sin x, y—2 sin x. 

y=cos x, y==3 cos x. 

y=cos x, y=—2'5 cos x. 

Sketch the graph of each of the following curves over one period. 
Alongwith cach graph, draw also the graph of the sine function 
or the cosine function, as the case muy be : 

у=соѕ } x: 5. у==5іпёх. 6. y=cos 4x. 

Sketch the graph of each of the following curves over ome 
period : : 

у=} sin 2x. 8. y=3 sin 2x 9. у= —2 cos 2х. 


Sketch the graph of y--sin ( EE) from x=0 to х=2=. 


SUMMARY 


The functions sin, cos, tan, cot, sec, cse are all periodic, The period of 
the functions sin, cos, sec and csc is 2x. The period of the functions 
tan and cot is x. 


For each iateger k, sin x strictly increases from —1 to 4-1 on the interval 
[2kx —77/2, 2kr 4-77|2] and strictly decreases from +1 to —1 in the inter- 
val [2k-- T/2, 2kz--31/2]. 


For each integer k, cos х strictly increases from —1 to 4-1 on the 
interval [(2k— 1) т, 2kz] and. strictly decreases from --1to —1 on the 
interval [2/ст, (2k 4-1)m]. 


For cach integer k, tanx is strictly increasing on the interval 
TYnx—7/2, kv 4-7 [2[. х 

For each integer k, cotx is зітісПу decreasing on the interval 
Yer, (+a. 


For each integer k, sec x is strictly decreasing on each of the intervals 
IKT — |2, 2k Гапа ] 2k 4-7, 2k +3;/2{ and is strictly increasing on 
each of the intervals 2c, 2kr-- [2 [and ] 2k 4- 7/2, 2em +r [. 


| 
| 
| 
| 
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For each integer k, csc x is strictly decreasing on each of the intervals 
2kr, 2kar +т[2[ and ] 2kz--3T]2, (2k--2ym [, and is strictly increasing 
on each of the intervals ]2kz-- 7/2, 2ka -- | and Pk + r, 2kr-+37/2[. 


The range of sin and cos is [—1, 1]. 
The range of sec and csc is ]— œ, —1[U 11, cof. 


pa 


AUGUSTIN-LOUIS CAUCHY (1789-1857) 


Augustin-Louis Cauchy was born in Paris on August 21, 1789. In 1811, 
Cauchy submitted his first Memoir on the theory of polyhedra. Asa child he 
was taught French and Latin by his father. He showed extra-ordinary promise 
even at ап early age As a boy of 22 he proved that the only regular polyhedra 


are those having 4, 6, 8, 12 or 20 faces. 


In 1821, Cauchy published his course of lectures which he gave at the 

seg Polytechnique. This is the work which set standards in rigorous mathe- 
matics, 
P Cauchy's mathematical productivity was incredible. He started two 
journal: of his own for the publication of his expository and original work in 
pure and applied mathematics. These w rks were eagerly bought and studied 
and did much to reform mathematical taste before 1860. During the last 19 
years of his life, Cauchy produced over 500 papers on all branches of mathe- 
matics including mechanics, physics and astronomy Many of these works 
were long treatises. In fact, Cauchy invited some criticism also for overpro- 
duction and hasty composition. His total output is 789 papers filling twenty- 
four large volumes However, his reputation asa mathematician has risen 
steadily. The methods he introduced, his whole programme inaugurating the 
first period of modern rigour and his unique originality have made an impact 
on mathematics that is destined to last for a long time to come. 


He died rather unexpectedly in his sixty-eighth year on May 23, 1857. 
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CHAPTER 15 


Properties of Triangles and 
Their Applications 


151. INTRODUCTION 

We shall apply the theory. of trigonometric functions to discuss 
the properties of triangles, i.e., the relations, between sides, angles, 
circum-radius, etc. of a triangle. We shall use the properties 
obtained by us to solution of triangles and to simple problems on 
heights and distances. 

Let ABC be a triangle. By the 
angle A we shall mean that angle 
between the sides AB and AC which 
lies between 0 “and 180°. The angles 
B and C are similarly defined. Thus 
we shall always have A>0, B>0, 
C>0 and A+B+C=180°. The 
sides BC, CA, AB opposite to the 
vertices A, B, C will be denoted by 
a, b, c respectively. 


Fig, 15°1. 


Thus we shall have 
0<a<bte, 
0<b «cca, 
0<с<а+ьЬ. 
Тһе length of the radius of the circumscribed circle (or the 
circum-circle) will be denoted by R. The area of the triangle will 
be denoted by A and the semi-perimeter by s, so that 25—a--b-4 c. 


152. RELATIONS BETWEEN SIDES AND ANGLES OF A 
TRIANGLE 


Theorem 151. (The Law of Sines). // апу triangle, sides 


MER Cubic ACE. (1) 
sin A sinB sinC | 2s 
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Proof. Let us draw the cireum-circle of the triangle ABC 
(Figs. 15:2 (a), 15:2 (b), 152 (c). Let us consider any vertex, say, 
A. We shall consider three cases according A 
as the angle A is A 


(i) an acute angle, [Fig. 15:2 (а)] 
(ii) a right angle, [Fig. 152 (5 ] 
or (ii) an obtuse angle. (Fig. 15:2 (c)] 


Case(i): Aisacute. Through any J 
other- vertex, say B, draw the diameter 
BA” of the” circumscribed circle [Fig. BL 
15'2 (a)]. Then the triangle A'BC is right- E 
angled with the right angle at C. From Fig. 152 (a) 
this triangle we obtain a=2R sin A’. 


In this case the vertices A and A’ are on the same side of BC 
and hence 


ZA — А, | 
so that sin A’=sin A, | 
and therefore, a=2R sin A. 

‚Саве (ji) : А is aright angle. In this case BC is a diameter ud 
[Fig. 15:2 (b)] We have 1 
; a=2R, 


—2R sin A, as sin A—sin 90? —]. 


| 

Саве (iii) : A is obtuse. Through any other vertex, say B, | 

draw the diameter BA’ of the circumscribed circle [Fig. 15'2 (c)]. 

Then the triangle A'BC is right-angled with the right angle at C. 
From this triangle we obtain 


` a=2R sin A’. 


Fig. 15:2 (5) Fig. 15:2 (c) 


PROPERTIES OF TRIANGLES. AND THEIR APPLICATIONS и 497 


In this case the vertices A and A' are on the opposite sides.of BC 


` and hence 


ДА+ A'=180°, 
so that sin A'—sin (180* —Aj—sin A, 
and therefore a—2R sin A. 
Thus in all the three cases 
a=2R sin A. (2) 
Similar relations can be obtained for other sides. Thus 
a=2R sin A, b=2R sin B, c—2R sin C, 


which give 
a b с 
d Ала SOG uae m M 
sin А. sin B sinC en 9) 
Corollary. Тһе circum-radius 
R a b c (За) 


2sinA 2sinB 2sinC 
Example 1. Show that 
а= cos C+c cos B, 
b=c cos A+a cos C, (4) 
с=а cos B+b cos A. 
Proof. We have фу 
а=2К sin А, 
=2R sin (B+C), as A+B+C=]80°, 
—2R sin В cos C+2R sin C cos B, 
=b cos C+e cos B. 
The other two relations ore obtained in a similar manner. 
Theorem 152 (The Law of Cosines). In any triangle . 


а= b? 4-c?—2be cos A, 
. Ь%==‹?%--а%—2са cos B, (5) 


ciat b? —2ab cos С. 


We shall prove only the first relation. Others follow ina 
similar manner. 


C (b cos A, b sin A) 


A(ORIGIN) с 
Fig. 15:3. 


x 
8 (с,о) 
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Proof. Let us suppose that the origin of a rectangular co- 
ordinate system is at A and AB is along the positive x-axis (Fig. 
15:3). Then AC is the terminal side of the angle BAC— ZA. AC is 
oflength b. B has the coordinates (с, 0) and С has the coordinates . 
(b cos A, b sin A). Therefore, 


@=BC*=(b cos A—c)?+-(b sin А —0)*, 
=b* (cos* A --sin* A)+-c2—2be cos A, 
=6'+c?—2be cos A. 
Corollary.’ We have immediately from (5) 


(6) 


poche 2.: Show that in any triangle ABC 
tan {}(B-C)} b- D 
as tan (BC) bre 
Solution. We have 
b—c 2R (sin B~sin C) : 7 
BFe 2R (sin BFsin С)’ XU 
a 2 cos{3(B+C)} sin {#(B—C)} 
2 sin{3(B+C)} cos (4(B—C)] 
__tan{}(B—C)} , 
хап (ВС) 
Corollary. tan {HB-O)} =F cot (A/2), . 


for tan ((B-- C))—tan (4(180*— )) — tan (90*—3 A)=cot } A. 
Example 3. Prove that in any triangle ABC, 
(i) 5e, sintdca- c) 
а 3 cos(i4) ^ 


(ii) bie en do- c) T 


Sin ($4) 
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Solution. We have 
b—c _ 2R (sin B—sin C) ; 


а 2R sin A 


sin B—sin c. 
vx sin А 


2 cos (3(B-EC)) sin (BOF, 
.  2sin (ZA) cos (2A) 
sin3(B— C) 


FEM МАА. Ly 


? cos ($A) 
since cos $ (B+G)=sin (ФА). 
(ii) We have 
bte __2R (sin B+sin O), 
a 2R sin A 


sin B+sin c. 
sin A 


2 sin (1(B--C)) cos (3(B— €). 
2sin GA) c cos (3A) 


cos (3(B—C)) . 
sin GA) - 


since sinğ(B+C)=cos3A. 


Note. The above formulae are very useful in checking solu- 
tions of triangles, since all six parts of a triangle appear in each 
formula. 


Half-angle Formulae. We have 


_ peg 
cos A= he 
and cos A=2 cost( 5 a 
Hence 


2 соз? A= үте е 3 
Oty a, 
2bc 
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_ fb+e+a) (b -c—a), 
à 2bc 
2s. 2(s—a). 
fe 2be 


Therefore , 


cos (Ale aJ [56:2]. 


Since 0 < A < 180°, therefore 0 < A/2 < 90°, and consequ- 
. ently cos (A/2) is positive. We must, therefore, take the positive 
sign before the radical. 


Hence cos (А) AJ op - (8a) 
Similarly, it can be shown that À 
cos (B/2)= AJ { £e, (8b) 
and cos 2= {eo}. с 480 
Again, from D 


cos A=1—2 sin? (A/2), 
we get T: 


i Bea 
2 = ] — و‎ 
2 sin? (A/2)=1 a 


,  e—(b- o 
UNT Mabel). 


_ (a7 b c) (a+b—c) 
2hc wu 


` 2(5—Б), 2 (s—e) ү 
55 2be 


Therefore, * 
sin (Am AJ [6796-2 ]. i 


Since 0< A < 180°, therefore, 0 < А/2 < 90° and consequ- 


bao, x Mes ih “paral We must, therefore, take the positive sign 
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Hence sin (A/2)= у [е-ро } (9a) 
Similarly 
sin (B/2)= ADEM. ) : (95) 
апа К 
sin = [6-9 G], - (90) 
From formulae (8a, 8b, 8c) and (9a, 9b, 9c) we obtain, by 
division 
tan (А/2)= у [5:88 y 
5) (s—c) (s—a) ), ? 
tan (B/2)= Vises? G-D) -- (10) 
( ita 
tan (С/2)= {AD 2 } 
Corollary. sin A= b: 2y {s (s—a) (s—b) (s—c)}, (11) 


and two Шат relations. 
We bave 
sin A—2 sin (A/2) cos (A/2), 


nig M (s--c) E 552. by 


(8a) and (9a) 
h s (s—a) (s—b) (s—c) } 


d for sin B and sin C are obtained ina similar 
' manner. 


Example 4. Ifthe sides ofa triangle are in A.P., prove that 
the cotangents of half the angles are also in A.P. ; 


Solution. We are given that 
a+c=2b, 
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Le, 2s—b=26, e) | 
and we are required to prove that 


(А )+ cot £ c ) =2 cot( >). (їй) 


а Де еер 
=Й wj 1, by (0. 


_ Ой) now becomes 


cot +cot =2 en. 


1153; AREA OFA TRIANGLE 
The area A of a triangle ABC=(1/2) base x altitude. 
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. Fig. 1544. 


Inthetriangle ABC, there must be at least two acute angles. 

Let us suppose that А and B are the acute angles, Let us draw the 

perpendicular CF from C to AB (Fig. 15'4). | Ай ow 
Then the altitude (to the base AB) 
=CF, 

uan =b sin A. 
' Therefore, A—(3) cx sin A, 
—(3) be sin A. 
Now we have from the Law of Sines 
a b c $ 


sinA sinB sin C 


э, 


whence 

ы bc sin A=ca sin B=ab sin C. | 

Thus A—(1/2) be sin A=(1/2) ca sin. B—(1/2) ab sin C, 09) 

so that the area of a triangle is equal to half the rectangle contained 
by two adjacent sides multiplied by the sine of the included angle, 


Hence, from (11) 


A= vy {s (s—a) (s—b) (s—c)}. | (i) 


Example 5. Show that in any triangle ABC, 
б д Ф sin BsinC | 
: 2sin (BEC) 
Use the above result to show that if B=45°, C=60°, and а=2 (УЗ+1) 
cm, then the area of the triangle ABC is 6+2s/3 sq. cm. Ре 
5 x a siz b H ce c } ) { 
sin А sin B sin C : 


Solution. Since 


L 
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| asin B _ asin.C 
therefore b= SAU and c— SAC? 
Hence A= (+) be sin A, 
1 \asinB asin C the 
-G ) simA sina n^ 


‹ dE sin B sin e 
8 E2 sin A 
а şin BsinC . (1) 
= 2sin (BÓ) T 


Substituting.  B=45*, C=60°, and a—2 (4/341) cm, in (1), 
we ave 


э 


es {2 (V3 1)} sin 45° sin 60° 
2 sin (45°+-60°) 
4( oad 2 25 
1 4s сапе, 
г (77 Exe e 
7224/3 (4/3+1) sq. ст, 
=6+2 4/3 sq. cm. 
Example 6. Jn any triangle ABC, Prove that 
A=2R? sin A sin B sin C. 
Solution. Since БК = Ете = 28, 


therefore, — |. .42R sin A, b—2R sin B, c—2R sin C. 
INOW aus a- (7) bc sin A, 


Sq. cm, 


-(+) 2R sin B. 2R sin C. sin A, 
—2R* sin A sin B sin C. 
EXERCISE 15 (a). 
In any triangle ABC, prove that 
а cos À--b cos B+c cos C=4R sin A sin B sin ©. 
“asin A—b sin B=c sin (A—B). 
. @ sin (B—C)= =(b*—c?) sin. A. : 
а cos Ab cos B--c cos C=2a sin B sin C. 


Pan = 


Aw 
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6 
7; 
8 
9. 

10. 

11. 


12. 
д 


O a=5 cm, b—12 cm, and c—13 cm. 
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a sin (B—C)-+5 sin (C— A) +e sin (A—B)=0. 
ca cos B+b cos A. 


c—b cos A _ cos В 
b—ccosA соз С” 


2(be cos А4-са соз Bab cos C) —ad-b?4-c*. 
(b? --c* —a?) tan A= (c+ à? —P?) tan B. 
a! —(b— с)? cos? (A/2)-- (b-I- c)? sin? (A[2). 
c?=(a+b)*—4ab cos? (C/2). 
(b*— с?) cot A t-(c*—a?) cot iri 5?) cot C=0. 
If С= 60°, then 

1 1 3 
avc мее 


tan ((1/2) (A— B)-7 =———со! (C/2). 
psa ا‎ ORAN cot: vem 
cu 2 


» 
sin eps] [eem (5—0) (теце, 
sin ҮЛ ae тт (s— -a ia] 


cot (AJ2)--cot (B/2)4-cot um 2015 cot (C/2). 


(b—c) cot (A/2)+ (c—a) cot HAE cot (C/2)=0. 
«БУТЕ cot (A/2) cot (C/2). 
(b-I-c— a) (cot (B/2)4-cot (C/2)}=2a cot (A2). 


If cot (e 82%, the triangle is right-angled. 


Ifa cos A=b cos B, then the triangle is either isosceles or 
right-angled. 

If 5--c—3a, then cot (B/2) cot (C/2)=2. 

If 3 tan (A/2) tan (C/2)—1, then а, b, c are in A.P. 


. Deduce E formulae (5) of Article 15:2 from the formulae (9. 


of Art. 
Find the area of the triangle ABC when 


Gi) - 4—14 cm, b—48 cm, and c—50 cm. 
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(iii) a=45 cm, b—108 cm, and с=117 cm. 


(iv) а= 43 m, b= 42 т, and c= Y, 


(0) a=10 ст, b=12 cm, and C—30*. 


28. If one angle of a triangle be 60°, the area be 10 4/3 sq. cm and 
the length of one of the sides containing the angle be 8 cm, 
find the length of the other side. 


29. In any triangle ABC, prove that 
() s(s—c) tan (С/2)= A. 
(ii) 4^ cotA=b?+c?—a?. 
Mii) A -Sina sin $ 
(iv) abe. s. sin (A/2) sin (B/2) sin (C/2)— A?. 
154. SOLUTION OF TRIANGLES 


The three sides and the three angles of a triangle are called the 
Parts of the triangle. Given the measures of three parts, at least 
холе of which is a side, we can compute the possible measures of the 
remaining parts. The process of computing the measures of the 
unknown parts from those of the given parts is known as solving a 
"triangle. Since we are going to be interested only in the measures 
of the parts of a triangle, therefcre, we shall not distinguish between 
‘congruent triangles. Also, we shall use the phrase ‘apart of a 
triangle’ to mean the measure, of that part. We shall Say that three 
given parts determine a triangle if there exists а triangle. with given 
Parts and if all the other parts can be computed uniquely by means 
of the given parts. Thus, for example, the three sides determine a 
triangle provided no side is as great as the sum of the other two; 
. three angles do not determine a triangle because if the sum of the 
Angles be different from 180°, then no triangle exists with the given 
angles as parts, and if the sum of the angles be 180°, then infinitely 
many triangles exist with the given angles as parts. 


Solution of triangles has. lots of applications in navigation, 
astronomy, surveying, architecture, engineering, and in many other 
Sciences, In astronomy, the radius of the earth, the radius of the 
moon and the distance of the moon from the earth are computed by 
the process ofsolving triangles. In surveying (and elsewhere too) 
heights and distances which cannot be measured directly aré compu- 
ted by solving triangles. In fact, till the beginning of the présent 

‚ Sentury, the study of trigonometry was motivated solely by its utility 
in solving triangles. (Unfortunately, most text-books still cling to 
this practice !). In modern times, however, the trigonometric func- 
tions have found important applications in numerous other fields 
Such as simple harmonic motion, the theory of vibrating strings, 
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Fourier series, etc. and this has led the mathematicians to emphasize 
thé analytical aspect of trigonometry more than. the computational 
aspect. Even then, solution of triangles continues to be sufficiently 
important. : : 
In the following sections we propose to discuss various methods 
of solving triangles and their elementary applications to heights and 
distances, navigation, etc. We shall divide our study into three parts: 
solution of right-angled triangles, solution of oblique triangles, and 
applications. However, we shall first set out some general directions 
which will prove useful while solving triangles. 
155. SOME GENERAL DIRECTIONS 


. The following points should be remembered while solving a 

triangle : 

1. By using the given parts, construct a triangle roughly to. scale. 
Mark the known parts of the triangle and indicate the un- 
known parts. A proper figure helps in having a clearer under- . 
standing of the problem and a better planning of the solution. 
It guides us very much in certain cases (for example in case 
IV, p. 521). The figure also gives a rough estimate of the parts 
required to be computed and at the same time it serves as а 
check against gross errors. 


2. While solving triangles, we must remember that the given parts | 
are generally the result of certain measurements and, as such, 
are only approximate quantities. Also, the computed parts 
cannot b» any more accurate than the given parts. We have 
therefore, to see as to what degree of accuracy in the computed 
parts can possibly be there when the given parts have a certain 
degree of accuracy. A computed side can be accurate to at 
the most as many significant digits as the given side or sides 
contain. Therefore, we should always round off a computed 
side to as many significant digits as the given side or sides 
contain. Similarly, a computed angle can be accurate to the 
nearest degree, nearest multiple of 10’, or nearest minute.at 
the most, according as the given angle or angles are accurate 
to the nearest degree, the nearest multiple of 10’ or nearest 
minute. 

Since іп any problem angles and sides are involved to- 
gether, therefore, we should know as to what accuracy in angles 
is comparable to a given accuracy in the sides. The following . 
table gives the accuracy in an. angle (or angles) corresponding 
to a given accuracy in a side (or sides). і 


Sides Angles 
"Two significant digits -Nearest degree 
. Three significant digits Nearest multiple of 10° 
Four significant digits Nearest minute а 


Five significant digits Nearest tenth of a minute 
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According to the preceding table, which we shall adhere to, à 
computed angle should be rounded off to the nearest degree, 
nearest multiple of 10’, nearest minute or nearest tenth of a 
minute according as the sides have two, three, four or five 
significant digits. We shall throughout assume that the 
given parts of a triangle to be solved are of corresponding 
accuracies. 


Solution of triangles involves a lot of multiplications and 


‘divisions which may be done either without any computational 


aids, or we may choose to use a slide rule, logarithmic tables 
or calculators/computers to perform the desired computations. 
If the results are required only to two significant digits, then 
we need not use any computational aids. If the results are 
required to not more than three significant digits, we may use 
the slide rule. Ifa higher degree of accuracy is desired, then 
we may use logarithm tables. Calculators/computers give most 
accurate results, but we may not have access to them 
and therefore, we shall not discuss their use for solution of 
triangles. 


The slide rule can also be used as a check on the working 
when other methods are used for computation, unless of 
course the answers are to be more accurate than the slide rule 
can give. 

For.each part to be computed, choose a formula which deter- 
mines that part. The choice of the formula will generally 
depend on the mode of computation. - Different formulae may 
be needed according as we wish to use logarithms or we wish. 
to do without them. 7 

Jf is always better, if possible, to find a part from the given 
parts rather than from the computed parts. This gives better 
results and also avoids carrying forward any error in compu- 
tation. 


It is extremely important to check the results in problems on 


solution of triangles as. elsewhere too, While a figure to scale 


Serves as a rough check and the use of the slide rule gives a 
check when a high degree of accuracy is not desired, the 


the solutions, the following formulae are particularly useful : 
(ii) 2—b — sin 3 (A— B) 3 

eu cosi C 
The above fromulae; known as Molleweide's formulae, have 
the redeeming: feature that each of them involves all the six 


parts of a triangle, (The derivation of these formulae is left 
as an exercise for the reader). : 


Kinn 
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7. The working should be arranged in a neat and systematic 
manner. A completed outline of the working should be prepa- 
red before doing any computations. 


156. SOLUTION OF RIGHT-ANGLED TRIANGLES 


. Jf oné of the angles of a triangle is given to be right angle, 
then the triangle can be solved easily without having recourse to the 
formulae derived earlier. 


Suppose it is known that in a triangle ABC, 7 C=90°. Let us 
also suppose that two other parts are given, at least one of them 
being a side.. Then the following different cases arise : 

Case I: Given a and b. The solution is unique. 

We use the formulae 5 Ж 

tan A=a/b, to find A; í 
B=90° —A, to find B ; 
c=b/cos A, to find c } 
or с=\/(а*+Ь), to find c. J 
(Use whichever is simpler.) 

Case П: Given аана c. There is 
no solution unless c > a. 

If c > a, there is a unique solution. 

We use the formulae 

sin A=a/c, to find A ; Fig. 15:5. 
B=90°—A, to find B ; 
b=a cot A to find b, 
or b —4/ (c*—a?), to find b. 

Case Ш : Given a and A. There is no solution unless A is 
acute. If A isacute, there is a unique solution. 

We use the formulae 

B=90°—A, to find B ; 
b—a cot A, to find b ; 
c=a/sin A, to find c, 

or c= vV (024-02), to find c. 

_ Case ТҮ: Given c and A. There is no solution unless 
Ais acute. If A acute, there is a unique solution. 
We use the formulae 

B=90°—A, to find B; 
a=c sin A, to finda; 
b=c cos A, to find b, : Pint 

ok В), t aad b, jos whichever is simpler.) 


B a с 


{че whichever is simpler.) 


је whichever is simpler). 
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" Example 7. Given a—166:], c—1873, С= 90°, solve the 
triangle, 


Solution. 

a 16671 
Сту: Ate ee S 
(1) sin A c ISTA: 


Preparing: an outline of the loga- 
rithmic ‘solution and filling in the 
numbers we have 

log 166°1=2°2204 
10g 187°3=2°2725 


2 S - 

log sin А=9:9479—10 $ 

А=62°30'. n 

(2) B=90°—A=90°—62° 30’ ^ 
=27° 30’ 


(3) b—a cot A=166'1 cot 62° 30! 
log 166°1=2'2204 
log cot 62° 30'—9:7165—10 


Fig. 15*6. 


LRL emi oA 
log b—1:9369 
10= 8648. 
The computed parts are 
A=62° 30', B=27° 30', b= 86:48. 
Check. To check the solution we may compute b by the: 
formula b=c cos A=187:3 cos 62° 30’. 
log 187°3=2'2725 
log cos 62° 30' —9:6644— 10 


MUI S sc LA 
log b6=1°9369 
: Ь=86`48 
which agrees with the value of b found by another method. 
157. SOLUTION OF OBLIQUE TRIANGLES 


x A triangle, none of whose angles is a right angle, is called an^ 
oblique triangle. . Since the ratio of two sides of an oblique triangle 
does not represent any circular function of an angle of triangle, 
therefore, certain formulae are needed for solving oblique triangles. 
The formulae needed are the cosine formulae, the sine formulae, 
Napier’s formulae and the half-angle formulae, all of which have 
been established earlier, 


. Jf three parts, at least one of which is a side, be given, the- 
triangle can be solved. The various possibilities can be divided 


into the following four cases : 
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(i) Given three sides (SSS). aie 
. (il) Given two sides and the included angle (SAS). 
(ii) Given two sides and the angle opposite: to one of them 
(SSA). 


(iv) Given one side and two angles (SAA). 
We shall now discuss each of these cases separately. 


158. CASE I. THREE SIDES GIVEN (SSS) 


.. To solve a triangle ABC when а, 5 and c are ‘given. There will 
be no Solution unless the sum of each pair of sides exceeds the 
remaining side. ' There will be a unique solution if the sum of each 
pair of sides is greater than the third.. The angles can be found by 
using the cosine formulae : С 
bema 

2be 1? 
2 2 phi 
cos Bae ta ab 
+ 2¢a 


cos С 02—00 


2ab 


The above formulae are, however, not convenient 'and 'there- 
fore, used only if the solution isto be obtained without the aid of 
logarithms. 


For logarithmic computation, thé following half-angle formulae 


are useful : 
A of f(s=b)(s—c) 
M vf S(5—a) } 


a eg) 


"iw ga) 


We can determine A/2, B/2, C/2 from the above formulae 
and A, B, C can be determined therefrom. In practice, however, 
it is most convenient to use the following versions of the above 


formule i 
2 e| occa ] 
5 5 э 


tan (A/2)=r(s—a), tan (В/2)== (5—0), tan (C/2)=r (5с). 
` Example 9 illustrates the procedure. 


The solution can also be obtained without using any formulae 
as іп Example 10. Whichever method we may-use, the solution is 
checked by finding А+В+С and examining its deviation from 180°. 


cos A— 
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Example 8. Solve the triangle ABC with a=4, b=7, c=9. 
Solution. a?=16, 2ab—56, 
53249, 2bc—126, 
сї==$1, 2ca=72, 
so that 
Бас?а? 
2bc 
cos Ba C07 D 6667, or B=48° 
a 


cos A= 29048, or A=25° 


to the nearest 
degree. 


IER MEN, 


EBS fa aed 
cos C= 2ab 2859, or C=106' 


Check, A-}B-+C=25°+48°+ 106°= 179°. 

The check is satisfactory. The deficit of 1° in the sum is not — 
at all surprising since the value of each angle has been computed to — 
the nearest degree. 

Example 9. In a triangle ABC, a=210, b=218, c=360. 
Solve the triangle. i ) 

` Solution. We have to first compute s, 5—a, s—b and s—c. 
We can then obtain log r from these values by using the formula 
, log r=}log(s—a)+log (s—b)+ log (s—c)—log s). 

Now,  s=3(a+b-+c)=4(210 +218-+-360)=394, 


s—a=184 log (s—a)=2'2648 
s—b=176 log (s—b)=2'2455 
s—c=34 log (s—e)=1°5315 
—————add | 
60418 
log s=2 5955 
subtract 


2 log r=3°4463 : 
log r=1°7232 (approx) _ 


r E r 
tan (АЈ) = x tan (B/2)= —7; 
log r=11°7232—10 log r=11°7232—10 
log (s—-a)=2°2648 х log (5—5) =2:2455 
ME EIN SE ESE 
log tan (A/2)=9°4584—10 log tan (B/2)=9°4777—10 
A/2=16° i B/2=16° 40' 
A=32° B=33° 20’ 
tan = Е 


PROPERTIES OF TRIANGLES AND THEIR APPLICATIONS 513 


log r=11°7232—10 
log (s—c)— 1°5315 
log tan (C/2)—10:1917— 10 
C/2=57° 20' 
C=114° 40’. 
Check : A--+-B+C=32°+33° 20'+114° 40’=180°. 


Example 10. Solve the triangle ABC when a=20, b—17, 
с=27. 


Solution. Through C draw CD LAB. 
Let AD=p, DB—4. € 
Then p+-g=AD-+DB, 
=АВ=с=27. (i) 
Also, from the right-angled 7, ю 
алде ADC апа СОВ, we 
ауе . 


ET О 


or 4%—рз= (20)%—(17)#==111. (ii) * Fig. 157. 
From (7) and (ii), we have 


q-p=2. iii) 


From (i) and (iii), we get 


Again, from the right-angled triangle CDB, we have 


ee diria 
cos B=55 ET 7778 
so that ZB=39°, to the nearest 10. 


{С=180°—(/ A4- 7 B)—93? 20’. 
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d EXERCISE 15 (b) 
1. Solve by using the cosine formula, the triangles in problems 
(i) to (iv) : 
(D a= 6, b—2, c= 434-1. 
(ii) a=50, b—52, c—54. 
(ii) a—8, b —9, c—10. 
(iv) a=16, b—20, c—35. 
2. For what values of x can х2—1, 2x-+1, x*--x--1 be the lengths 
` of the sides of a triangle ? If x has any one of these values, 
, prove that the greatest angle of the triangle is 120°, 
3. Solve, without using the cosine formulae and the half-angle 
formulae, the triangles in the | following problems : 
().a—9,b—5,c—8. > 
(ii) a=7, b 9, c—10. 
(iii) a—11; b=16, c=20. 
4. Ргерате,а complete outline of the logarithmic Solution of the 
triangle (oblique) in which a, b; € are given. 
5. Solve the triangles in the following problems by using loga- 
“rithms, and check the solution in each case : 
Т0) 2=25, b—26, с=27: 
(ii) a—229, Ь— 181, c—257. 
(iii) a=4584, b —3624, c--5140. 
(0v (lv) az18* 71, b=25°32, c=29°65. 
6. Check the solutions of problems i(iii), 3), 3(ii) by construct- 
ing the triangles accurately. 


159. CASE П. TWO SIDES AND THE INCLUDED ANGLE 
GIVEN (SAS) 

To solve a triangle ABC when b, с, and A are given. In this 
case the solution always exists and is unique. If logarithms are not 
to be used, then we first determine a by the cosine formv'a y 

га b34- 05-2 beicos A. 
and then determine B and C by the:sine formulae 


in B_sin A ien sin gehn ^ sin A 
a а! 


sin С sin A, 1 € sin А 
and Sgn Te трт been sin Севт гтой xi 


If logarithmic computation is desired. (see. Example 13), then 
we use the formulae 


tan [20-9] MIN tan {zero | 
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_b sin А 
: sin B A 
The first of these formulae is given. in suitable form when 
b> c. If b <c, the equivalent form obtained by interchanging b 
and B with c and C respectively is used . If b—c, then B= €2590* 
—A/2, and the first formula is not needed. Also, then 
a=2b sin (A/2). 

To check the solution we may use one or more of the 
following : 
(i) find A+B+C; 
(ii) find B from the formula sin p2 i C d 


> 


апі 


(iii) find a from the formula Pall aka 
sin C 


Example 11. Solve the triangle ABC, given b= V341, с=2; 
4=60°. 
Solution. We shall first find a. By the cosine formula for а, 
q*—D?--c?*—2bc cos A, ; 1 
—(W3--)*4:22[—2 .(434-1).2 | 4, 
=6 


so that а= v6. 
We shall next find C. By the sine formula, 
a c 
‘sin A sinc’ 
Dea sin C= А = A 20302) AR ods , 
so that C45? or 135°. ) 


therefore, the value C— 135° is not admissible, 
Thus C=45°. 
Now we shall find the remaining angle B. | ули 
B—180*—(A-F-C) —180?— (609 --45*) 759; 2 
Hence a= 46, B=75°, C=45°, 2 
Check. By the sine formula, 


Since the sum of the angles A and C cannot exceed 180° 


ind 


inp-PsinC (4341) 
RUE N 


з атое sss 4 


2 ewe TOLE Vo 
=sin 60° cos 45° соѕ-60° sin 45°, 
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=sin (60°+-45°), 
=sin 105°, 
=sin 75°, 
so that B=75° which agrees with the value of B found above by 
another method. 

Example 12. Solve the triangle ABC, given b=5, c—3, 
A=120°. у ў | 
Solution, We shall first find a. Ву the cosine formula for a, 

a= D3-- c*—2bc cos A, 
251 -3:3—2.5.3.(—1/2)—49, 


so that i a=7. 
We shall next find C. By the sine formula, 
sin С“ sinA 
a 
34/3 
Байа it 
223112; 
so that C=22°, to the nearest degree. 
We shall now find B. By the sine formula, 
д bsin А 
sin B=, 
а 
543 . 
== 6186 
so that В= 38°, to the nearest degree. 


Check. A-+B-+-C=120°+38°+22°=180°. 

Remarks. 1. Since the sides are given to one significant digit 
and the angle is given to the nearest degree, therefore, we have 
determined the angles to the nearest degree, 

2. sin C='3712 actually gives C=22° ог 158°. 

Since A=120°, the value C=158° is obviously inadmissible. 
We therefore, wrote C=22°, without caring at all for the value 158°, 

Example 13. Two sides and the included angle of a triangle 
have measures 98:17, 67:13 and 107° 36'. Solve the triangle. 

Solution. Let us denote the given parts by b, c and A as 
shown in Fig. 15:8. Then 
b=98'17 
c=67'13 


b—c=31'04 

b+c=165°30 

B+C=180°—107° 36’ 
ans (S =72° 24' 
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b—c 1 
[y tan-,- (B- C), 


31°04 


= tan 5-8-0) = 


tan 36° 12’. 


165:30 


| 1 b = 9817 
Fig. 158, 
log 3104 .. = 1/4920 
log tan 36° 12'— 9'8644—10 
A 
log num. —11:3564—10 
log 165:30 = 22183 
log {tan 4(B—C)} = 9:1381—10 
> (B—C)= 7° 49' 
so that B=44° 1’, 
C2287 234) 


To determine a, we have 
. bsinA _98'17 sin 107° 36’ 


а sinB sin 44° 17 
Now 
log 98:17 --1*9920 

log sin 107° 36’=9°9804—10 
Se [ou EO NUUS REAL 

log num, —11:9724—10 

log sin 44° 1'—9:8419—10 
ЕА ues Pe ER 

log a-:2:1305 


a=135'1 
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Check. To check the solution, we may determine a by using 


the formula 


csin A 

= “sinc” : 
с esin А 6713 sin 107° 36’ 
sin С sin 28° 23" 
log 67:13 —1'8269 
log sin 28? 23' —9'9804—10 


A 
11°8073—10 


log num. = 
log sin 28° 23’ = 9'6771—10 

S 
loga . = 21302 


a =135°0. - 
The check is fairly satisfactory. A difference of '] is not 


surprising. 


EXERCISE 15 (c) 


Solve, by using the cosine formula and the sine formulae, the 
triangles inthe following problems. Check your solution in 
each case. 


(i) b—1, c= V3, A=30°. 
(ii) b= 434-1, c= 43—1, A=60°. 
(iii) a=11, b=20, C=37°. 
(iv) c=23, a=12, B=35°. 
Prepare a complete outline of the logarithmic solution of the 
triangle in which the following parts are given : 
(i) a, b, C with ab. (й) a, b, C with 57a. 
(iii) b, c, A with 6>c. (iv) b, с, A with cb. 
(v) c, a, B with c». (vi) c, a, B with ас. 
Solve the triangies in the following problems by using logari- 
thms Check the solution in each case. 
(i) b—540, c—420, A— 52? 10’, 


' (i) a—35 21, b=21°35, C—50? 48’. 


(iii) c—1643, a=242'5, B=54° 36'. 
(iv) a=158, b=237, C=66° 40. 


The ratio of the two sides a and b of a triangle ABC is 7 : 3 
and the angle included. by these sides is 60°, Find, to the 


“nearest 10’, the angles A and В. 


Check the solutions of problems 3 (iii) and 3 (iv) by construc- 
ting the triangles to scale. Р 
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15:10. CASE III. ONE SIDE AND TWO ANGLES GIVEN (SAA) 
To solve the triangle. ABC when a, B, C are given. · The triangle 
exists if B--C« 180? andis then unique. 
The third angle is given by the formula 
A=180°—(B+C): 
b eng c are then determined by the sine formulae 
_ asinB asin C 


respectively. 


Example 14.. Solve the tri- 
` angle ABC, given 
=15, B=37°, C=43°. 
Solution. 
(1) A=180°—(37° +43°)=100°. 
(2) To find b, we have by using 
the sine formula 


B :а=15 © 
"Fig: B9: 

asin B pi 15 sin 37° P 15(*6018) 292. 

sin А sin 100° "9848 

(3) To find c, we have by using the sine formula Я 
asin С 15 sin 43° 15(:6820) = у 


7 sinA SiR 100 ^ 9848 - 


" The computed parts are A=110°, b= 92; c=11. “(The values 
of b and c have beén rounded off to two figure accuracy. ) 


Check. To check the results, let us find c by using the formula 


b= 


ар bsin C, 

“sinB 
EEA U E AN 9'2(6820) =10 
C CSI Bde 4 a eo Des (a 


when rounded off to two-figure accuracy. 
Remark. We could also have used the cosine formula to 
check the result. 


‘Example 15. Solve the triangle: ABC, given c=48'31, 
А=31°29', cx 74°43". 
Solution, (1) -B--180?—(31? 29'4-74? 43’) 
=73°,48', ls 4 
Q) ge sim As 48°31 sin 31° 29" , 
sin C sin 74° 43" 
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-A C= 48:31 B 
Fig, 15°10. 


On preparing an outline of the logarithmic solution and- filling 
in the numbers, 


we have { 

log 48°31 =1°6840 

log sin 31°29’ SEI 

log num. =3'4018—10 

log sin 74° 43’ —1:9843—10 
S 

loga =1°4175 

a 726115. 


_¢sinB 48:31 sin 73° 48’ 3 
edes sin C ~ sin 74° 43 


On preparing an outline of the logarithmic solution and filling 
in the numbers, 


we have 
^ log 48°31 =1°6840 
log sin 73° 48’ —1:9824—10 
k A 
Jog 48°31 ` =3'6664—10 
log sin 74°43’ =1'9843—10 
S 
log Ё =1'6821 
b —4809. - 


. "Ihe computed parts are B=73° 48, а—2615, b—4809. ` 
Check. To check the results, let us find b by using the 

formula f 

е p Asin В. 


sin A 
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в= зіп В . (2615) sin 73° 48’ 


sin A ^ sin31?29 

log 26°15 —14174 
log sin 73° 48' =1°9824—10 

A 
log num. ‚ =3°3998—10 
log sin 31° 22’ =1°7178—10 

S 
log b =1°6820 
b —48'08. 


. The check is satisfactory. The difference of `01 in the values 
of b obtained by two different methods is not surprising. 


EXERCISE 15 (4) 
1. Solve, without the use of logarithms, the triangles in the 
following problems. Check your solution in each case. 
(i) B=31°, C=43°, a=28. 
(ii) A=80°, B=53°, b=152. 
(iii) C=36° 20', A=45° 50’, c= 140. 
(iv) A=61° 10’, B=36° 20’, 4—152. 


2. Prepare an outline of the logarithmic solution of the triangle 
in which the following parts are given : 


(i) B, C; a. (ii) B, C, b. 
(üi) B, C, c. (iv) C, A, а. 
(v) C, A, b. (vi) С, A, c. 


3. Solve thc triangles in the following problems by. using logari- 
thms. Check your solution in each case. 


(i) b—39, A=81°, B=27°. 
(ii) c=136, B=34° 20’, C=67° 30'. 
(iii) a=15'72, A=41° 30', В=72° 45’. 
(i) b—28:94, C=61° 48’, B= 84° 23’. 
4, Check the solutions of problems 3 (fi) and 3 (iii) by using the 
formula 
atb _ cos 3 (A—B) . 
c sin $C 
1511. CASE IV. TWO SIDES AND ONE ANGLE GIVEN (SSA) 


To solve the triangle ABC when a, b, Aare given. | There may 
exist no, one or two triangles depending on the relation between the 
given parts as we shall sec below. Because of the Load of 
having two triangles, this case is called the Ambiguous Cas 
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To discuss the existence” and uniqueness of the solution we 
shall proceed geometrically, 


We construct angle A and cut off AC=b, This fixes the vertex 
С With C as centre we draw ап атс in order to locate (if possible) 


Fig. 15-11 (Б). 
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Fig. 15:11 (e). 3 j 

For the sake of convenience let us consider the cases A < 90°, 

A > 90° separately. 

(a) A < 90° : Several possibilities arise : 

(i) If a < p (where p=b sin A) is the perpendicular from C 
on AX, then the arc does not cut AX and no triangle is possible 
[Fig. 15°11 (a)]. 

(ii) If a=p, then the arc touches AX. Therefore, one triangle 
is possible. and it is right-angled [Fig. 1511 (5)]. 

(iii) If a > p, then the arc cuts AX attwo points, both, these 
points lie to the right of A ifa < b [Fig 15:11 (c)], one of them 
lies to the right of A and the other coincides with A ifa=b [Fig. 
15'11 (4)), and one of them lies to the right of A and the other to 
the left of A if a > b [Fig. 15711 (e)). Thus two: triangles are 
possible if a < b and only one triangle is possible if a > b. Because 
of the possibility of two triangles, the case a < b, @, > bsin AVA 
acute, is called the Ambiguous Case. Ds 

(8) A > 90° : The following possibilities arise : Hig 

(i) If a < b, the arc does not cut AX at any point to the right 
of A and no triangle is possible (Fig. 15°12 and Fig. 1513). 

(ii) If a > 6, then the arc cuts AX at two points, only one of 
which lies to the right. of A and therefore, only one triangle is 
‘possible (Fig. 15°14). This completes the discussion. ; 
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Fig. 15°12, 


Fig. 15:13. 


Fig. 15:14. 


To solve the triangle when а, b, A are given we have to use 
the sine formula. For the sake 


of convenience we shall discuss the 
case A << 90°, and A > 90° separately. 


(a) A < 90°: The following Possibilities arise : 
@ If a < b sin A, then from the formula 

ES sb. (1) 
SinA sinB 


sin B > 1 and Consequently no solution is Possible, 


PROPERTIES OP TRIANGLES AND THEIR APPLICATIONS 525 


(ii) If a—b sin A, then from (1), sin B=1, so that В=90°. 
Therefore, there is one solution and the triangle is right-angled. 

(їй) If a > b sin A, then (1) gives two- values of B, one of 
which is acute and the other obtuse. 

If a < b, then A « B, so that only the acute value of B is 
permissible, and consequently there is only one solution. 

If a < b, then A < B, so that both the values of B are possible 
and consequently there may be two solutions. 

(8) A > 90° : The following possibilities arise : 

(i) Ifa € b, then A. < B,so that B must also be an obtuse 
angle, which is impossible. Hence no solution is possible. 

(ii) If a > b, then only the acute value of B is permissible and 
therefore, only one triangle is possible. ; 

Having determined B (whenever there exists a permissible 
value of B), we determine C by the formula C—180*—(A--B). The 
remaining side c is then found as in the SAS case. In the ambiguous 
case the values of C and c corresponding to the two values of B 5 
һауе {о be found separately. 

If we use logarithms, then it may be helpful to observe that 

log sin B > 0 > sin B > 1 > no solution. 

log sin В = 0 > sin B= 1 > B=90°. 
: log sin B < 0 > sin B < 1, i.e., there are two values 
с В say В, and B. We then consider these values as discussed 
above. 3 | 

Remark. Case IV can be disposed of by using the cosine 
formula also. 

If a, b, A are given, then the cosine formula for a gives 

q*--b3--c* —2bc cos A, 
or c?—2bc cos A-4- b —q3—0. i x) 
Solving (1) as a quadratic їп с, we have 
c= 26 cos Aty (4b? on A—4(D*—a?)), 


=b cos A+4/(a’—B? sin? A). (2) 
Since c is the length of a side of a triangle, therefore, it must 
be positive, We have therefore to determine as to how many of the . 
values of c given by (2) are positive for any given set of a, b and A. 
Two different possibilities arise : 


„(О A < 90°: If A < 90°, cos A is positive so that bcos A is 
positive. 


Three sub-cases arise : 
(а) If a < b sin A, then a < b? sin? A, во that 


a*—b? sin А < 0. The two values of с are imaginary and no 
triangle is possible. 
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(B If a= =b sin A, then a?=6? sin? A, so that aà?—5* sin? A=0. 
There is only one value of c (= =} cos A) from (2) which is positive. 
Therefore; only one triangle is possible. 

(у) Ifa > b sin A, then a? > b? sin? A so that 

—b* sin? A > 0, In this case (2) gives two real and distinct values 
of c. One of these values, namely 
bcos A+ V. {a?—b? sin? A} 
is surely positive ; the other value 
b cos A— V (a?*—b* sin? A) 
is positive if ; 
bcos А > VD sin® A), ` 


Le. if b^ cos? A > a*—D* sin? A, 
i.e 3\1 b >a, „ 
iei, if b >a. 


Therefore two triangles are possible if b >a and only one 
triangle is possible if b < a. 


(ii), A > 90° i 1f A > 90°, cos A is negative so that b cos А is 
negative. 
The value b cos A> ¥{a?—bp? sin? A} is surely negative. 
The value b cos A+ ¥{a?—b® sin? A} is positive if 
A (a*—b? sin? A} > —b cos A, 


i.e, if @—b* sin? A, > b? cos? A, 
i.e., if a> Б? 
ie. if dob. s 


__ Thus we find that when A > 90°, no triangle is possible when 
а < b and only one triangle is possible when a > b 


SUMMARY OF THE VARIOUS POSSIBILITIES 


(i) А < 90° 
(в) a < b sin A : No triangle 
Ву a= рів А “> > ° One triangle 
(Dac Воп А” ~ ' Two triangles if a < b ; one 
) ' triangle if a > b. 
: х (ii) A> 90° 
(a).a < b ў No triangle 
(а> Б One triangle. 


Example 16. Given a=19, b= 31, A=56°, either show that. 
there is‘no solution or find all solutions. 
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Solution. We shall use the sine formula to find B. 
sin B= bsinA —3lfsin 56° 

eae pee 19 
O is a 0 1-3525. 


Since sin B > 1, there does not exist any solution. 

Remark. oh above example illustrates the case A < 90°, 
a < bsin A. 

Example 17. Given. a=31'1,°b=62°2, A=30°, either show 
that there is no solution or find all solutions, 

Solution. (1) We shall use the sine formula to find B 

12M bsinA (62°2) 3 
sin Bo 5.95.2) 8 ا سے‎ 
a „3171 : 


Since sin B=1, therefore, B=90°. There exists only one 
Solution. 


Fig. 15°15, 


(2) C= 180°—(30°-+ 90°)=60°. 
(3) To find c, we shall use the sine formula 


ca Aun C 62-2 sin go, пое tw 
sin B у 
=(62`2). (0°:8660)=53`9, 
when rounded off to three-figure accuracy. 


Remark. The above example illustrates the case A < 90°, 
a=b sin A. 

Example 18. Given a=7295, b= “$231, p 27, either show 
that there is no solution or find all solutions. 


Solution. (1) we ү use the sine formula to. HUE: 
bsin А é 


-sin po sin A 
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_ 8231 (sin 42° 27’) 
E 7295 y 


8, 


Fig, 15°16. à 
Preparing an outline of the logarithmic solution and filling in 
the numbers we have 
log 8231= 3:9185 
log sin 42? 27'— 9:8293—10 


A 


log num.—13:7448—10 
log 7295— 3:8632 
è S 


log sin B= 9°8846—10° 
. B=50° 3’ or 129° 24’ 
Let + By=50° 3’, 
В,= 29° 3’, 
Since A+B, < 180°, therefore both, the values are admissible 
and there are two solutions. с 
(2) С,=180°—(А--В,), 
= 180°—(42° 27'4- 50° 37), 
=87° 30’. 
C,=180°—(A-+B,) 
= 180°—(42° 27' 4- 129° 57’), 


=P 36. 
(3) ш , | PEECE Сэ, 


E sin А ` 
ү 7295 sin 87° 30' | 7295 sin 7? 36' 
д зіп 42° 27 . = віп 42° 27 
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log 7295= 3:8632 log 7295= 3°8632 
log sin 87° 30'— 9:9996—10 log sin 7°36’= 9:1214—10 
АЈА ЕАС. 
log num.—13:8628—10 log num.—12:98:6—10 
log sin 42° 27'— 9:8293—10 log sin 42° 27'— 9:8293—10 
S А S 

leg c= 5 log c= 3°1553 

cı= 10800. | ¢,= 1430, 


Thus there exist two solutions. The computed parts are 
B,—50 3, C,=87° 30, c—10800; 
Ba=129° 57; Ca=7° 36’, с2= 1430. 


Remark, The above example illustrates the ambiguous case 
A «90^, a7 b sin A and a« b. The solutions can be checked by using 


the formula c= asin C for determining the values of c. 


Example 19. Given a=531'4, b=421'9, А=70°15', either 
show that there is no solution or find all the solutions, 


Solution, (1) We shall use the sine formula to find B. 
bsinA —421*9sin 70° 15' 
a (NU 5314 е 


Preparing an outline of the logarithmic solution and filling in 
the numbers we have 


sin B= 


Fig. 15°17, 
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log 421°9 = 26252 

log sin 70° 15' = 9'9736—10 
EA ы с АЫ ДАНА 

log num. —12:5988—10 

log 5314 = 4 
De Se Need М 

log sin B = 9:8734—10 


B=48°21’ or 131° 39". 
Since 131°39'--70°15' exceeds 180°, therefore, the value 
131°39’ is inadmissible, so that B=48° 21’. 
Therefore, there is only one solution. 
(2) C=180°—(A-+B)=180°—(70° 15'+-48° 21')=61° 24. 
(3) We shall use the sine formula to determine c : 
asin C 5314 sin 61° 24" 
si A. 8а 70° 15’ 
Preparing an outline of the logarithmic solution and filling in 
the numbers we have 
log 531°4=2'7254 
log sin 61° 24' —9:943:5—10 
fee veni RT ri AJ 
log num. —12:6689— 10 
log sin 70° 15'—9:9736—10 
omega. «S 
log c—2'6953 
с=495°8. 
There is only one solution. The computed parts are В= 
48° 21’, C=61° 24', c— 1958. 
Remark. The above example illustrates the case A<90°, a >b 
sin A, and a2 b. The solution can be checked by using the formula 
bsin € for determining c. 
sin B A 
Example 20. Given a=24, b=27, A=142°, either show that 
there is no solution or find all the solutions. 
Solution. (1) We shall use the sine formula to find B. 
. n. bsinA 27511142; 27.(6157) . 
sin йр сера E = D RUNE 6927, 
so that B=44° or 136°, to the nearest degree. 


For each of these values of B we find that A-+B>180°. There- 
fore, none of the values of B is admissible. Hence there is no solu- 


= 


tion. ope ЫЗ 


pc 


cho src a 6 7 
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Remark. The above example illustrates the case A>90°, 
a«b 


<0. 


Example 21. Given а=27`3,Ь=19'1, A— 108° 20', show that 
there is only one solution and find B. 


Solution. By the sine formula we have 
b sin A _ 19'1 sin 108° 20 


a 273 


sin B= 


Fig. 15°18. 


Preparing an outline of the logarithmic solution and filling in 
the numbers we have 


log 19°1== 172810 
log sin 108° 20'— 9:9774—10 
A 


log num,=11'2584—10 
log 273— 14362 
OESTE AES, 
log sin B= 9:8222—10 
B=41° 37’ or 138723. 
Since A>90°, the s:cond one of the two values of B is obvi- 


ously inadmissible. Also. since 41737' +108°20' < 180°, therefore, 
41°37’ is in admissible value of B. : 


Hence there is only one solution and B—41? 37’, 


£i Remark. The above example illustrates the case A>90°, 
a>b. ; 
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EXERCISE 15 (e) 
1. In each of the following problems, either show that there is 
no solution or find all the solutions. Do not use logarithms in 
' problems (i) to (vi). 
(i) a=28, b—17, A=108°. (ii) a—32, b—25, A=29°. 
(iii) a=69, b=49, B=37°. (iv) a=24, b=31, A=128°. 
(v) a=82, b—130, A=44°. (vi) а=44, b=71, A=32°. 
(vii) a—75:2, b=84'8, A=65° 30’. 
(vii) a=32'2, b—-251, A=51° 10’. 
(іх) a=182, b=244, A=43° 30’. 
(x) a—23:6, b=18'5, A=101° 20’. 
(Xi) a=327, Ь= 537, A=33° 40’. 
(xii) b=53°4, c=42'6, C=111° 10’. 
(xiii) a= 43°75, b=71°38, A=38° 8'. 
(xiv) a=29°36, b=25'74, А=52° 12'. 
2. Ineach of the following problems assume that a, b, A are 
given, A is an acute angle and Б sin A<a<b. 


(i) If Bı, С, and В,, C, are the angles of the two possible tri- 
angles, prove that 


sin С, 
sin B1 + sin mm cos. A- 


(ii) Show that if cı, c; be the two values of the third side, 
then 


sin C, _ 


Га c: | 22(a3—P? sin? A}. 
(iii) Show that if cı, ĉa be the two values of the third ‘side, 
then 


су®—2сусә cos 2A-- c, —4a* cos? A. 
(iv) рч that if су, с; be the two values of the third side, 
then 


(с, сг)? (c - c3)? tan*A = 44°. 
SUMMARY 


The following table gives asummary of the formulae to be 
used for solving triangles in the various cases discussed above. 


Given parts Formulae to be used 
without use of with use of 
logarithms logarithms 
SSS Cosine formulae Half-angle formulae 
SAS Cosine formulae — Napier’s formulae 
i Sine formulae Sine formulae 
SSA Sine formulae Sine formulae 


SAA Sine formulae Sine formulae 
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A problem on solution of triangles should be taken as a 
challenge and not merely as a routine problem where the rules set 
out in the book are to be applied. An ingenuity on the part of the 
reader may often reduce the labour considerabiy. For example, (i) 
in the SSS case, the triangle may be solved without the use of any 
special formulae (see example 10, page 513) ; (ii) one may compute 
one part without the aid of logarithms and another part with the 
aid of logarithms, (iii) when four parts are known, one may like to 
use the sine formula in the SSS or SAS case. 


1512. APPLICATIONS TO PROBLEMS ON HEIGHTS AND 
DISTANCES ` : ` 


Solution of triangles has enormous applications to surveying, 
navigation, etc. We shall now consider somè simple ones from 
among them. For this purpose, we need to explain certain terms 
that are generally used in practical problems. 


Let O denote the position of the observer’s eye and let P 
denote a certain point on some object which the observer is watching. 
The straight line from O to P is called the observers line of sight. 
Let OH be the horizontal line through O lying in the vertical plane 
containing OP. Then, if OP be above OH, the angle HOP is called 
the angle of elevation of P at/from O. 1f OP be below OH, the 
angle HOP is called the angle of depression of P at/from O. 


P 


o HORIZONTAL 


ZA 
#1 HORIZONTAL 


Fig, 15°19 (a). 


Surveyors indicate the direction from one point to another in 
а rather special way. To understand it, let us denote by NS a 
horizontal line in the north-south direction. Let P be any point on 
NS and let WPE, be the horizontal line through P perpendicular to 
NE. Then WPE is the west-east line through P. 

The direction from P to any point in the horizontal plane 
through P can be specified if we know (i) the positive angle which 
the line makes with NS (ii) whether the angle is measured from PN 
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or from PS (iii) whether the angle is measured to the west or the 
east. 


N 


NS2*E 


Fig. 15:19 (5). ; 

Thus for example, in Fig. 15.19 (b) the direction PA is speci- 
fied by saying that PA makes with PN an angle of 52° measured 
eastwards. We can express this more simply by saying that the 
bearing of A from P is N52°E. Similarly, for the points B, C and 
D in the same figure we wouldisay : 

the bearing of B from P is S 32^ E ; 
the bearing of C from P is S 71° W ; 
the bearing of D from P is N 61? W. 
1513. PROBLEMS INVOLVING  RIGHT-ANGLED  TRI- 
ANGLES 

Example 22. А balloon is directly above one end of a bridge 
850 m long. The angle of depression of the other end of the bridge 

from the balloon is 58°. Find the height of balloon above the bridge. 

Solution. In Fig. 15.20, let AC indicate the bridge, B the 
balloon, and BH the horizontal through B lying in the plane BAC. 
Then ZHBC=58°. In the right-angled triangle ВАС, АС= 850 m, 
ZACB= / СВН = / 58°. The height his given by 


h S 
850. =tan 58°, 
so that h=850 tan 58°, 


—850 x 17600, 
=1360, 
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Hence the required height is 1360 metres. 


850 т 
Fig. 15°20. 


Example 23. The angular elevation of the top of a vertical 
tower from a point A in the same horizontal plane as the foot of the 
tower is 51? and from a point В їп the same horizontal. line with the 
foot of the tower as A end 73 metres further away from it is 32°. 
Find the height of the tower and the distance of A from the foot of the 
tower. 

Solution. In the figure below, let F and T denote the foot 
and the top. (respectively) of the tower. Also let b metres be the 
height of the tower, and x metres the distance. of A from the foot 
of the tower. $ ә 


n 


8 
Fig. 1521. 
From the right-angled triangles AFT and BFT we have 
PU TEN. 515; i a(i) 
x 
h 3 T 
хз tan 325 й) 


538 
7. 


F A TEXT-BOOK OF MATHEMATICS 


The angular elevation of-the top ofa vertical tower from a 
point A in the same horizontal plane as the foot of the tower 
is 60* and from a point B in the same horizontal line with the 
foot of the tower as-A and 40 m further away is 30°. Find 
the. height of the tower and also the distance of A from the 
foot of the tower. 


AB isa straight horizontal road leading to F, the footofa 


Vertical tower, A being at a distance of 160 m from C, and B 


100 m nearer. If the angle of elevation of the top of the tower 
at B be double the angle of elevation at A, find the height of 
the tower. 


From a point A in the same horizontal plane as the foot of a 
vertical tower, the angles of elevation of two points B and C 
on the tower are 60° and 30° respectively. If BC—40 m, find 
the height of B from the foot of the tower, and the distance of 
A from the foot of the tower. 


Two vertical pillars of equal height stand on either side of 
a roadway which is 50 wide. Ata point in the roadway 
between the pillars, the elevations of the tops of the pillars 
ате 60° and 30°. Find the height of each : pillar and the posi- 
tion of the point. 

A ladder 8 m long reaches to a distance 8 m from the top of a 
vertical flagstaff. At the foot ofthe ladder the elevation of 


the. top of the flagstaff is 60°. Find the height of the 
flagstaff. 


Aman on the top of a vertical lighthouse observes a boat . 


coming directly towards it. If it takes 10 minutes for the angle 
of depression to change from 30° to 60°, how soon will it reach 
the lighthouse ? d 


A statue 6'8 m high standing on the top ofa column 54°4 т 


high, on the bank of a river, subtends at a point on the oppo- : 


site bank directly facing the column, the same angle as that 
subtended at the same point by a man 170 em high at the base 
of the column. Find the breadth of the river. 


А 9 m flag-pole stands on the top ofa 4'5 m high building. 
How far from the base of the building should a man stand if 
the flag-pole and the building are to subtend equal angles at 
his eye which is 1*5 above the ground. 


A vertical telegraph pole is Supported by two wires, cach 
running from the top of the pole to the ground. One wire is 
23 m long and makes an angle of 52? with the ground. Find 
the angle that the second. wire makes with the ground, given 
that it is 20 т long. 


A Surveyor draws a line due west from Ato B but cannot 
continue the line in the westerly direction because of an 


PROPERTIES OF TR'ANGLES AND THEIR APPLICATIONS ) 539 


obstacle So he draws a line 200 m long from B to C, ina 
direction 25° west of south and then draws another line in the 
direction 46? west of north. How long should CD be, if D 
is to be due west of B ? 

17. Froman observation tower am. above the level of a river, 
the angle of depression ofa point on the near shore is « and 

| that of a point directly beyond on the far shore is 8. Show 

| that the width of the river is a (cot B—cot х) m. У 

18. From the top of a building a m. in height, on level ground, 
the angle of depression of the bottom of a vertical tower is 
a. From the bottom of the building the angle of elevation of 
the top of the tower is В. Show that the height of the tower 
is a tan В cot a m. à 


19. A vertical tower stands on a horizontal plane and is surmoun- 
ted by a vertical flagstaff of height h. At a- point on the 
plane, the angles of elevation of the bottom and the top of 
the flagstaff are respectively a and f. Prove that the height 
of the tower is 

h tan a 
tan g—tan a 


20. The angles of elevation of the top ofa vertical tower from 
two points distant a and b from the base and in the same 
straight line with B, are complementary. Prove that the 
height of the tower is 4/ab, and if 0 be the angle subtended 
at the top of the tower by the line joining these points, then 

ab, ۰ 

a+b 

1514. PROBLEMS INVOLVING OBLIQUE TRIANGLES 


\ Example 25. А trce stands vertically on a hillside which makes - 
an angle of 20° with the horizontal. From a point 35 m directly down 
the hill from the base of the tree, the angle of elevation of the top of 
the tree is 43°. Find the height of the tree. 


Я Solution. In the adjoin- 
ing figure, BC represents the 
, tree, A is the point 35 m dir.ctly 
down the hill from the Base of 


the tree, and a is the height of 
the tree. E 


sin 0= 


in the triangle ABC, we 
have 


ZBAC=43°—20°= 23°, 
2. АВС =180°—(90—20)° 110°, 
2 АСВ=180°—(23°4-110°)=47°, 

c=35 m. Fig. 15°23. 
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By the law of sines, 
a c 


sin 23°~ sin 47° 
Ain А 
so that а= 35sin23* 35:30] 


Sin47-— 3j = 19 m. 

' Example 26, 4 surveyor laying a road due west from A encou- 
тег» a swamp at В. He changes his direction to N 29° W for 2300 
т to C and then turns S 41° W. How far must he continue in this 
direction to reach а point D on the east-west line through A? 


Т BOR UR 
1 
his 
Is. 
Fig. 15:24. 
, Solution. In Fig. 1524, BC=2300 m, 
Z CBD --90*— 29» — 6e. 
£CDB=90°—41°= 49°, 


T Z.DCB — 180" — (619-1 495) — 705. 
By the sine law, 


BD BC 
sin Zz DCB sin / СОВ: 
2300 x sin 70° 
p: SM Sin 49° m 
- 20х90 —3100 m. 


EXERCISE 15 (2) 

1, Two boats leave a place at the same time. One travels 56 km 
in the direction N 50° E while the other travels 48 km in the 
direction 5 80 E. What is the distance between the new 
positions of the boats ? 

+ From. a- defence battery P an enemy ship is sighted in the 
direction N 57°20’ E. Tom a second defence battery Q, 
11'4 km due north of P, the Shipis seen in the direction 
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$ 40° 50’ Е. How far is the ship from P? How far is it 
from Q ? A 

3. Two ships leave a port at noon. One ship travels at 16 km 
per hour in the direction N 13° W. The other ship travels at 
21 km per hour in the direction N 57° E. How far apart are 
they at 2 p.m. ? 

4. To find the distance between. two points A and B on the 
opposite sides of a river, we measure the distance from A to 
C to be 75 m, the angle CAB to be 70° and the angle ACB to 
be 42°. Find the distance AB. 


Fig. 15:25. 

5. Two men, 750 m apart, sight a balloon which is between them 
and in their vertical plane. The angle of elevation of the 
balloon as measured by one of the men is 36° and by the other 
is 56°. Find the distance of the balloon from each observer 
and the height of the balloon. 


750 m 


Fig. 15°26. а 
6. А treestands vertically on a hillside which makes an angle 22 
with the horizontal. From a point 20 m directly down the hiil . 
from the base of the tree, the angle of elevation of top of the 
tree is 40°, Find the height of the tree. : 
7. Atree stands on a hillside which makes an angle of 20* with 
` the horizontal. From a point 50 m up the hill from the tree, 
the angle of depression of the top of the tree is 10°. -Find the 
height of the tree. $ 
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A hill slopes at an angle of 18? to the horizontal. A vertical 
tower stands on the hill. A man walks 75 m directly down 
the hill from the foot of the tower and then observes that the 
angle of elevation of the lop of the tower is 50°. Vind the 
height of the tower. : 


51° 40' 


An aeroplane, diving at an angle of 5°, passes directly over an 
Observer on the ground, who finds that in 15 Seconds the angle 
of elevation of the aeroplane alters from 71? to 20°, If the 
speed of the aeroplane be 660 km p.h, find the height of aero- 
plane when it is directly overhead. 


A 5-metre pole placed vertically on a hillside casts a shadow 
of 7 m straight down the Slope. At the tip of the shadow, the 
angle subtended by the pole is 35°. Find the elevation of the 
sun and the angle made by the hillside with the horizontal, 


> 
8. 1527. The elevation of the sun is 90?—a ; the 
angle made by the hillside with the horizontal is 8—90°]. 


ther up the hill, the angle of depression of the top of the tree 
is ү. If the tree be 4 m. high, express A in terms of 1, 
a, P, ү. 


P, Q, R are three towns. P is 270 km from Q and 180 km from 
R. The bearing of P from Qis N 18° W. The bearing o1 R 
from Qis N 55° ұу, What can we say about the distance 
between Q and R ? 
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14. Ona hillside that makes an angle of 16? with. the horizontal, 
а {0 metre tree leans downhill. When the elevation of the sun 
is 50°, the shadow of the tree is 5 m long and falls straight up 
the slope. Find the angle made by the tree with the vertical. 


N 
NS 
МУ с 


T. 
16° 
Fig. 15:28. 
[Hint. See Fig. 15:28. The desired angle is «—74°.] 
15. Find the length x in the following figure : 
26, 


100 т 


Fig. 15°29. 
TEST YOUR UN DERSTANDING. XV 
In each of the following problems four alternatives are given, Put 
a tick mark ( ¥) against the correct alternative : 
l. Ina triangle ABC, (a sin B)/sin A equals 


(a) b (b) + (©) с (d) зїп® В. 
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an 
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The sides of a triangle are 1, V3, 2. The smallest angle of the 


triangle is 


(a) = ISO. 2-5 sid] Ст. 
The sides of a triangle are 5, 12, 14. The triangle is 
(a) acute-angled (b) right-angled 

‚ (с) obtuse-angled (d) isosceles. 
In a triangle ABC, a= 43--1, b—2, / C—60^.c equals 
(а, 43—1 (b) ¥6 (c) 3 (4) 5. 
In a triangle ABC, 5—6, c—8, / А:=120°, a equals 1 
(a) 12 (b) 2/37. (c) 13 (d) 10. 
The sides of a triangle are 7 cm, 24 cm, 25 cm Its area is 
(a) 120 sq cm (b) 8T'5 sq cm 
(c) 168 sq cm (d) 84 sq cm. 


Ina triangle ABC, [eec equals 


(a) cos (b) sin (c) tan (d) sin A. 


In a triangle ABC, b?+c°—a’ equals . 
(a) 2 be sin A (b) bc cós A (с) 2bc cos A (d) bc sin A. 


In a triangle ABC, 6: c=3:2,and tan А = The value 


of tan {> (B—C) fis 
T; Ks 1 
(a) 2 (5) T (e) 5 (4) S RE 


The angle of elevation of the top of a tower from a point on 
the ground at a distance 100 m from the foot of the tower 
is 30°. The height of the tower is 

(а) 100V3m (5) 504/3 т (с) 100 3/3 т (4) 150 m. 

REVIEW EXERCISE XV 

In any triangle ABC, prove the statements in problem 1—5: 

а? sin 2B+b? sin 2A —2 ab sin C. 

(b+c) cos A+(c+a) cos B+(a+b) cos C=a+bh+e. 
sin(A—B) | a—5? 

sin (A+B) ^ c í 
Ms b, с? are in. AP., then cot A, ‘cot B, cot C are also in 


€ 
If a сом ( 5- )+с cos (4 )-3. then а, b, carein А.Р. ` 


6. . The sides of a triangle are 4 V3, 7, A/13 cm respectively. Find 


its smallest angle. 
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7. 


9. 


Show that a, b, ./{a?+-b?+-ab} determine a triangle for cach 
pair of positive values of a and b. Find the greatest angle of 
any such triangle. í 

The three sides of a triangle are in A.P. and the greatest angle 
exceeds the least by a right angle. Prove that the sides are in 
the ratios VIRE: MISI AMI—l. 

Show that if the cosines of two angles of a triangle be directly 
proportional to the opposite sides, the triangle is isosceles ; but 
if they are inversely proportional to the. opposite sides, the 


‚ triangle is either isosceles or right-angled. 


Jf the angle of elevation of a cloud from a point 5 m 
above a lake be B, and the angle of depression of its reflection 
in the lake be a, prove that the height of the cloud is 
sin (a—8) 5. 
sin (24-8) 
SUMMARY 
1. Sine formula. In any his ABC 
e : 


с 
«sin A sinB sin C 
2. Cosine formula, In any triangle ABC 
a2=534 ch—2bc cos А, 


ca! -b—2ab cos €. 
3, Half-anglae formula. In any triangle ABC 


”(Ж) } 
Via} 
AA). 


(2) 

(=) 
MEL UL 
=(#)-Д 29} 
“(2-E 
(AT 
ШОК с ` 


тап ($) - 5— } i 
2 s(s—e) 
4. Area of a triangle=$ bc sin A=} ca sin B=} ab sin C, 
=4/ s(s—a)(s—b)(s—c)- 


JOSEPH LOUIS LAGRANGE (1736—1813) 

Joseph Louis Lagrange was born in 1736 in Turin, Italy, He was the 
greatest and the most modest mathematician of the eighteenth century, At the 
age of sixteen, Lagrange became professor of mathematics at the Royal Artillery 
Schoolin Turin. At the age of twenty-three he was elected a foreign member 
of Berlin Academy. At the age of thirty he was invited to join the court of 
Frederick the Great at Berlin, a post which he held for twenty years. A few 
years after leaving Berlin, he became professor at the Prestigeous Ecole 
Polytechnic, ' 


Lagrange gave the first published proof of the theorem that every positive 
integer can be expressed as the sum of not more than four squares, 


In the words of Napoleon Bonaparte, Lagrange was the lofty pyramid of 
mathematical sciences. 
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CHAPTER 16 


Inverse Trigonometrie Functions 
and | 
Trigonometric Equations 


161. INTRODUCTION 1 
We shall first of all recall some basic facts about functions. 
Letf bea function with domain X and range Y. If we сап 
find a function g with domain Y and ‘range X such that the com- 
Posite function gof is the identity function on X, then we say that 
the function g is an inverse off. Since a function can have at the 
most one inverse, therefore, we shall henceforth talk.of the inverse 
: of a function rather than an inverse. 


rather than talking of one of them as being the inverse of the other. 
It is not necessary for every function to possess an inverse, 
Iffandg bea pair of inverse functions such that domain off 
(range of g) is X and the range of f (domain of g) is Y, then fand 
£ must be both one-to-one, Conversely, if f be a one-to-one 
function, then it must Possess an inverse. A function which 
Possesses an inverse is said to be invertible, In view of the preced- 
Ing discussion, a function is “invertible iff it is one-to-one. An 
important and useful criterion for the invertibility of a function is 
the following : 
A function f with domain X is invertible iff the relation 
(F(x), x): x € Х)} 
is a function. Also, the inverse of f is then this relation 
{f (0, x) x € x). ; 

‚ For any function f with domain X, we call (( f (x), x): x € X} 
the inverse relation of f. The above criterion can then be stated in 
the following form : t à 

4 function f is invertible iff its inverse relation is a function. 
Also, if this be the case, then this function is the inverse of f. 


(547). 
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In the present chapter we shall consider the inverse relations 
of the trigonometric functions, We shall see that while the trigono- 
metric functions are not invertible, itis possible to define certain 
functions, to be called inverse trigonometric functions (inverse 
circular functions) which are subsets of the inverse relations of the 
trigonometric functions. Corresponding to thesix trigonometric 
functions, we have the six inverse trigonometric functions, sin", 
cos“, tan"!, cot, sec? and сѕс-1. Of course, only the first three 
are more important (because the last three can be defined in terms 
of the first three as we shall when we study them). 

We shall also consider the applications of inverse trigonometric 
functions to solution of trigonometric equations. 


162. THE INVERSE SINE AND THE INVERSE COSINE 
FUNCTIONS 


162'1. The Inverse Sine Function 
Let us consider the sine function. We know that 
sin={(x, y) : y=sin.x, x € R}, 
The inverse relation of the sine is the relation 
{(y, x) : yssin x, x € R}, 
Кеш {(x, y): x=sin y, y € R}. Н е) 


This relation is called the inverse sine relation or arcsine 
relation. 


The inverse sine relation is not a function because for a given 
value of x there may exist distinct numbers yı, ys such that (x, y). 
and (х, уз) both belong to inverse sine. For example, if we consider 
x50, we find that ...... (0, — т), (0, 0), (0, =), (0, 2m), (0, 3x) ·..... all 
belong to inverse sine, i.e., (0, пл) belongs to inverse sine for each 
n € Z (Fig.16.1). We can, however, obtain a function from the 
inverse sine relation by placing a. suitable restriction on the range 
of the relation (1) so that for each. x in the.domain. of the relation 
there exists only one member of the range. Let us see how it can be 
done. 


Let us look at the graph of the sine. function (Fig. 1672) 
{(x, у): y=sin x, x € В}. For each real number a such that 
—i <a 1, thereis one and only-one real number x such that 
sin x=a and —п/2 € x «z/2. We denote this real number by 
sin”! a ox arcsin а. Thus x—sin^! a; iff sin.x—a, and —z/2 «x © 
z/2., For example, зїп? 4=2/6, sin? (—4/3/2)-- —x/3.: The.set'of “ 
all ordered pairs (x, sin! x) where —1 «xxl is called.the- ^ 
inverse sine function or arcsine function and is written as arcsin 
ûr sin 1. Thus 

sin? —((x, sin x): -1«&x« 1}, 
={(%, y): y=sin7 x, —1 <x 1}. 
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Fig. 16.1. Graph of the inverse sine relation 
(incomplete graph) 


(42,4) 


Y 


Fig. 162. Graph of the sine function 
(incomplete graph) 

. Itcan be easily seen that sin"! is in fact a function. (Secing 
this amounts to verifying that sin x,»4sin? x, > 2,75 x, ; and this 
is true because the sine function is strictly increasing in [—x/2, а/2], 
so pa! if ies write YXi—sin^ x, y,-sin! x, then x,—sin у, 
X.—$in y, a sinî ini i => sin ‘у, Æ sin y. 
EISE X, X sinc x, > y, »* y, > sin y, A sin у, 


1 
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Fig. 16:3 shows the graph of the inverse sine function. 


TX 


Fig, 163. Graph of the inverse sinc function 

Remarks, 1. Notice that sin-'is an increasing function. As 
x increases from —1 to 1, sin^! x increases from —п/2 to x/2. 

2. Fig 16'4 shows the graph of the sine function (only that 
part for which —z/2 x < 2/2) and sin function, the latter 
shown dotted. It can be seen that each of them is the reflection of 
the other inthe line y—x, i.e., if we fold the paper along the line 
J=a, then the two graphs will coincide. In other words, if (x, y) is 
à point on one of them, then (y, x) is a point on the other. 


i Y t 
Fig. 16'4. Graph of the sine (incomplete) and. 
inverse sine functions 
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3. Let us once again consider Fig. 161. It shows the graph 
of the sin7! relation.. The undotted part of the graph is the graph of 
the sin"! function. This shows that the sin! function is a subset of 
the sin^! relation. › 

4. The domain ofthe function sin? is [—1, 1] and its range 
is [—x/2, n/2], ie., sin x has a meaning only when —1<х<1, 
and then—x/2 < sin x € 7/2. 

162'2. The Inverse Cosine Function 
The inverse relation of the function 
cos={(x, у): y=cos x, x € R} 
is the relation 
(y, x) : y=cos x, x € R}, 
he, (х, у): x=cos y, у € RY.. 
. This relation is called-theinverse cosine relation Or arcco- 
sine relation. Fig 16'3 shoóws"thé graph of the inverse cosine ' 
£elatión. yt Pi ie 


Fig. 16:5. Graph of the inverse cosine relation 
(incomplete graph) 

The inverse cosine relation is not а function (why ?), but we 
can obtaina function from the inverse cosine relation by placing 
& suitable restriction on the range ofthe relation (2) so that for 
each x in the domain ofthe relation there exists. only one member 
of the range. Let us see as to how this can be done. . ve 
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cos x=4 and 0 € x« x. We denote this real number by cos“! a 
Or arccos a. Thus x==cos~! a iff cos x=aand 0 «€ x < т. For 
example, cos"! (1/4/2)—/4, cos-1(—1)—x. The set of all ordered 
pairs (x, cos! x) where —1 S х I, is called the inverse cosine 
| on or arccosine function and is written as cos™ or arccos, 
Thus €0s7!— (ix, cos! x): —1 <x <i}. 
It can be easily verified that inverse cosine is in fact a function. 
Fig. 16°7 shows the graph of the inverse cosine function. ‘ 


Y 


i Fig. 167. Graph of the inverse cosine function 
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Remarks. 1. Note that cos” isa decreasing function. As х 
increases from ~1 to 1, cos ! x decreases from x to 0. 


2. Fig. 16°8 shows the graph of that part of the cosine func- 
tion which corresponds’ to 0 < x © я, shown dotted, and that of 
the inverse cosine function. | It сап be easily seen that éach of them. 
is the reflection of the other in the line yx, ie., if (x, y) is a poiat 
on one öf them, then (y, x) is a point on the other. 


3. The domain of the function cos~ is [—1, 1] and its range 
is [0, x], i.e., cos"! x hasa meaning only when —i < x < 1, and 
then 0 < cos! x & я. 1 j 


Fig. 16:8. Graphs of the cosine (incomplete) 
and inverse cosine functions 
Some important facts about, the inverse sine and inverse cosine: 
functions are summiatised in the following theorem : 
Theorem 1611, j А ‹ 
(a) If 0€x«1, then OGsin x««|2, 0 <cos 68/2 
(b) sin"! (—x)=—sin7>x, provided — 1&x«l. 
(0), cos? (—x)-x—cos ! x, provided ISS t: 
(d) cos x+sin™ x=x]2, provided —1&x&l. 
Proof. (а) Let у=віп-і x. Then —2/2«y«w/2. 
If. —d/2€y<0, then sin y«0 which is a contradiction since 
y=sin™ x ж x=sin y > sin. y 20. 
Therefore, we must haye 0 «y &x/2, i.e., O&sin"* x€x/2. 
Again, let z—cos- x, Then 0<z<n. If p/2«z&x, then 
cos z<0 which is a contradiction. 
Therefore, we must have 0«z«x/2, ie., 0&cos! x «x2. 
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(b) If —1 XXX, then sini (—x) and rsin? (x) are both 
meaningful.’ Let us first consider the case when x20. 
If sin? x=y, then:sin Y-—XZ20, which means OC y« z/2. 
These relations imply that —n/2« —y«0 and ‘—x=sin (-».. 
Therefore, віп” (—3)— —y=—sin y, © 5 gy. ў 
„Let ug now consider the case when x«0. Writing —x—u, we 
find that u 20, so that by the result: proved above. 7 Y 
aa sin? (—y)= —sin"!u, ie., sinx —sim! (—x), whence 
we again have sin-?(—x)——sin-2 ie j 
(ute 1 Sx<1, then cos (х) and 008-1 x are both 
meaningful. Let us first consider the case when x>0, 
If cos x— y, then *=COS y, so that O0<p.<x/2, 
These relations imply that x/2<r—p<z and 
770 —С05 y=cos (ry), 
Therefore, cos: (—x)=n-y=n—cog x, 
Let us now consider the case when x<0. Writing —x=n we 
find that u>0, so that by the result Proved above, 
C057! (—uj=r— cogi и, 


or cos! y—4 — cogi (+x), 
or 0871 (—x) =" cog у 
as before, 5 


1 (d) Since —1 ISI, therefore, each term on the left-hand side 
4S meaningful, t 
Let x>0 and let cosi X—y. Then COS y—x and Ox y </2. 
vos Therefore, sin (x/2—y) = хапа 0<п/2—у<т/2. ' А 
` Therefore, sin X—2/2— yz z[2— cos-i P E 
60 that COS" x-Esin-! x= 7/2, (i) 
If x<0, then —х> 0, and (i) gives dicte 
"eost (—x)-rsin-i (—х)=к/2.] s 
But cos 1 (х) п соба X, and sini (—x)=—sin™ x, 
Therefore, (a—cgs-1 XF isin х)=т/2;` У 
80 that ` COSTI xsin x55. Н | 2 iD) 
FH From (i) and (ii), we find that s. j pu 
If SIIKI. then _ | 
| cos? x-Esinca х=п/2. 


Remark. The above theorem enables us to express sin-! x in 
terms of sin= ( | x | ) and cogi x in terms of cos"! (| x} ), Also, 
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for any given positive real number x, the values of expressions of 
the form cos (sin™? x) etc., can -be computed by the use of right- 
angled triangles. Thus we can now compute sin(cos'! x), cos(sin= x), 
etc., whenever such an expression has a meaning. 


Example 1. Evaluate cos (sin 2). 


Solution. Ietsin-* (3/5)=y, so that sin y=3/5, 
and 0xy«—- А 


Construct a right-angled triangle ОАВ in. which 


AB=3 units, OB=5 units, 
Then sin Z AOB=3/5, so that the 
measures of АОВ in radians is і 
1172 (3/5). 
In the right-angled triangle ОАВ. 
. OA* -OB!—AB?-— 5:—53*— 16, 
so that OA=4 units. 


'Then:cos (sins т-)=сову 


HORA аа 
=cos ZAOB= 5B = LO ) Г 


Ee poer [so (5491 | 

Solution. Since sin? (—x)——sinz*.x, 

therefore, si(— (=) —sin™ 2 ) and hence 
since cos (—3)—c0s х, j И | | 
cod sin ie $e) 1 


; E „as in Example 1.“ 


B ' Example 3. Evaluate tan (su $e) à 


Solution. Let sin” (3/5) —x and sin“ (5/13)=y, 
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1 
so that sin x=3/5, O<x<x/2, 
sin Y=S/13, 0 <y </2. 


T sin x 3/5 x 
Мт mE a VIG. 
73/4, 
E siny . E913 Б 
OTRAS v= ғ 
== 5/12. 
3 + 5 
d = tan хап y AGUA. 1-66 
De tan (x+y) Таа т uad. Venue us à $3 
4°12 
Set of the equation 
2 sin! х= cogi 0—2x3), - 
Solution. sin" x is meaningful provided —1 xa 1. 
cos™ (1—2) is meaningful provided “IÇI 


ie., provided O<2°<1, jc. provided | x | <1. Thus both sides . 
of the given equation are meaningtul when x belongs to the set 


A={a: —I&a«1). 
Also, if X€ A, then cos 
Therefore, 


Example 4, Determine the solution 


7? (1—2x*) lies between 0 and x. 
if the equality has to hold, then we must have 
0<2 sin-1 X«x, 


ie Обаа, | 
Le., | 0х1, 
ЛЕ X belongs to the set ` 
B={a: 0«a« t. 
We shall now. show that if 
ХЄАГВ={а: 0<a<i}, 
then the given equation is Satisfied, 
Let ХЄАПВ and let sin 


x=y, 
Then x-sin » and 0<уск/2, since у must always:lic bet- 
ween —x/2 and. x/2, and since : 


ce x is non-negative, therefore, у cannot 
be negative, i 
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Therefore, cos 2v —1—2 sin? y=1—-2x?, 


and 0<2у<л. 
Thus 2y=cos™ (1—221), 
or 2 sin! x—cos-1(1—232). 
Hence the solution set of the given equation is 
fa: 0<а<1). 


Example 5. Determine the solution-set of the equation 
sin-*(2 ¥x)=cos™ x. 
Solution. Since Ух occurs in the left-hand side’ of the 


given equation, therefore, x20. Also, if x20, then cos? x lies 
between 0 and x/2. 


Writing = sin! (2x c) cos x=y, we have 
2 ¥x=sin y; X=cos y. 
Since cos? y-Fsin* y=1, 
therefore, we must have х24-4х== 1. E 
eee equation (i), we have 
x=—2+ #5. 


Since x>0, therefore, we must have x= 45—2. We'shall now ` 
verify that x= 75 —2 is actually a solution of the given equation. 


Now x=¥5—2 +(x+2)*=5, 
24x-1—35, 
22 V¥x=V1—x*, since x is positive, 
-sin 12 Их) віп V(1—x?)) 
„(й 
Also, sin?! (41—22) =соѕ 1 x, whenever 0<х<1. - (i): 
From (ii) and (iii), we have 
sin"! (2 4 x) cos! x, when x= 45—2. 
Therefore, x—4/5—2 is the solution: 
EXERCISE 16 (а) 
l.. Find the value of: 
G) sin>(—1) (й) sin? i 
Gi) sin) ¥2) (2р) © sin (— 43/2) 
(у)  cos“(—1) (vi) cos] 42) 
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(wil) cos3(— 43/2) (viii) cos (—3) 
Eyaluate : i 
j 5 a4 ) 
mh ena A E TL. 
2. cos |sim 13 ) Be cas ( cos” = 


an 
© 
о 
ES 


( 
+ ons ($)} (о) 
EE 


оо 
о 
о 
РА 


9. tan b (2) ооч ub х | K 
ж ш [oe (в) 


Verify each of the following statements : 


= 


m сов, o? N Ri 


1 4 п 
in7l| in^ P AE aur 
! 12. sin ( 82 )-+sin | Val -i d 


HEL, 
13 


= 
[m 


Nude tub: d 

-127 эз ГА, 
+, Sin! 91 +sin 7 = COs 
SEN 3 
163. THE INVERSE TANGENT AND THE INVERSE 

| COTANGENT FUNCTIONS 


16:31. The Inverse Tangent Function 


| 14. sin Lini ЭЗ sinc ч 


Recall that the domain of the tangent function i is thes set 
квоты) Z rin :пє2). 


The inverse relation of the function 


tan={(x, y) : y—-tan x, x€ R*), 
is the relation 


(o, x) : y=tan x, x€ R*), i 
Len Ux у): x=tan y, y€ R*). -0 C 
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This relation is called the inverse tangent relation ог 
arctangent relation. The inverse tangent relation is not a func- 
tion (why 7), but we can obtain a function from it by placing a 
suitable restriction on the range of (i) so that for each x in the do- 
main of the relation there exists only one member of the range. Let 
us see how this can be done. 


Let us look at the graph of the tangent function (Fig. 16:10) 
(o, y): y=tan x, x€R*). The graph indicates that for each real 
number a, there is a unique real number x such that 


л т 
tan S OR x acere 


p 
I 
1 
D 
l 
i 
1 
LI 


Fig. 16°10. Graph of the tangent function. 
(incomplete graph) 


We denote this number by fan a or arcian a. Thus 
x-tan'! a iff tan x=a and —z/2«x« n/2. 
For example, 1 ` я 
2: деш -1' LU HS dri shea 
tan bea , tan ( УЗ )- 5 ; " 
. Тһе set of all ordered pairs (x, tan`? x), where. —x/2-x«/2: 
is called the inverse tangent function Or arctangent function 
and is written as tan”? or arctan. > 
Thus tan^!—((x, tan! х): x€ R). 
Fig. 16°11 shows the graph of the inverse tangent relation. 
The undotted part of the eraph is the graph of the inverse tangent: 
function. Note that tan” is an increasing function. 
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F ig, 16°11. Graph of the inverse tangent relation 
* (incomplete graph) 


1632. Inverse Cotangent Function 


For each real number x, let the real number y suchthat 
cot yx, 0 < у < п, be denoted by Y 
cot a or arccot x. у 


Then ((x, cót™! x) : x EIR} is 
а function, called the inverse co-' 
tangent function or arccotangent 
function and is denoted by cot! or } 
arccot. The domain of this function x 
is R, and its range is ]0, n[. If x20, [o] 
cot™ x lies between x/2 and 0 as will 
be shown presently. If x<0, cot"! x 
lies between x/2 and x. The function . Fig, 16.12. „Graph ofthe inverse 
is monotonically decreasing through- cotangent function. E 
out. The graph of the function cot-! is as shown in Fig. 16:12. 
Some useful facts about tan? x and cot x are summarised in the 
following theorem : : 


Theorem 162. 

(а) If x > 0, then 0 $ tan x < x[2, 0 < cot? x € xJ2, 
(b) tan (—x)=—tan7 x. 

(c) cot (—x)-n—cot^! х. 

(d) 1f —1 < x <1, then tan? x--cot?? х=т[2. 

Proof. (a) Let tan? x—u. 
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Then x—tan и and —n/2 < u < т/2. 
Since х > 0, therefore, и cannot lie in ]—7/2, Of. 
Hence и lies in [0, x/2[, 
i.e., 0 € tan! x < 2/2. 
Again, let сої! х=у. 
Then x— cot у and v lies either in [—m/2, [0 or in 10, x/2]. 
Since x > 0, therefore, v cannot lie in [—/2, OL. 
Therefore, v lies in ]0, «/2]. 
(Б) Let us first consider the case when x > 0. If tan-? x—y, 
then 0 < y < z/2and x=tan y. These relations imply that 
—n[2 < —y < 0 and —x=— tan y=tan | —y). 
Therefore, tan! (—x)= —y=—tan™ x. 
Let us now consider the case when x0. Writing —x=u we 
find that u > 0, ѕо that by the result proved above, 
tan” (—y)=—tan™ и, 
or tan"! x=—tan™ (—x), 
whence we again have tan” (—x)— —tan^! x. 
(c) Let us first consider the case when x > 0. If cot? x= » 
then 0 < y € x/2and x=cot y. These relations imply that 
7/2 < r —y < n and —x=cot (— y). 
Therefore, cot-! (—x)=n—y=n—cot™ x. 
Let us now consider the case when x € 0. Writing —xe-u, 
we find that и > 0, so that by the result proved above, 
cot! (—u)=x—cot™ и, 
cot"! x=x—cot™ (—x), 
or Cot! (—x)=x—cot™ x. 
(d) Let us first consider the case when x 7 0. 
If tan x=y, then x=tan y and 0 < y < x/2, 
Le, x=tan yecot (x/2—y), 0 < z/2—y & 2/2. 
Therefore, cot! xe&n[2—y-n|[2—tan^ x, 
50 that ' cot" x--tan-! х= 2/2, provided x > 0. n) 
Let us now consider the case when x <0. Writing х= —u, 
We find that и > 0, so that by the result proved above we have 
tan"! исо! u=n/2, 
tan"! (—x)+cot (—x)=n/2. 
But , tan” (—x)— —tan^! x, 
cot"! (—x)2n--cot^! x. 


or 


or 


and 
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Therefore, —(tan^! x)--(x —cot ! x)=n/2, 
so that tan?" x4-cot! x=n/2, provided x < 0. ...(ii) 
From (i) and (ii), we find that for all x € R 
tan x+cot? x=2/2. 
Example 6. Show that cos-* (12/13)=tan™ (5/12). 
Solution. Let cos! (12/13)=y. Then we have to show that 
tan y=5/12 and —zj2 < y < 23/2. 
Since 12/13 lies between 0 and 1, therefore, y lies between 0 
and z/2. The second con- 
dition is thus satisfied. and 8 
we have only to prove that 
tan y=5/12. Construct а 


right-angled triangle OAB 13 
with OA=12 unit, OB= 
13 units. 


Now AB*=OB?—OA?, 
= 2 3” 
Bes 3)2—(12)2, 5 m i 
so that AB=5 units. Fig. 16:13, 
Then cos / AOB— 12/13, 
so that the measure of AOB in radians is y. 
Now tan y=tan ZAOB=AB/OA=5/12. 
Hence cos (12/13) =y=tan™ (5/12). 
Aliter. Let cos-!(12/13)—y. Then we have to Ды that 
tan y=5/12 and —2/2 < y < 7/2. 
Since 12/13 lies between 0 and 1, therefore, y lies between 0 
and x/2. The second condition is thus satisfied and we have only 
. to prove that tan y—5/12. 
1—сов? y  1—(12/13* . 25 
cos? y ^ (12/13)? 144 
so that tan у= +5/12. 

Since y lies between 0 and z/2, therefore, tan y is positive, and 
consequently tan y—5/12. 

Hence cos! (12/13) —tan^ (5/12). 

Remark. We have solved the above example by two different 
methods. In the first method we have used а right-angled triangle. 
The second method illustrates the fact that it is not necessary to base 
the solution on a right angled triangle. 


Example 7. Show that cos! (—12/13)=nx-++tan™ (—5/12). 


Now tan*y= 
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Solution. Since cos (—x)=2x—cos™ x, therefore, 
cost (—12/13) x —cos^! (12/13), 
—mn tan"! (5/12), as in Example 6, 
=n+[—tan-(5/12)], 
=n-+tan- (—5/12), 
since tan?! (—x)=—tan™ x. 
Example 8. Evaluate the expression 
sin [со (3/5)-- tan3 (— 2)]. 
Solution. Let cos? (3/5) -x and tan” (—2)=y. 
Then cos x—3/5, 0€ x«n/2 and tan y=—2, —5/2 <y<0. 
Since sin? x=1—cos? x=1—(3/5)*=(4/5)*, therefore, 


sin x=+4/5. 
Since 0&x«/2, sin x must be non-negative. Consequently, 
sin х=4/5. 
Now cos? y= і : 1 


I-tan? у ^14(—2* 5. 

Since —x/2<y<0, therefore, cos y must be non-negative. 
Consequently, cos y=1/ V5. 

Also, sin y=tan y cos y-(C2 Fea уз 
Now sin (cos? (3/5)+tan™ (—2)}=sin (x+y), 

=sin x cos y+cos x sin y, 


Ao | 3 (-2 
—$ si 
Ри 
505 


Example 9. Evaluate the expression 
tan [5187 (—3/5)+cot™ 3]. 
Solution, Let sin? (—3/5)=x and cot? 3=y. 
Then sin x=—3/5, —z[2 <x<0, and cot y=3, 0—y«n/2. 
Since —x/2<x<0, therefore, tan x<0. Also, 


x5 sine ү ites) Sek eed 
tan’ х= sin? x TE) 7 16* 
so that - T х= 23. 


Since cot у=3, therefore, tan у= 1/3. 
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Now tan {sin (—3/5)--cot7! 5}=tan (x+y), 


___tan x+tan y 
—7j-tan xtan y 
EEE nol 
T 1—(—3/4).1/3. 3 


Example 10. Verify that 
SUI -1 (ж) 
tan (4) 1an lg rn 
Solution. Let (апт! (+)== and tan( 3) =y. 


Since 02-41, therefore, 0 <tan(+-)< ra: ie. 0<x<F 


2 
> : л 
Similarly’ е O<y< 7 
Therefore, «ey «n (0) 
1 1 
А150, tan Xm, ten ULIS 


Now tan {ет (3) ran" (3)]- (x+y), 


.. tan x-Ftan y 
]—tan x tan y ° 


— A243 
=л—1/2.1/3° 
=1. (ii) 


Since tan"! qae t lies between 0 and, therefore, we 
have from (ii), 


1 Ve t л 
EI I X fc PES vay N ЫСЫ, 
tan ( 2 наа ( 3 ) tan? 1 4 


16:33. A Sum Theorem for Inverse Tangent Function 
© Theorem 16'3. 
(a) If 0&xy<1, then 
tant x--tan™ y=tan- (E) 
1—xy 
(b) If xy=1, then 


tan x+ tan! ›={ 2/2, if x20, y>0; - 


—n/2, if x«0, y<0. 
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(c) dpi 1, then 
xty 


n+tan’ ) if x20, y>0; 


aut 
tan x+ tan y= i Dik 
| -attari i ay. 2 if x «0, у<0. 
(d) If x20, y 20, then 
tan? x—tan^ y=tan™ ( iz) 
Proof. (a) Let u=tan™ x and y=tan™ y. 


If ху= 0), the proof is trivial. Let us, therefore, consider the 
case 0<ху< 1. Two different cases arise according as x and y are 
both positive or both negative. 


Let us first assume that A and y>0. 
Then 0 fuc 5 029 3 х=іап и, y=tan v. 


р Pepe 1 7 
Since xy « 1, therefore, x< om Le, tan uc o> һе, 


tan u<tan ($> ) | 2o 


H 5 f: т 
Since {ап is strictly increasing in J z[. and и апа TIER 


both lie between 0 and x therefore, we have from (i) 


т 
и<7-—», 
50 that 
0<и+›<-— ...( 
Therefore, tan (u--y) is defined. 


tan u--tan v 
Now tan i a M О. 


o ЖКУ 5; V sei) 
P qna у 
: From (ii) and (iii) we have 


РУ 
= -i m 
u+y=tan ` 12y 


Thus tan"! dnd yetan! = А provided x20, y20 
апа ху<1. . Ды (у) 


| 
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Let now x<0, у<0. Then —x>0, —y>0, (—x) (—у)<1. 
From (iy) we have 
- (LL dc H an АТ (—x)+(—p) 

tan™ (—2)--tan^! (-—y)=tan аве пасе, ү алуа 
ог tan” (—x)+tan— =n -( E527 } (у) 

Since tan! (—-x)=—tan™ x, therefore, we may write (v) as 

tains чаа ке арзу E e ДА 

(—tan™ x)--(—tan^* у)= —tan ( тылу j 
or Хап! x-Ftan"! y=tan— ( > ) 

(b) Let xy—1, x50, y>0 and tan x=u. 


Then 0<и< = and tan u=x. Therefore, E =cot u. Since 


0<u< 5> therefore, 


cot? E umm x. 
x 
Thus tan” x--tan^? ye cota н: мап y, 
x 
cot"! y--tan^ty, 
a2: by Theorem 1672. «= (i) 


If xy=1, x<0, y<0, then —2>0, —y>0, (—x) (—у)=1, so 
that we have from (i), s 


tan (—2)--tan^! (=F: i) 
Since tan! (—x)=—tan™ x, therefore, (ii) may be written as 
(tan? x)+(—tan™ уу, 
or tan хап y=— 2i 
(с) Let is first consider the case when x>0, y>0, Е 
Let tan"! х=и and tan“y=y. Then 
x=tan и, y=tan у, O<u<t, о<у<-®. 
Since xy>1 and y>0, therefore, x>1/y, i.e., tan u>>cot у, ie., 


tan u> tan (/2—у). Since 0<u<x/2, O0cx/2—v«zx/2, and since 


*tan' is strictly increasing in [0, x/2[, therefore, u>n/2—y or u-+y> 
7/2. Also from O<u<n/2, 0<y<n/2, we have 0<u--y<n. 
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or 


or 


2. 


or 


Thus 5 u+< LA 


2 

Now tan (u--v—75)-— tan [x — (u4-v)], 

—tan (иу), 

_ tan u-rtan v 
^ ]—tanu tan v ’ 

х+у : 2 

«у (й) 

From (i) and (ii) it follows that 


tan>{ IT y уота, 


—= <y+y—n<0. 0) 


tan"! x+tan™ y=nttan( ES ) ii) 


Let us now consider the case x «0, y<0. 
Since x<0, y<0, xy>1, therefore, —x>0, —y>0, (~x) (—) 


From (iii) we then have 


tan7! (—3)--tan7! (—y)=a-+tan™ ce F M 


Since tan"! (—x)=—tan™ x, we may rewrite (iv) as 
x+y ) 
1—xy P. 
хау ) 
| 1—xy 
(d) Let tan? x=u and tanî у=». Since x20, y>0, therefore, 


Ogu<t and 0v, so that i 


tan x+(—tan™ y)=n—tan" ( 


tanî x-+tan— y=—n+tan™ ( 


т л a 
MM us р 2 «d 
à 5 <u 2 TN ) | 
Also, x—tan и, y=tan v, so that j 

tan (и) = 2: ҮШ) 


1+ху 
From (i) and (ii) it follows that 


Lor CA ху \ 
TOS 5 J 


tan? хап yetan?( -> у 
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Corollary. If —1<x< 1, then 
cor igs EN 2 ЖУЙ, 
2 tan"! x=tan VER. а 
Proof. Put y—x in (a). 
Example 11. Prove that 
(а) tan? (1/2)+ tan? (1/3)=n/4 ; 
(b) tan? (1|2)4-tan^* 2=n/2; 
(c) tan? 1--tan^! 2--tar 3=т. 


Solution. (a) Let x—1/2, y=1/3. Then xy« 1, so that by 
Theorem 16:3 (a), я 


tan” (1/2)--tan7! (1/3) —tan"! x--tan7ly, 

—tanai( X. 
tan ( ТХУ ) 
Bus ын НЕЗ 
Stant ( 1—1/2.1/3 ) 
‘=tan™ (1), 
EX A А 
* t wd 
(b) Let x—1/2, y=2. Then x>0, y>0, xy=1, so that by 
Theorem 16 3 (b), 
tan“ (1/2)--tan-i 225 


à (с) Let x—2, y=3. Then x>0, 20, xy>1, so that by Theo- 
rem 16°3 (c), f 


tan-! 2--tan? 3—z--tan-! ( 15). 


=nttan™ (—1), 
; : =n—tan 1, 
whence tan-i]--tan-! 2+ tan 3—g. 
Example 12. Prove that 
4 tan? (115) tan? (1/239) 7 
Solution. By corollary to Theorem 16:3, 
| а GEO Wes N E (ч) 
2tan*(5)=tan (гей) (эв 
Again by the same corollary, 


se (§ ues] ане (8) 
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7 1 1 
e ~1 
Now 4 tan 5 tan" -539 
1 1 
= = | ап ——: 
2 ( 2 tan x) tan™ 339 
5 1 
= te eg ts 
2 tan i2 tan" 7539 
120 1 ; 
—tan^! Sank ot 
tan" 779 tan™ -739 . (i) 
К 120 
Since 


1 5 
dI9. 2073979. therefore, by Theorem 16°3 (d), the . 
right-hand member of (i) becomes 


po 4 
tan! —m 239 =tan I 
+ ne 239 


y DS KE m. 
Hence 4 tan um tan 239 ^4 
Example 13, Solve : 

cos? x4-cos^? у=5 
tanî’ x—tan ? y=0. 
Solution. From the second of ће given equations, we have 
жеу) 0 
Substituting x=y in the first of the given equations, we have 
2 cos) х=т/2, 4 
cos x=n/4, : 
; x=cos (x/4)=1/ 42 xi) 
From (i) and (ii) we have x=y=1/ V2. We can easily see that 


these values actually satisfy the given equations. Hence the solution- 
set of the given equations is 


Еа) 


and 


or 
or 


EXERCISE 16 (5) 
l. Find the value of : Н 4 
(i) cot“? (—1), (ii) cot? (—1//3), 
(iii) сої (4/3), (iv) cot 1. 
Evaluate : BN i | 


2. sin ( tao 2) [ , 3. tan (sin): 
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i: is 5 3 5 
4. sin [ tan (2. )] 5. tan [es 1 (-5)] 
ЛУ E | fe NB. 1 
6. cot [ sin (| 7. cot [ cos (-3 A 
} Bit 5 _ 4 esi ( 3 )- 
8. „Show that sint (6) 1 (—+)=cos —3 т. 
Prove each of the following identities : 
1 л 


2 = 
کد‎ y EIN. 
9. tan 3 ttan BT ray 


4 E 
ho iut [Eq EX 
10. tan 3 -Ftan^! 7 4 
Sasal 1 x 
[ze pr Meus pO TT: 
11. tan 7; t2 tan AmA 


А 1 1 1 
MICE ps, deser, BEI ee 
12. tan 8 Ttan 5 tan 3 


Evaluate each of the following expressions : 


13. cos (si Tcot^! а ) 


3 
o E 8 
29 eite, 
14. tan ( sin 17 cet 15 ) 


АМА з 12 
БЕД m Sene Wl 
15. sin ( tan 4 ttan? 5 ) 


164. THE INVERSE SECANT FUNCTION 


For each real number x such that |x| 21, we define Sec Ж 
(also written as arcsec x) by setting ; 


sec“? x— cost (1/x). 
The relation {(x, sec x): xER, |х | >} 


is a function called the inverse secant function (or arcsecant 
function). 


‚ Thus see x={(x, sec? xj: YER, [х | D1}. 
Since cos"! x lies in [0, x), and cost 0—2/2, therefore, from 


the equality see х==соз-1 (1/x) it follows that sec™ x lies in [0, т] 
ut is never equal to п/2. i 
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In the interval [!, ol, 
(1/X) decreases, as x increascs. 
Therefore, cos? x being a de- 
creasing function, as x increases 
and hence 1/х decreases, 
со571(1/х) increases. Thus sec? 
is monotonically increasing in 
[1, oof: Similarly sec™* is mono- 
tonically increasing in ]—©, 
—1] as well. Jj 


Fig. 16°14, Graph of the inverse 
е secant function 


16'5. THE INVERSE COSECANT FUNCTION 


For each real number x such that | x | 21, we define csc? x 
(also written as arccsc x) by setting 


csc x=sin™ (1/2). 


Fig. 16°15. Graph of the inverse cosecant 
function 


The relation nr 

х {(x, csc 3) : xER, | x | 21) 

is a function called the inverse cosecant function or arccosecant 
function). | 


Thus csc^!—((x, esc"! x) : xER, |.x | 21}. Е 

Since sin” x lies in [—x/2, =/2] and sina 0—0, therefore, 
from the equality csc" x=sin-? (1/x), it follows that csc"? x lies in 
[—n/2, x/2] but is never equal to 0. 

Th the interval [1, co [, 1/x decreases as x increases and there- 
fore, sin™ being an increasing function, sin? (1/x). decreases as х 
increases. Thus csc is monotonically decreasing in (1, 90[. Similarly 

. ESC is monotonically decreasing in |— оо, —1] as well. 5 
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The following theorem summarizes some important properties 
of the functions sec"! and cse- 


Theorem 16.4. 
( sect (—x3)—n— sect X, whenever | x | >1. 
(ii) cset (—x) — — esca X, whenever | x | >1. 
(ii) If x1, then O<sec™ x< x/2, Occsc^! х<т/2. 
(9) Jf x« —1, then R/2 < sec XXn, —7/2«csc7 x<0. 
Proof : Similar to that of Theorem 16:1. 
Example 14, Evaluate : : 
sec (esc (—13/5)). 
Solution. Let csc— (—13/5)=y. Then 
csc у= — 13/5. 


sec? y= I --tan? y=] tach 


LLL osc? y 
С esc? y—l* 
(—13/5) - 16 
13/587 144 ` 
sec y=+13/12, 
' Also, since Уу (=cse(—13/15)) lies between —n/2 and 0, 
therefor 


€» sec y is positive. Hence sec y=13/12. 
EXERCISE 16 (c) 
Find the value of : ' 
Toup $ec7!(— 1), 
(iii) sec (— 42), (iv) sec” (2/473), 
(у) csc 1, (vi) csc”? (—2) 
(vii) csc-t (—2/4/3), (viii) esc (w. 2). 
Sec (cso (5/3)), ` 3. ese (sec? (17/15)). 
Sec (cot (—12/5)). 5. сѕс (cost (— 5/13). 
Sec (tanl (18/15)). 8 7. csc (tant (24/7)). 
.. 8. sec (sin (—7/25)). _ 9. csc (cot-t (—15/8)). 
9 10. sin (tan-1(—4/3)-Lsec-1 (13/5). 
16:6. TRIGONOMETRIC EQUATIONS 


In the Preceding sections, we were primarily concerned with 
problems of the following type: 


To determine x such that —п/2 <x<x/2 and sin x=k, k 
being а given real number : or equivalently, to find that solution of 
sin х= which lies in the interval [—х/2, x/2]. 


(ii) sect 2, 


Sgen 
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We shall now devote ourselves to the more general problem of 
finding all solutions of the equation sin x=k (and other similar 
equations of course !), К being a given real number. We shall, how- 
ever, first take up some special cases. 


The results of the following sectións will apply to trigono- 
metric functions of numbers as also to trigonometric functions of 
angles. 


167. TO SOLVE THE EQUATION sin x=0 


In the interval [—m/2, x/2], sin x increases strictly from —1 
to +1 and assumes the value 0 only once, viz, at x—0. In the 
interval [x/2, 32/2], sin x decreases strictly from +1 to —1 and 
assumes the value 0 only once at x=. By periodicty, all the values 
of x for which sin x—0, are given by 2px and 2pr +r where p is 
any integer, so that VN 

{х їзїп x0) — (2px : pEZ}UL{(2p+1)e :pEZ)}, 
={nx : REZ}. 


Hence | {x : sin x=O}={nz : nEZ}. 


168. TO SOLVE THE EQUATION cos x=0 


In the interval [0, т], cos x decreases strictly from +1 to — 1 
and assumes the value 0 exactly once, viz., at х= п/2. Similarly in 
the interval[z, 2л[ it assumes the value 0 only once at x=3n/2. 
By periodicty, all the values of the variable x, for which cos x=0, 


are given by rt, +37, where k is any integer, so that 


{x : cos x0) e kn -n/2 : kEZ)UQkn-4-32/2 : KEZ}, 
={(2n+1)(n/2) : nE Z}. 


Hence | (x: cos x=O}={(2n+1)n/2 : nEZ}. 


EXERCISE 16 (4) 


1. ` Solve the equation tan x=0. 
2. Solve the equation cot x=0. 
3. Solve the following equations : 
(i) sin x=1/2. ' (ii) sin x——4/3/2. 
(iii) cos x=1. (iv) cos x=— 1/2. 
169. TO SOLVE THE EQUATION sin x=k, k BEING A 
. FIXED REAL NUMBER IN [--}, 1] 


, Leta—sin k. In the interval [—m/2, 1/2], sin x increases 
strictly from —1 to 1 and assumes the value k only once, viz., at a. 
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In the interval [1/2, 3/2], sin x decreases strictly from 1 to —1 and 
assumes each value only once. In particular, it assumes the value & 
only once, namely at x=m—a. In fact, sin (n—al=sin a=k ; also 
since —7/2 & a <x/2, therefore, z/2 < к-а < 37/2. 
. By periodicity of sin x; all the values of x, for which sin x=k, 
are given by 2pr--a, 2pn-+(m—a), where p is any integer, so that 
(x: sin x=k}={2pr +a : pEZ} U Qpx-F(x—a) :p€2), 
—(m-(—1a:n€2z), 
={nm+(— 1)” sink : n€2). 
Alternatively, we may proceed as follows : 
Let a=sin™ k. Then the given equation can be written as 
or sin x=sin a, y 
sin x—sin a=0. 
Now sin x—sin «=0 
z»2 cos {4(x+a)} sin {}/x—a)}=0, 
= cos (3(x--«)) —0 V sin {3(x—a)}=0, 
zixreceQm-l)z2:mcez)v 3(x—a) 
€ (mx : m € Z}, 
2x€(Qm--1) n—a: MEZ} v xe Qmn-ka: тєЄ2), 
` xE {nm Hl)" a nE}. A 
Also, x€(nm-(—1"a:ne€eZ) . 
=sin x=sin (/id-(— 1)" а), where n€ Z, 
əsin x=(—1)” sin ((—1)" a}, 
=>sin x=sin a. s) 
From (i) and (ii), we find that i Ў 
sin x—sin a=0 + x€fnz-(—1)^ a : nez). 


Hence | (x : sin x—K])— (nz -(— 1)" sin-! & : nez). 


Remark. From the above working it can be easily seen that 
if « be any solution of the equation sin x=k (i.e., if а is not 
necessarily sin! К, but any number such. that sin а=), even ‘then 
the solution-set of the equation sinx=k is (nn (— U^ a : n€ Z). 
This observation would be found extremely useful in problems 
later on. 


1610. TO SOLVE THE EQUATION cos x=k, k BEING A 
FIXED REAL NUMBER IN [—1, 1] 


Let a—cos"! k. In the interval [0, п], соз x decreases strictly 
from +1 to —1 and assumes each value between ] and —1 exactly 
once. Tn particular, it assumes the value k only at a. In the interval 
[r, 2m], cos x increases strictly from —1 to 1 and assumes each value 


INVERSE TRIGONOMETRIC FUNCTIONS AND EQUATIONS X 575 


between — І and i exactly once. In particular, it assumes the value 
k only once, namely at x=2x—a. In fact, cos (2m—a)=cos a=k, 
Also, since 0-Ca «x, therefore, ў 
x < 2x—a «2m. 
By periodicity of cos, all the values of x for which cos, x=k 
are given by 2px--a, 2px -- (2x —a), where p is any integer, so that 
ix : cos x=k}=2pn-+ta:p Є Z} U {2pn+(2n—«): p € 2), 
=(2nnta: Є Z}, 
={2nm+cos™! k:n Є 2). 


Hence | (x: cos x—-k]—(2nx Ecos! k : n € 7} 


Alternatively, we may proceed as follows : ў 
Let a=cos™ k. Then the given equation can be written as 
COS X—COS a, 

or cos x—cos a=0. 

Now cos x—cos a=0 

=> —2 sin {}(x+a)} sin {4(x—a)}=0, 

= sin {}(x+2)}=0 V sin {3(x—a)}=0, 

> 4(x-+a) Є {nm : Є Z} М (ха) E {nm :n Є Z}, 

> Є (Qnn—ain Є Z} V x € nxta:n € 7), 

> Є {2пт+а:пЄ Z}. (0) 
Also, x € {2пл-а: п € Z} 

= cos x=cos (2nx +a), where n € Z, 

= COS х==со$ a. (й) 

From (i) and (ii), we find that 

cos x—cos а=0 = x € (2nx ta: n € Z). 

Hence (x : cos x=k}={2nn--cos k : n € 7}. 

Remark. If a be any solution (whatsoever) of the equation 
cos x=k, even then the solution-set of the equation: can -be easily 
seen to be {2пл+а: n € Z}. 

1611. TO SOLVE THE EQUATION tan x—k, k BEING ANY 
FIXED REAL NUMBER 
1 Let a=tan™ К. In the interval ]—z/2, x/2[, tan x increases 
Strictly and assumes each value exactly once, !n particular, it 
assumes the value k only аёо. 
. By periodicity of tan, all the values of x fot which tan x=k 
are viven by пт +a, where л is any integer, so that 
{х : tan х=) {пя tain Є N}, 
={nn#tan k:n Є 2). 
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Hence | {x : tan x=k}={nn+tan2 kin € zZi|. 


Alternatively, we may proceed as follows : 


Let а=їап к. Then the given equation can be written as 
tan x=tan а. 


sinx sina sin (x—a) 
mana r0, „үзле а (у 
моет д cosx cosa " "cosxcosa ^" 


> sin (x—a)=0 (why ?) > (x—a) € {nm :n € Z}, > x €(nx-ka: 
п Є 2). .(i) 

Also, x € {annta :n € N}, = tan x=tan (mma) > tanx 
=tan a. EX) 

From (i) and (ii), we find that : 

tan x=tan a = x € {nn +a: n € 2). 

Hencc {x : tan x—-k]—(nx--tan k : n € Z}. 

Remark. It can be easily seen that ifa be any solution 
whatsoever of the equation tan x=k, then the solution-set of the 
equation can be written as (nz +a : n€ N}. 

: Corollary. If K0, then the solution-set of the equation 
cot х= is {nn+cot k:n € Z}. 

Proof. cot x=k + tan x=1/k, (k 5 0) 

+ x € (m-F-tan? (1/k) : n € 2}, - 

*x€m-cot'k:nc 2), 

since tan?! (1/k)—cot-! К. 


Example 15. Find the solution-sets of the following equations : 
(i) sin x- 1/2. (ii) cos х= 1/3. 
(iii) tan x=— 43. д (iv) sec х= — 4/2. 
Solution. (i) Since sin ( 1/2)=n/6, therefore, the solution-set К 
of the equation sin X=} is х 
Ínz--(—1)* sint i:nez, 
i.e., {nr+(—1)" n/6:n € N}. 
(ii) The solution-set of the equation cos x=} is 
Pantecosi i:n EZ} — 
(ii) Since tan- (—43)— —n/3, therefore, the solution-set of 
the equation tan x=— 43 is : 
{пк --іап-1 (—4/3) :n € 7}, 
Le, . {nn-+(—n/3):n € Z}, 
he {п®—к/3:пЄ Z}. 


Lak Rule Bove 
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(iv) sec x=— V2 <= cos х= —1/ 42, 
< x E Qm:cos! (—1/V2):n € N}, 
= x E (Qnxtinin Є 2). 
Hence the solution-set of the given equation is 
{2nr +374: n Є 2). 
EXERCISE 16 (е) i 
1. : Determine the solution-set of each of the following equations : 


(i) sin x= 3/2. (ii) cos x =— 1/2. 
(iii) tan x=1. (iv) cot x =— V3. 
(v) sec x=2. ; (vi) cse x ——2. 
2. Write down the solution-set of each of the following equa- 
tions : 
(i) tan 2x=1/ V3. (ii) cot 3x=—2. 
3. Solve the following equations : 
(i) 2cos x4-1—0. (ii) V2 sin x+1=0, 


1612. EQUATIONS INVOLVING ONLY ONE TRIGONO- 
METRIC FUNCTION ? 


Example 16. Solve the equation sip? x=1/4, 
Solution, sin*x—1/4 = 3 (1—cos 2x)=1/4, 
<> 2 (1—cos 2x)=1, 
<=> cos 2x—1, 
<= 2x € (Qnx+x/3 : 1.€ Z}, 
<+ x E ínxta6:n€ Z}. 
Е ARES the solution-set of the given equation is 
(nxzz/6:n€ 2}. 
Aliter. · 
Sin? x=} > sin x=} V sin х=—4, 
-x€(ncet(-1*z/6:n€ Ld 
V x € (nz (-D* (7z/6) : n € 2}, 
-x€ími(—lD*z/6:n€2Z) ` 
V x € {nx+(—1)™ z/6:n n € Z), 
> x € (naj6:n€ 2}. PO) 
4 Alas, x € {nx+x/6:n € Z} = sin? x=sin? (пт:Ёт/6, 
= sin? EE ye si sin (2:x/6)?), 
=> sin? xe. (шй) 
From (i) and (ii), we find that the solution-set of the given 
„ equation is (ux -z/6 : n € Z}. 
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Example 17. Solve the equation 
2 cos*x—5 cos x—3-— 0. 
Solution. Factorizing the left-hand member of the given. 
equation, we have 
(2 cos x+1) (cos x—3)—0. 
By setting each factor to ze, we havero 
2 cos x+1=0, or cos x—3=0, 
cos x=—}, or cos x=3. 


The second of these equations has no solution because the- 
cosine of a number cannot exceed unity. Also, 


cos x= =хє] 2пт + E :пЄ7, } x 


ie., 


‚ Hence the required solution-set is {r422 :пЄ7, }. 
Check, If x ef nrt 2d :n€z Û then 


_ 2 cos? x—5 cos х—3=2 eos( ann +5 ) 


P 
—5 cos 24 a, 
=2 cos*( = )-5 cos (2 =3, 


1 \2 T! 
o (-+) cds (-+,)-3=0. 
Example 18. Solve the equation: ` 
P . Sec* x—4 tan x:-2—0. 
Solution. sec? x—4 tan x--2—0, 
<> tan? x—4 tan х+3=0, 
+ (tan x—1) (tan x—3)=0, 
< tan x—1 V tan х=3; 
2 xE (пв+я/4:пє2) Vx€ (.x--tan! 3 In€ Z}, 
S xE {nn+n/4: пЄ2) U (nx--tani 3: nEZ}. 
Hence the solution-set of the given equation is 
(nz--xJA : n€Z} U (nz--tan- 3: n€Z}, 


EXERCISE 16 (f) т 
Solve the following equations. Check the solution in each 
case : 


1 х 
1. cos? х= э 2. 3tan? x=], 
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3.. tan? x—3 csc? x—1. 4. 4sin? x4-4 sin x+1=0, 
5. 2cos* x+3 cos x--1—0. 6. cot? x+2 cot x—3—0. 
7. sec? х--3 sec x—4=0.. 8. sin? x—2 cos x+ e 
9. 3tan x+cot x=5 csc x. 
10.. csc? 2x—4 csc 2x. 


1613. EQUATIONS INVOLVING TRIGONOMETRIC FUNC- 
; TIONS OF TWO OR MORE MULTIPLES OF THE 
VARIABLE 


Example 19. Solve the equation 

cos px=cos qx, (pq). 
Solution, соз px—cos qx 
<> cos px—cos qx=0, 


<> 2sin [202 x} sin {5-х |=, 
< sin [oco }=o V sin {54-х }=o, 


- (+ фхе ит їпЄ7} V G-pxetas :n€Z},. 


2nx 2nx 
PRU ———пЄ2Ж }; 
«зер, doe joe fm ae } 
2nz. , 
= xe [25 nez }. 


Hence the solution-set of the given equation is : 


2nx 
:nEZ }. 
[аху 17 | 


Example 20. Solve the equation 
cos x+cos 3x-- cos 5x--cos 7x —0. 
Solution. cos x--cos 3x-+cos 5x--cos 7x 
:=2 cos 2x cos x+2 cos 6x cos x, 
—2 cos x (cos 2x--cos 6x), 
—4 cos x cos 4x cos 2x. 
Therefore, the given equation is equivalent to the equation 
, 4 cos х cos 4x cos 2х=0 
Which in turn is equivalent to ; 
cos x=0 V cos 4x=0 V cos 2x=0. 
Now  (x:cos x=0}={(2n+1) x/2 : nEZ}, 
{x : cos 4x—0)—(x : 4x=(2n+1) x/2. nEZ}, 
={(2n+1) 2/8 : nEZ}, 
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GE: cos 2x50) (x : 2x (E 1) «12, nE ZY, 
—(Qn--1) 2/4 : n€Z). 
Pherefore, the solution:set is 
{(2n+1) x/2: n€NY U (Qn4d-1) z/4;n€Z) 
U (Qn-1) z/8 : n€Z). 
\ EXERCISE 16 (g) 
Solve the’ followthy equations : i 
1. cos 4x=cos 6x. 2. sin 3x—sin'5x. 
3. tan 4x—tan 3x. 4. cos 2x+sin 3x=0, 
5. sinpx-+sin gx=0, — 6. tan mx=cot nx. 
7. cos x-+cos'3x=cos 2x. ^ 8. sin 7x—sin x+sin 3x. 
9. cos x4-cos 2x+cos 3x—0; 
10. sin x+sin 3x--sin 5x—0. 
ll. sin x-Fsin 2x4- sin 3x sin 4x— 0. ‘ 
1614. EQUATIONS ОЕ THE FORM a cos x+b sin x—c 
: Example 21. Solve the equation 
соз X-- 4/3. sin х= 1. 4 
Solution: Let'us determine а! positive real number r and a 
real number $ in{0, 25] such that - 
1=reos'$, ¥3=r sin g. -..(i) 


By squaring both sides of each of the equations (i) and addi 
have 


ng, 
we 


1?*4-(43)?— 2م‎ cos? +r? sin? ф, 
or 4-r?, 


Since we wish r to be positive, therefore, we have 


r=2, «..(ii) 
Substituting the above value of r in (i), we have 


| cos $—1, sin $—4/3/2. «= (iii) 
The first of these equations has solutions 
eit Nm ibo 2x]; 
while the second equation has solutions 
x OT. 1 
3" ESRB [0 2x]. 
Therefore, the equations (iii) have a uni 
ў $—/3 in 10, 27]. 
We can now write the given equation as 
r cos $ cos хі sin $ sin x=], 


que common solution 
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gr [58$ (e$), 
or 2eos( х=), 
ог ` ووم‎ ( х=. fe . 


The solution-set of equatjon (iv), and therefore, of the giyen 
equation (which is equivalent to (iy)) is, 


eee ы E cus 
[5-5 3 =2п® dcos 2,"Є2® l 


SUPE NN 
i.e., is x=2nn+ 3 +3 ,n€ez 
27 
i.e., { 2 :n€Z RU one :nEZ ¢. 
Check. X= 21$ cos x+ V3 sin x=cos 2nz-4- Và sin 207, 
=14+ 430-1, 


x=2ne ¥ cos x+¥3§sin x 
eos 2лв+5=) T ¥3 sin (2-3). 
i ФАН 2 И, 
=соз з= +/3 sin aie 


د( )+ = 


Example 22. Solve the equation 2cos x—3 sinjx=—2. 
Solution. Dividing both sides of the given equation{by 


У{2°4-(—3)*}, 


we have 
2 ED UE LOREM TEE D 
Vii SAY ЗЕ A y f 
2 
Let eos ( 2 vs Fa =$. Then 00-5, and cos , $= s 
so that sin $— vis" We, may, therefore, re-write (i) as 
2 
cos x cos $—sin xfsin ф=— ——, 
| үз. 
Les cos DH dme EE -. (ii) 
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The solution-set of (i?) and therefore, of the Biven equation is 


{x e вела (2), "ez | 


ié., {x ч оо) nez } 

; 2 2 
je: ial (ee et Ab) uisa EH + j 
Té; [ss ( Jm үр со$ ( 73 ) nez } 


EXERCISE 16 (A) 
' Solve the following equations and check .the solution in each 
case : j 
1. 4/3 cos x+sin Х=\/2,‚ 2. cos x—n/3 sin x=1. 
3. cos x+sin x=]. 4. sin X—cos x= v2. 
5. V3 sin x—cos X—4/2. 6. cos X+/3 зїп х=—1. 
1615. SOLUTION ОЕ PAIRS OF EQUATIONS 
Example 23. Find the solution-set of the pair of equations 
sun xm VI 
cos x= 2 and sin x= 2" E 
Solution. We shall first find all those x in [0, 2x] that satisfy 
both the given €quations and then determine the solution-set by 


using the fact that the sine and cosine functions are Periodic and 
have a common period 2x. 


Now { х: cos х= 1 A0 x2 ES zi E 


OE 
ORE LET 
E sin=— > A0&x«2n 4 3*3 ] 
Therefore, 


{х: cos x= T^ sin х= Axes ] 
- X1cos х= 3 A0€x«2s ] 
nl * 3 sin =~ VA x2 } 


RINKAN 4л 5л 
тїш Ја, 3]. 


Ву Periodicity of the sine and Cosine functions, 


x 1 us Ma, 
xicos x z^ sin х= > 
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=| ann + E :nEZ | ; 
"Hence the desired solution-set is { ann = i nez 1. 
"Remark. The solution-set can also be written as 
8 s nez}. 


EXERCISE 16 (i) 
ind the solution-set of each of the following pairs of equations : 


1. cos pels sin EREA 
ў j 25 2 
2 COS xc sin x=. 
3; dioc e. six E 
42" 42 
4. cos sio sin SUE Y 
2 2 


2 4 
5. sin x= 43, tan x=— V3. 


ч 1 
6. sinx=——, tan х=— ETT 


2 43 ° 


7. cos s=}, tan х=— 43. 
TEST YOUR UNDERSTANDING XVI 
In each of the following problems four alternatives are given. 
Puta tick mark (y) against the correct alternative : 


1. The value of ѕіп-1 (5) is 


i т -я 1 мт ИИ 
(а) EN (b) © (с) 3 (d) . 6 
2. The value of cos (4) is " 
2x 
© оф жыл била 0 
3. The value of sin-(1/4)--cos-t (1/4) is 
f 


(а) = (b) E. © Ел > (da) 2m. 
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qt mete e Pio il oe 


4. The value of tan (sin — (=)) is 


BRE e 
[ 20 | 
—— ax 
ая а“ 
5. The value of tan“ [2 cos ( 2 sin? + 1 is 
л т m 2m 
(a) wr (b) fai (с) 3 (d) 3" 
6. Ifsin a=sin В, then « апа B are related by 
(a) а=-2те TN ê (Ву аит 
(c) a=nx+(—1)ng (d) а=пт—8. 
7. Ifsin x—1/2, then x equals 
(à) Qnnt= (b) mob 
(© па" @ @п+1) 5. 
8. If cos х= 1/2, then x equals | 
л r л 
(а) EET (b) eine 
(0 nti (D (Qr. 
9. Iftan x—4/3, then x equals 
(0 nt (9) Inne 
fo) peer (d) т. 
10. If cos x+sin *=1, then x equals 
(а) 2mm 1x (5) T 
© т— 1 (4) T 
REVIEW EXERCISE XVI 


PE 


КИ ды | 
ds Gia (EE 
eae tan t эше ( Z js 
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AK His MIE ^ 


2. Solve: tan^! x+tan™! 3x=cot - 


—5 8 
PECE | uon -1 
3i Баша tan] sin ( 13 cos + 17 


4. Express sin? (tan^! x) in terms of x. 


Aime qai the 


1 1 л 
RICE а з ES 
‚5. Provethat tan 7 +2tan™ 3 =]. 
Solve the following equations : 
2 (cos* x+sin* x)—1. 
tan x+tan (= +x )=2 


cot x+tan х=2 csc x. 
cot x—tan x=2. 
10. 2sin' x—cos* x=0. 


er ч о 


SUMMARY 
1. (a) If Occ x «1, then O«sin-! x« T2, 0 < cos-! x< 7/2. 
^ (D^ sin? (—x)=—sin- x, provided —1« x«l. 

(с) cos! (—x)e1-—cos-! x, provided—1 c y« 1. 

(d) cos- x--sin-? x= 7/2, provided —1«& x« 1. 
2. (a) I£ x20, then Otan! x< z/2, 0<cot1 x «42. 

` (b) tan-! (—x)— —tan-! x, for all x€R. 
(c) cot-i(—x)— z—cot- x, for all xER. 
(d) If -1« x«l, then 
tan-1 x+cot x= 7/2. 

3. (a) If 0e xy—1, then 


-1 21 усап ET. 
tan-! x--tan-! y=tan™ Ty: 
(b) If xy=1, then 
f T2, if x20, y>0; 
tan-1 x-Ftan! y= 4 К 
L —т/2, if x «0, y«0. 
(c) If xy>1, then 


z-tan-* г» 2) if x20, y>0 5 


Г 

tan“ x+ tan~! yo 4 

: 1 
k 1 


—r+tan- 2 Jif x<0, y<0. 
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If |] <1, then fe: sin xk) = rr (—1) si 
5. If] &| <1, then 

{x : cos x—k)— (nm 3-cos7i k : nez}. 
*6. If KER, then 

(x : tan PA YE tna k:n€Z). e 


nk :n€Z}. 
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PART IV : STATISTICS AND LINEAR 
PROGRAMMING 
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Chapter 17 Statistics 
Chapter 18 Linear Programming 


E * 


World Wars can be good too! For the first time in history, a 
war, the Second World War to be precise, made it possible for 
mathematics to be applied to social sciences. Linear program- 
ming was created during the Second World War for defence 
purposes. : 


Statesmen (politicians) can be good too ! We at least owe the 
origin (and growth) of a branch of mathematics, viz., statistics, 
tojthem. 
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CHAPTER 17 
Statistics 


171. DATA AND VARIABLES 

Times change ; with time, our mode of living changes ; our 
habits change; ia fact our way of thinking changes. Since time 
immemorial, change has been the way of the world. The rate of. 
change, however, has been generally very slow. with the exception 
of last one century or so. During’ recent times there has been a 
rapid change in every gamut of our life. The reason is not difficult 
to find. Ways and means have been discovered which have greatly 
facilitated the dissemination of information. Our media has become 
very strong: Information about almost everything is almost always 
available in a suitable form. Newspapers, magazines, television etc, 
give useful information in an easily comprehensible manner. Infor- 
mation about wages, prices, sports, weather, medicine, agricultural 
produce, industrial gocds, taxes of various kinds, population, per 
capita income, annual export and import of goods, even things 
like fashions, crime and trend of voters is scattered all round us. 
Recall that this information is known as data and thata large 
amount of data that we come across are in the form of numbers, 


You do appreciate that there аге many agencies at work that 
help us to receive information in a particular form. For example, 
consider the daily minimum and maximum. temperature:-of a metro- 
politan city and the weather forecast for various regions of our 
country. For, us, the minimum and maximum temperature may be 
something like 8:5 degrees celsius and 40:3 degrees celsius Tespecti- 
vely. The weather for the next twenty-four hours might involve 
something like ‘generally dry’, ‘heavy. rains’, ‘cloudy’, ‘strong, winds’, 
‘light snow full’ etc. How do you think the statements like this are 
issued ? No doubt, you know that there is.a. whole big.agency known 

. as the Meteorological Department which is responsible for infor- 
mation and prediction about .weather., This Department constantly 
records the temperature, relative, humidity, amount. of rainfall, 
atmospheric pressure etc. It also receives a. large number of photo- 
graphs of earth (and its ionosphere) through satellites. The. amount 
of data so collected is unbelievably huge. These data in their initial 
form are known as raw data. We cannot make head or tail out of 
them. The experts іп the Meteorological Drpartment (MD) process 
these data, that is to say, they organize these data and present them 
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systematically in a form suitable for handling the problem in band. 
It is only after the data have been so organised that any conclusions 
can be drawn from thein or information based. on them can be given. 
out. 


Let us now see how the experts in MD obtain and process raw 
data to obtain a particular information, say determining the mini- 
mum temperature during a certain period of twenty-four hours.. 
To begin with, they must record the temperature at various instants. 
Clearly, the temperature will vary trom instant to instant. At 5 AM, 
the temperature might be 6'7 degrees celsius whereas at 2.00 PM it 
might be 18°9 degrees celsius. Since the temperature keeps on varying, 
we can call ita variable The recorded temperatures at various in- 
stants become then the values of this variable viz., temperature. The 
collection of the various values of this variable temperature consti-- 
tutes the raw data. This collection can be organized in ascending 
or descending order and the minimum temperature can then be: 
easily determined. Notice that each of these values is obtained by 
observing the temperature ata particular instant. The various in- 
stants are thus the source of our information or data. These sources. 
are, therefore, known as the units of Observation. Various values 


of the variable pertain to the units of observation. Units of observa-- 


tion can be persons, places or any objects. 


In the example considered above, the variable was temperature, 

The units of observation were various instants. The values of the: 

. variable were certain numbers. The variable Tepresented a quantiry 

which could be measured and expressed in numbers. Such variables 

are known as quantitative variables, Arithmetic operations can be- 
performed meaningfully on the values of a quantitative variable. ` 


' Let us have another example. Suppose we want to find what 
percentage of people in a certain locality of a town is male. This 
time our source of information or units of observation are the 
people living in this locality. For each person, we must examine 
the sex. The variable is, therefore, the sex of people. What would. 
our data consist of ? Now a person can either be a male or a female. 
Thus the variable in question, viz, sex, can have only two possible- 
vaues, mole and female. Our data will, therefore, be a collection 
of ‘Male’ and ‘Female’ records. Notice that this time our variable 
cannot be measured and cannot, therefore, yield numerical values, 
We may choose to designate ‘male’ and ‘female’ with certain numbers 
if we like. However, it would not be ;eanineful to perform any 
arithmetic operation on these numbers The values of the variable 
in this case express the various states (being male/female) ofa unit 
of observation (person). Such variables are known as qualitative 
variables (as against quantitative variables). Other examples of a 
qualitative variable are colours of flowers, kinds of crops, religions. 
of people etc. 


Me Pots mtm eerie certe 
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EXERCISE 17 (a) 
1. Which of the following are qualitative variables ? 


(a) Place of job (b) Complexion 

(c) Height `` (d) Weight 

(e) Age (f) Area 

(g) Income (h) Taste 

(i) Caste (j) Arithmetic operation 
(k) Subject of study (1) Rainfall. 


2. Which of the following could be regarded as a variable andi 
` Which as a value of this variable ? 


(a) 100 ст (b) Weight 
(c) 2:5 kg (d) Length j 
(e) Nationality (f) Christian. 
3. What could be possible units of observation for the following - 
variables ? 
(a) Marks (b) Number of pages 
(c) Colour (d) Number of voters. . 


172. FREQUENCY DISTRIBUTIONS 


Raw data are useless unless they are processed and organised. 
ina suitable form. You already know that to make data useful and 
comprehensible, we can represent them ina tabular form, so as to - 
bring out the essential features and chief characteristics. Tables.. 
help us in making answers available to our questions regarding given 
data. Let us illuatrate this through an example. 


Example 1. Arrange the figures contained in the following . 
passage їп a tabular form inserting appropriate headings : 


USA has been the most successful nation in the history of ` 
modern Olympic Games. At the thirteenth Olymic Games held їп. 
1948 at London, immediately after World War II, it bagged as many 
as 38 gold medals, 27 silver medals and: 19 bronze medals. At the 
1952 Olympics, the corres 
' silver medals and 17 bronze medals. Four years later, at the Mel- 
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25 bronze medals respectively, Unfortunately it boycotted the 1980 - 
Moscow Olympic Games. At the XXII Olympic Games held їп. 
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1984 on its homeground at Los Angeles, its achievements rose to 
new heights (partly due to non-participation by the countries belon- 
ging to the communist block), amassing 83 gold medals, 61 silver 
medals, and 30 bronze medals. 
Solution. We сап organize the above data in the form of a 

table given below : 

United States Medal Tally for Olympic Games 1948-1984 
ИНША EMS Un. ESS e near aou hs nci UST Sra PONE 

Year Gold Medals ^ Silver Medals ^ Bronze Total 


Medals 
1948 38 21 Pianta. 19 84 
1952 40 19 17 76 
1956 32 25 17 74 
1960 ` 34 21 16 71 
1964 36 25 28 90 
1968 45 28 34 107 
1972 5.88 31 30 94 
1976 34 35 25 - 94 
1980+ — — : = : 
1984 83 - 61 30 174 


*USA did not participate in Olympic Games. 


Source : Sportsworld, 3-9 August, 1988. 

By looking at the above table we can immediately tell the 
"total medal tally of United States or the number of medais of any 
-type obtained at an Olympic Game held between 1945 and 1984. 


Ina table for a qualitative variables, first of all, the various 
alternatives or values of the variable are written separateiy. For 
example,if figures for food production in various states of India are 
, given and they are to be shown. in tabular form; then:the variable 
according.to which figures will be divided is*States of. India', and its 
various values will be Punjab, Bihar, U.P.-etc; The required table will 
then:be formed. by placing against various values (Punjab, Bihar, 
U.P., etc.) the production in’ these states.: So if there js only one 
variable, a one-way table is formed ; if there are two or. more than | 
two variables, a two way or many-way table will be formed. Hence | 
‘to prepare a table with qualitative characteristics, the following steps 
are taken : s 
l. Pickout from the data, various variables and the alter- 
~natives corresponding to each one of them. 


2. -Draw га - blank: table showing all the. variables with their 
: alternatives along rows and columns respectively. 
; І 
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3. Find, from the given data, and enter the values in the 
тргорет cells formed by the intersection of rows and columns. 


Since tabulation is a process of reducing the data to an easily 
‘understandable form, a table should not be too complicated, All 
-details must be briefly given. Before drawing a table one must have 
:a clear idea of the facts to be presented, the contrast to be stressed 
апа the points upon which emphasis is to be laid. While drawing a 
blank table special attention should be given to the following 
points : 


1, А title must be given to the table. It should include three 
things. Firstly, the things which are represented; secondly, the place 
to which the data belong and lastly the time to which it refers: 


2. Brief headings should be given to all columns and rows. 


3. Things to be compared should be placed side by side. or 
one above the other. 


4. Characteristics should be so adjusted that figures tó be 
added should come оре under the other i.e., should fall in the same 
column. 


5. Quantitative characteristics must be so written that, if 
possible, value of the variable increases from left to right (in a row) 
-or from top to bottom (in a column). 


6. Proper lines (single lines, double lines, bold lines, etc.) 
should be drawn in the table. This will not only place various 
characteristics into contrast, or emphasise some of them, but will 
-also make the table attractive. 


7. Units in which the quantities tabulated are measured must 
be given. If there are only one or two units used throughout the 
‘table, they should be written at the right-hand top corner. But if 
"there are more units used in the table, they should be given along 
"with the heading of the rows or the columns in which the figures 
"corresponding to them occur. 


8. Thesource from which the data are taken, if known, 
‘should be given at the bottom of the table. 


9. Along both the vertical and horizontal sides, main divisions 
-of the table should be done according to the characteristic which is 
-of major importance or should be done according to a characteristic 
which is to be shown quite prominently. For others, each main 
-division should be sub-divided, e.g. in a table showing literacy 
among men and women, if emphasis is to be given to the number 
of literates and illiterates. two main columns should be taken, one 
"for literates and the other for illiterates. Each column should then:be 
:Sub-divided into two parts, one for males and the other for females. 
ИГ on the other hand emphasis is to be laid on the number of men 
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and women, main division should be done according to men and 
women and sub-divisions according to literates and illiterates. 


10. If certain things in the table are not self evident and 
require explanations, foot notes corresponding to them should be- 
attached to the table. 


Let us recall that a table with quantitative variables is usually 
called a frequency table or a frequency distribution. Frequency 
méans the number of times an item with the same characteristic 
occurs. To prepare a frequency table, the following steps are 
taken : 


(а) Arrange the raw data in ап array, i.e., in ascending or 
descending order of magnitude. 


(b) Draw three columns, the second being sufficiently bigger 
than the third. : 


(c) Write in the first column all the items one under the: 
other. 


(d) Take the given observations one by one. Corresponding. 
to each of them place a bar in the second column against the item im 
which the observation lies. These are called tally bars. 


(e) When the observations are all over, count the bars in each 
row. In the third column, place against each item the number of 
tally bars counted. These numbers are the frequencies because they: 
tell us how frequently the values belonging to a particular item lie in 
the data. — р 


(f) Figures in the first and third column taken together 
represent the frequency table, 


Note. To facilitate the counting of tally bars, it is customary 
to combine the tally bars in groups of five each by placing four bars 


in vertical position and the fifth in slanting position, cutting the 
first four. 


When the number of items themselves becomes unwieldy, 
we divide the items into groups or classes The frequency, in this. 
‘case, of a particular class is the number of times the items occur in 
thatclass. The method of preparing the table is the same as explai- 
ned above in the case of frequency table with the only exception that 
now the items of a column are to be replaced by the classes. When 
the various classes are placed against their frequencies, then this 
representation is called a grouped frequency distribution or 
simply a grouped distribution. ' 


An example will illustrate the above mentioned concepts, 


Exemple 2. Following are the marks obtained by 70 students: 
out of a maximum of 60 marks. Prepare a frequency table. as also “а 
grouped frequency table with equal class: intervals of five marks : 
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` 43, 28, 19, 25, 48, 12, 31, 47, 10, 34, 0, 47, 17, 5, 46, 0, 47, 15, 
20, 37, 0, 31, 48, 15, 37, 26, 33, 50, 5, 16, 31, 37, 26, 22, 50, 19, 10; 
50, 31, 41, 35, 30, 59, 25, 9, 13, 50, 19, 22, 32, 6, 52, 12, 20, 52, 26, 
25, 34, 8, 53, 12, 17, 22, 54, 26, 30, 57, 45, 41, 40. 


тоочу Table of Marks of 70 Students 


Marks Tally Bars Frequency 
(No. of Studets) 


N 
е 
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Marks Tally Bars Frequency 
(No. of Students) 


‚ Solution. The data in the array form (ascending order) аге: 
0, 0, 0, 5, 5, 6, 8, 9, 10, 10, 12, 12, 12, 13, 15, 15, 16, 17, 17, 
19, 19, 19, 20, 20, 22, 22, 22, 25, 25, 25, 26, 26, 26, 26, 28, 30, 30, 
31, 31, 31, 31, 3t, 32, 33, 34, 34, 35, 37, 37, 37, 40, 41, 43, 45, 46, 
47, 41, 47, 48, 48, 50, 50, 50, 50, 52, 52, 53, 54, 57, 59. 


Grouped Frequency Table of Marks of 70 students 


Marks (Class) Tally Bars Frequency 

rs ш 3 
5—10 И 5 
10—15 Ii 6 
15—20 Win 8 
20—25 Wi 2 
25—30 ШШ 8 
30—35 ИПИ! 11 
35—40 Wn c 4 
40—45 К wu 3 
45—50 Tm 7 
50—55 Win 8 
55—60 " M 2 
70 


Remarks. 1. In each class, the lower limit is included and 
‘the upper limit is excluded. 


2. The maximum marks are 60. 


STATISTICS Ї 597 


In connection with the above representation of grouped data, · 
the following terms should be noted : 


(i) Each of the groups of marks is called a class, e.g., 0—5. 
In the above representation, we have included marks between 0 and. 
under 5. Of course we can include 5 also, if we interpret it that 
way. 


(ii) Theleft hand member is called the lower limit of the 
class and the right-hand member, the upper limit of the class. Thus 
10 and 15 are the lower and upper limits respectively of the class 
10—15 (irrespective of their being included or excluded: in the 
class). 


(iii) The difference between the upper limit and the lower limit 
is called the width of the class or. the class interval. In the above 
representation, the width of the classes is same, viz., 5, but it may 
not be same in all cases. 


(iv) One-half of the sum of the upper limt and lower limit 


TE: , le., 275 is the 


is called the mid-value of the class. Thus 2 


mid-value of the class 0—5. 


In case the class intervals are given, we can prepare the -table 
as explained above. But the class intervals are usually not given- 
The following points should always be kept in view while choosing 
class intervals : | 


(a) As far as possible, the width of all classes should be: 
equal and the upper and lower limits should be integers. 


(b) The number of classes should not ordinarily exceed 20, 
because otherwise the classes themselves become unmanageable. 


‚ (c) The classes should be defined precisely, i.e., whether you 
are including or excluding the upper or the lower limit. 


Remark. Throughout the book, unless mentioned otherwise, 
we shall be including the lower limit of class and excluding the 
upper, whenever a grouped frequency distribution is tabulated im 
the above form. 


There are two other ways of presenting a table for a grouped 
frequency distribution, which are quite often used. We give below 
two examples to illustrate these. 
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Marks obtained by 43 students at an annual-examination 
е غ ع کے ع‎ шл 00000 سے‎ hg bm ыз 
Marks ` У Frequency 


310 and undgr 320 
320 and undér 330 
330.and under 340 
340 and under 350 
350 and under 360 
360 and under 370 
450 and under 460 
500 and under 510 


_ 
оО л о c 


Remark. The maximum marks for the examination are 800. 
Source. Result sheets of the Examination. 


Marks of 21 students à 
SEO CS MN 
ДОТ Marks Frequency 
500—509 3 
510—519 2 
530—539 1 
540—549 3 
550—559 443 
560—569, 1 
580—589 2 
610—619. 2 
620—629 2 
630—639 э 5512 


abi Note. The maximum marks for the above examination are 


Source. Result of the Examination. 


.. You should note the relative merits and demerits of the above- 
‘said three ways of preparing a grouped frequency table. The first 
one of these is the one most commonly used because the middle 
values turn out to be similar figures generally, e.g., if the successive 
classes аге 0—10, 10—20, 20—30, ... then the middle values of the 
classes will be 5, 15, 25,......, but had we taken the classes to be 0—9 
10—19, 20—29,...the middle values would have been 4'5, 95, 14:5,.. 


1 
| N 
| 
1 


| 
| 
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etc. If one prepares a table in the first way; then one must mention 
which of the two limits, lower or the upper, is included, whereas 
‘there is no such difficulty in the second and the third method. 


172'1. Cumulative Frequency. Before we proceed further, we 
give the idea of cumulative frequency. S 


Cumulative frequency corresponding to a particular item 
means the total of all the frequencies preceding the item in the table. 
and the frequency of the item itself. Cumulative frequency of a 
-class means the total of all the frequencies upto the class considered. 
А frequency table containing an extra column listing the various 
cumulative frequencies is known as a cumulative frequency 
distribution. An example of a Cumulative Frequency Distribution 
is given below : Жу t 


Marks Frequency Cumulative 
З Frequency 

0— 5 3 3 

5—10 5 8 
10—15 6 14 
15—20 8 22 
20—25 5 27 
25—30 8 35 
30—35 11 46 
35—40 4 50 
40—45 3 53 
45—50 7 60 
50—55 8. 68 
55—60 12 70 


LONDRES IN D c chats as xc fo e 


The cumulative frequency (C.F.) of the class 0—5isthe same’ 
-as its frequency because there is no preceding class. The С.Е. of 
the class 5—10 is the sum of the frequencies of the classes 0—5 апа. 
5—10, and is hence 34-5=8. To get the C.F. of the. class 10—15, 
. we néed only add the С.Е. of the class 5—10 and the frequency of 
“the class 10—15. Why-? ` Would the C.F. of the last class be the 
‘total frequency ? ў 


EXERCISE 17 (b) 
1. -The following marks were given to a batch of candidates : 
45, 62, 66, 43, 63, 44, 55; 58, 79, 32, 51, 56, 60, 51, 49, 25, 42, 
54, 54, 58, 70, 58, 50, 52, 38, 67, 50, 59, 48, 65, 71, 30, 46, 55, 
82, 51, 45, 53, 40, 35, 56, 70, 52, 67, 55, 57, 30, 63, 42, 74. 
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Draw a frequency table and show the cumulative frequencies- 
also in the table. 

Arrange the following data of heights in centimetres of a 
group of 31 students in the form of a cumulative frequency 
table : 

130, 135, 148, 130, 140, 148, 149, 135, 140, 135, 145, 140, 135, 
145, 145, 130, 140, 140, 146, 150, 146, 140, 145, 149, 157, 148;. 
145, 146, 148, 145, 148. 1 

Give an example of 

(a) frequency table, 

(Б) grouped frequency table, 

(c) cumulative frequency table, e 

(d) cumulative grouped frequency table. 

Can we obtain a frequency table from a grouped frequency 
table? Is the converse possible ? Illustrate your answer 
by examples. : 


The following table gives the life times of 400 tubes tested in: 
a laboratory : 


Life times of tubes tested (in days) No. of tubes 


300— 400 14 
400— 500 46 
500— 600 58 
600— 700 76 
700— 800 68 
800— 900 62 
900—1000 48 
1000—1100 22 
1100—1200 6 

400 


(a) Find the upper limit of the fifth class. 
(b) Find the lower limit of the eighth class. 
(c) Find the width of each class. 

(d) Find the frequency of the fourth class. 


(e) Find the percentage of tubes whose life times are less. 
than 600 days, 


(7) Find the percentage of tubes whose life times are greater 
than or equal to 900. 
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6, 


10. 


Make a frequency table having grades of wages with class- 
intervals of Rs. 2 each from the following data of daily wages- 
(in rupees) received by 30 employees of a certain factory : 

14, 16, 16, 14, 22, 13, 15, 24, 12, 23, 14, 20, 17, 21, 22, 18, 18,- 
19, 20, 17, 16, 15, 11, 12, 21, 20, 17, 18, 19, 23. 

The rents of 25 shops in rupees are given below. Put them: 
in the form of a frequency table with class intervals of five 
rupees : 4 

140, 160, 170, 180, 160, 170, 190, 180, 170, 180, 180, 200, 190,. 
250, 190, 190, 200, 210, 220, 280, 210, 260, 230, 240, 220. 
Find out th: cumulative frequencies also. 

The weights in grammes of 50 apples picked out at random. 
from a consignment are given as follows : 

82, 118, 80, 110, 104, 84, 106, 107, 76, 82, 109, 107, 115, 93, 
187, 95, 123, 125. 111, 92, 86, 70, 126, 68, 130, 129, 139, 119, 
115, 128, 100, 186, 84, 99, 113, 204, 111, 141, 136, 123, 90, 
115, 98, 110, 78, 90, 107, 81, 131, 75. 

Form the grouped frequency table of the above data taking 
all the classes to be of equal width, in such away that the- 
mid-value of the first class corresponds to 70 grammes. 


The following is a cumulative frequency table : 


Class Cumulative Frequency 
Below 5 4 
5—10 61i 

10—15 12 

15—20 20 

20—25 27 

25—30 29 

30—35 И: ae 

35—40 55 

40—45 60 

45—50 67 A 
50 and above 80 ۰ 


Study the table carefully and tell which of the two limits- 
(lower or upper) is included in any class. 


Prepare the grouped frequency table of the above data. 


The following is a record of weights of 70 students in Kilo-- 
grams. Tabulate the data in the form of a frequency distri-- 
табор pking the lowest class as 30—35 and the size of each: 
class as 5 : 


-602 


M1. 


d2. 


16. 
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31, 37, 47, 54, 56, 38, 39, 35, 48, 36, 44, 48, 55, 42, 43, 42; 46, 
38, 46, 46, 51, 45, 31, 45, 39, 53, 45, 43, 57, 51, 57, 36, 39, 39,0 
48, 32, 50, 41, 51, 53, 44, 45, 46, 53, 55, 38, 43, 44, 53, 54, 31, 
47, 37, 56, 58, 43, 42, 53, 49, 38, 33, 41, 52, 43, 46, 43, 39, 36, 
34, 44, 


Form an ordinary grouped frequency distribution table from 
the following daía : 


Height Number of Plants 
(in centimetres) 
Above 70 Y 2 
» 60 5 
s 450. 10 
» 40 18 
» 30 27 
» 20 40 
» 10 42 


MM : How many plants have height between 10 and 20 cm ? 
etc. ' { 


Еогт ап ordinaty grouped frequency distribution table from 
the following data 5 


Weight Number of Candidates 
(in Kilograms) 
Below 15 * AD 
» 25 15 
221185 22 
» 45 28 
»5 555 37 
» 65 42 
» 70 50 


Throw a six-faced die 40 times. After each throw, record the 
dots uppermost. Tabulate your data, . 


Throw two dice together 20 times, - After each throw, record 


the total of the dots uppermost on the two dice. Tabulate 
your data, i 


Remove all the face cards from an Ordinary deck Of cards, 
Shuflle the cards that remain, draw two cards from the deck, 
record the total of the Spots on the two cards and replace the 


cards in the deck. > Repeat this operation 30 times. Tabulate 
your data. ^ 


Take a 10-card deck consisting of the ace, 2, 3, 4, 5, 6, 7, 8, 9, 
and 10 of hearts, Shuffle the deck and then turn them face up 
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17. 


19, 


20. 


one at a time. Before each card is turned, guess what its 
denomination will be. Record the number of correct guesses. 
Repeat this 20 times. Summarize. ` 


As a class project, collect the following data on each student 

in the class and summarize the data in an appropriate way ог 

ways : 

(i) number of letters in full name ; 

(ii) age in months ; 

(iii) number of magazines and/or newspapers subscribed to ; 

(iv) number of names of States in India that the student can 
write down ; and 

(у) number of formulae that the student can write down in 
five minutes. 

Tabulate the following information : 


In a trip organized by a college, there were 80 persons, each 
of whom paid Rs 15:50 on an average. There were 60 
students each of whom paid Rs 16. Members of the teaching 
staff were charged at a higher rate. The number of servants 
was 6 (all males) and they were’ not charged anything. The 
number of ladies was 20% of the total, of which | was a lady 
staff member. 


Present the information contained in the following text in a 
suitable tabular form, giving an appropriate title : 


“The total rural population of India according to 1951 census 
is 2,948 lakhs, of which 2,404 lakhs belong to agricultural 
classes. Of the total urban population of 618 lakhs, 531 lakhs 
belong to non-agricultural classes. 


Of the rural agricultural classes, 687 lakhs are self-supporting 
persons, 1,414 lakhs are non-earning dependents and 
303 lakhs are earning dependents. The rural non-agricultural 
population comprises 544 lakhs, of which 170.]akhs are self- 
supporting persons, 326 lakhs are non-earning dependents and 
48 lakhs are earning dependents. In the urban agricultural 
classes, 23 lakhs are self-supporting, 56 lakhs are non-earning 
dependents and & lakhs are earning dependents. The urban 
non-agricultural population comprises 53! lakhs of persons, 
of whom 153 lakhs are self-supporting persons, 347 lakhs are 
non-earning dependents and 31 lakhs are earning dependents.” 


Arrange the information given in the following passage in 
tabular form giving appropriate headings : 


“After having been away from modern Olympic. Games for 
nearly forty years, USSR returned to the Olympic Games in 
1952. Represented by a large contingent, they .won 22 gold 
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medals, 35 silver medals and 19 bronze medals. In 1956, at 
the Melbourne Olympic Games, Russia turned out to be the 
top Sporting nation bagging 98 medals, 37 of which were gold 
and 29 were Silver, relegating USA to the second place. Four 


glorious moment Was, however, in 1980 when on the home- 
ground (Moscow), the Russian Participants won as many 
as 80 gold, 69 Silver and 46 bronze medals. It bycotted 
(alongwith other countries of the communist block), the 
XXII Olympic Games held at Los Angeles in 1984,” 


Quite often we wish to compare two similar Situations for a 
certain attribute. For example, we may want to know whether girls. 
Perform better than boys at a -certain examination or Whether a 
Certain brand of tea is more popular ina city than another brand 
and so on. Clearly, we shall make such a comparison on the 
basis of information’ ‘or data available to us. The Televant data 
are generally organized as а frequency table. Thus the job at hand: 
may require the comparison’ of two Similar frequency tables. For 
i 4 Tl vis-a-vis boys ata 
certain examination say A, we may have the following frequency: 


Performance of Girls at Exam, A 


Status Number of Girls 
; Pass ' 700 
Fail F 300 


Total- 1000 
Performance of Boys at Exam, A 


Status Number of Boys 
Pass 936 
Fail 1064 


Total= 2000 


It appears from the tables above that more boys (936) have 
been declared pass than girls (700) i 


EE 
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It is true that more boys have been declared pass, but then the 
mumber of boys appearing at this examination was double the number 
of girls appearing at this examination. We notice that more than 
‘two-thirds of the girls appearing at the examination passed whereas 
not even half the boys passed the examination. This means girls 
«certainly performed better than boys. Thus wee see that a comparison 
of frequencies may be quite misleading. What we should have 
compared was not the frequencies but the ratio of the frequencies to 
the total frequency. This ratio is known as the relative frequency. 
Since relative frequencies are ratios, they are generally expressed as 
a percentage. This amounts to changing the data proportionately 
assuming the tolal frequency to be 100. We reproduce the above 
tables again with a column representing the relative frequencies as 
"well. Such tables are known as relative frequency tables, 


Performance of Girls at Exam. A 
Status Number of girls Relative frequency Relative frequency 
0, 


2 as a % 
Pass : 700 *1(=700/1000) 70(="7 x 100) 
Fail 300 *3(=300/1000) 30(="3 x 100) 

Total =1000 


Performance of Boys at Exam. A 
Status Number of boys Relative frequency Relative frequency 


asa% 
Pass 936 "468 468 
Fail 1064 532 «532 


The comparison is easy now. Since the pass percentage 70 in 
«case of girls is higher than 46°8 in case of boys, the performance of 
girls is better. " 


, Example 3. Calculate the relative frequencies for the frequency 
distribution given below. Also express these relat ve frequencies as a 
percentage. | 


Classification of inhabitants of India below the age of 
25 according to 1981 Census 


Age Frequency 
0— 9 4 177,389,757 
10—14 85,674,734 
15—19 ` 64,037,433 
20—24 57,307,790 


Total =384,409,714 
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Solution The relative frequency of class 0—9 
177,389,757 4e 
= 384,409,714 б 
The above value is correct upto two decimal places and is only: 
an approximate value. To get it asa percentage, we multiply it by 
100 and get 46.. In a similar fashion, the relative frequencies of the 
other classes can be obtained. The completed table showing the- 
approximate values of relative frequencies (correct upto two decimal 
places) is given below ; У 


Classification of inhabitants of India below the age of 
25 according to 1981 Census 


Age Frequency Relative frequency hem 
S ( 
0—9 177,389,757 46 PERTINET. 
10—14 . 85,674,734 :22 22 
15—19 64,037,433 "17 17 
20—24 57,307,790 "14 14 


Total =384,409,714 


Remarks. 1. When relative frequencies are approximate- 
values, they need not add upto | as in the above example. 


number of young men in age group 20—24. Buta cursory glance at 
the second table makes this fact clear, Similarly, we can sce imme- 
diately from the second table that the ratio of persons in the age- 
groups 10—14 and 15—19 is 22: 17. This is not evident from the 
first table . Relative frequencies ате: Very usefu] when frequencies. 


3. Comparison between two frequency tables cannot be made 
unless the variables are same. In case of grouped frequency distri- 
butions, the class-intervals should tally too, 


EXERCISE 17 (c) 


Calculate all answers correct upto two decimal places. 


1. Calculate the relative frequencies of the various classes in the- 
frequency table given below and express them as a percentage :. 
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Marks : 0-9 10—19 20—29 30—39 40and above 
Frequency : 15 27 38 40 10 . 


Remark. Notice that the data have been arranged a little: 
differently here. Instead of listing the classes and the fre- 
quencies vertically in the form of columns, the same have been . 
written horizontally as rows. This is done frequently to save- 
space. 

2. The following table gives information about smokers in two- 
villages A and B. Compare the two villages as regards smokers. 
in various age-groups. 


Smokers in Villages A and B 


Age-group Village A Village B . 
0—20 ; 125 50 
21—40 365 400 

41—60 410 500 

61 and above 420 © 300 


3. The following table gives information about the milk-yield of 
she-buffaloes in two neighbouring villages. Compare the- 
villages as regards milk-yield class by class : | 


Milk-yield of buffaloes in villages А and B 


Yield per day Number of she-buffaloes 
^ (nl) Village A Village B 
Above—upto 

0— 3 25 10 
ае 50 47 
6—9 80 93 
9—12 125 218 
12—20 30 202 
Total 310 570 


` 174. GRAPHICAL REPRESENTATION OF FREQUENCY 
DISTRIBUTIONS 


As they say, a picture is worth a thousand words. So it is with 
data. · A tabular presentation of data is more useful than its word 
description. But we can do better and represent a frequency distri- 
bution by means of pictures. Representation of a frequency distri- 
bution by means‘of any kind of pictures is known as a graphical 
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representation of the distribution. We list below some advantages 
-of graphical representation of data : 


l. Itis attractive. 


2. It is effective in as much as several salient features of the 
distribution can be discerned at a glance. 


3. It makes data simple and intelligible. 
4. It facilitates comparison. : 
5. It saves time and labour. 


Graphical representation of data is universal. People in 
"business, industry, commerce, science and technology, all use various 
"types of graphical representation for data. We shall consider here 
-only two of these viz., bar diagrams and pie charts, 


17:41. Bar Diagrams 


To draw simple bar diagrams, we begin by choosing a pair of 
perpendicular lines called axes. On one of the axes, equal lengths 
„are marked, one for each class in case of quantitative variables and 
«опе for éach alternative/value of the variable in case of qualitative 
variables. This length has nothing to do with the lengths of the 
"various class-intervals which may or may not һе equal. On the 
other axis, we choose a suitable scale to represent frequencies. Оп 
seach of the lengths marked on the first axis, we erect a rectangle 
(or bar) whose height/width represents, on the chosen Scale, the 
frequency of the class (or value) represented by this particular 
length. Thus the heights/widths of the various Tectangles are pro- 
“portional to the frequencies of the various classes (or values). Let 
us represent the following frequency distribution of students in 
"various classes of a school by means of a simple bar diagram. 


Distribution of Students in a School 


Class No. of Students 
I 120 
II $ 10) 
Ы 60 
IV 30 
у 20 
Total==330 


Let us choose a horizontal axis OX and a vertical axis OY. 
“On the horizontal axis OX, let us mark five equal lenghts of 1 cm 
each corresponding to each of the five classes I to V: Let us choose 
a scale of 1 cm to represent 20 students. Thus the frequency 120 
of class I is represented by a length of 6 cm. Hence on the first . 
"length on the horizontal axis which represents class I, we erect a 
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Distribution of students in a school 


NUMBER OF STUDENTS 


SCALE : tcm = 20 


CLASSES 


Fig. 17:1. 


xectangle of leagth 6 cm. Similarly for the other classes II to V, 
rectangles of length 5, 3, 175 and | cm respectively are raised. 


Remarks. 1. The above pictorial representation is called a 
‘bar diagram because of the bar-like appearance of the rectangles, 


2. Since we chose the horizontal axis for representing classes 
„апа the vertical axis for representing frequencies, our rectangles are 
vertical. Had we chosen the vertical axis for representing classes 
.and the horizontal axis for frequencies, our bar diagram would have 
looked as shown in Fig. 17:2. 


However, by and large we choose the vertical bars instead of 
‘horizontal ones. 


3. On a different scale, the diagram given on next page 
can be taken to represent the corresponding relative frequency 
distribution. The relative frequency (26) of class I is (approximately) 
36. Thus had wə chosen the scale 1 cm —6 on the vertical axis, the 
diagram could be takea to b:thator the corresponding relative 
frequency distribution. 
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Distribution of students in a school , 


CLASSES 


0 1 2 3 4 5 6 7 


NUMBER OF STUDENTS 
SCALE ` tcm = 20 
Fig 17:2. 

4. While making a bar diagram, the following points should 
be kept in mind : 

(a) Scale should be so chosen that the diagram is neither too. 
big nor too small. The scale should. be mentioned near the axis. 
representing the frequencies. 

(b) Every diagram, like a table, should have a title. 

(c) One should use graph paper and ruler as far as possible so 
as to make the diagram as accurate as possible. 


Example 4. The relative frequency distribution of Example 3, 
with the last two classes merged in one, and its bar diagram are shown: 
on next page : 
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Аве Relative frequency (95) 
10—14 22 
15—24 31 


Classification of inhabitants of India below the age of 25. 
according to 1981 Census yd 


NUMBER OF INHABITANTS 


SCALE fcm = 10 


o` 0-9 10-14 15-24 
AGE GROUPS 


Fig. 173. 


Remarks. 1, Notice that even though the class-intervals are: 
different, yet the lengths representing the same on the horizontal 
axis are the same. 

2. Many-way tables can be represented by a single bar 
diagram. Also, where variable values or class-intervals are the 
same, a single diagram can be used to represent more than one fre- 
quency distribution as shown in Example 5 below. This facilitates 
comparison. ў 

Example 5. The relative frequency distributions of the perfor- 
mance of boys and girls considered earlier are reproduced below (in 
the form of a two-way table) and their bar diagrams are drawn in a 
single picture below : 
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Performance of boys and girls at Exam, A 


Status Relative frequency (%) 

Girls Bors 
Pass 70 46'8 
Fail i 30 532 


Solution. : 
Performance of boys and girls at Exam. A 


NUMBER OF STUDENTS 
=- on 


SCALE : 1 cm = 10 
o, 


STATUS 


fig. 174. 


To represent a many-way table or two frequency distributions 
on the same bar diagram, we erect the rectangles corresponding to 
same value/class of various variables side by side. The rectangles 
corresponding to different. variables are shaded differently, For 
example, we haye shown the rectangles corresponding to girls by 
dots and those corresponding to boys by slant lines. This scheme 
should be shown near the bar diagram, Such bar diagrams are 
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known as double bar diagrams as against the simple bar diagrams 
drawn earlier. 
17:42. Pie Charts 

Another popular pictorial device for representing relative 
frequency distributions is a pie chart. A pie chart is nothing but a 
circular region (of arbitrary radius) divided into several sectors, one 
each corresponding to various classes (or attributes) and having: 
area proportional to the frequency of the class (or attribute) it 
represents Recall that the area of a sector is proportional to the 
angle subtended by its arc at the centre of the circle, and that the 
angle at the centre ofa circle is 360°, Hence to get the angles of 
the desired sectors, we divide 360? in the proportion of the various 
relative frequencies 

Example 6. Represent the following relative frequency distri- 
bution of the budget of a municipal committee in a pie chart. 


Budget Head Relative Expenditure (%) 
Power 15 
Transport 15 
Communication 10 
Public amenities 18 
Health 12 
Salaries j 11 
Miscellaneous 19 


Solution. Sincethere are seven budget heads, our circular 
region would be divided into seven sectors. Since the relative 
frequencies ате 15, 15, 10, 18, 12, 11 and 19, the angles Ay, As, © 
A, subtended by the various sectors representing power, transport, 
......, miscellaneous are in the proportion 15:15:10: 18: 12: 11 z 


19. Note that 154-154- 104------- 7-19—100, so that 
15 Sic mate 
LA, og X360 54^, 
ZA =S54, 
L Ag=— x 360° = 36° 
3 100 TAAN 
LAT qur X 360* —64:8* —65? approx., 


АДЕ 1% X 360? —43:2*—43* approx., 


LA. JU X 360?— 39:6? —40? approx., 


\ ZA,=360°—(54°+54°+36°+65°+43°+40°), 
= 68° (=-ж X360*— 68:4? —68* approx. )- 
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"The resulting pie chart is shown below. 
Budget of 2 Municipal Committee 


Nj COMMUNICATION 


PUBLIC AMENITIES 


Fig. 17*5. " 
EXERCISE 17 (4) 
1. [Draw a bar diagram to represent the following data : 
Year 1982 1983 1984 1985 
Exports 7,805 8,803 9,770 11,855 


(crores of Rs.) $ 
2. Draw a bar diagram to represent the following data : 


Population of India 

Year Population (in crores) 
1901 50% 23:6 
1911 252 
1921 :251 
1931 279 
1941 319 

361 


1951 
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STATISTICS 
Year 1 Population (in crores) 
1961 BATEE E ken 
1971 | 548 
1981 68'5 
3. Prepare.the relative frequency distribution from the frequency 


17:5. 


distribution of Exercise 1 and represent the same by a 

(a) bar diagram, 

(Db) -pie chart. ; 

Prepare the relative frequency distribution from the’ frequency 
distribution of Exercise 2 and represent the same by a 

(a) bar diagram, . 

(b) pie chart. { 
Represent the following data by means of a double bar dia- 
gram : 


Year 1983 1984 1985 
Exports 8,803 9,770 11,855 
(Crores of Rs ) 

Imports 14,306 15,831 17,173 
(Crores of Rs.) 


Represent the following data by means of a suitable bar dia- 
gram : 
Age and Marital Status of Inhabitants of India 


Age group Unmarried Married 

0—14 134,628,189 t 1,190,313 
15—24 45,887,676 16,678,303 
25—34 7,048,269 39,561,552 
35—44 1,162,271 35,626,701 
45—54 1 665,817 26,731,640 
55—64 368,498 15,361,824 
65 and above 363,187 9,415,162 


Source: Census of India 1981. 
[Hint : Take suitable approximations.] 
SUMMARISING DATA 
We have already studied how raw data can be condensed or 


summarized in the form of a frequency table. Though better than 
raw data, frequency tables may still be a big jumble of figures from 


which it may not be possible to extract the 


desired information and 


discover the salient features or the characteristic properties of the 
. given data. It is usual to further summarise the information con- 
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tained in the data or to Tepresent tbe same by a few numerical values. 
(in case of quantitative data) which generally answer questions of 
the following type : 

(A) Which is (are), the item(s) around which data items have- 

a tendency to cluster. 

(B) How far Scattered are the various data items. 

Numerical values which summarise or Tepresent data jn this. 
manner are known as averages. An average may or may not be a 
data item, Averages are used when we have to compare two or more 
Similar types of data. Instead of comparing all the items of the- 
data Separately, we just compare their representative items and draw 
relevant conclusions. 


types of averages are best Suited for different types of data, Thus, 


features of an ideal average are listed below: 
(а) An average should be rigidly defined. 


An average should Dot be of too abstract a mathematical: 
Character. 


(c) An average should be based on all the observations. 
(d) An average should be calculable with reasonable ease and: 
rapidity. 
- (e) An average should lend itself to algebraic treatment. 
176, MEASURES OF LOCATION 


We shall first Study averages which answer questions of the 
type (A) above. These are known as averages of the first kind or 
more meaningfully, measures of centra] tendency or measures 


of location, 
177. ARITHMETIC AVERAGE 
Arithmetic average is the most commonly used average and: 


= 


Thus, if ху, Хеу » Xn be л observations (for example, x, 
P сө, » X» may be the Points obtained when we throw a six-faced. 
die n times), then 


Arithmetic average Ju bc Er unit of observation, 
2) 


58 y 
"S > *« per unit of observation, 
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Arithmetic average is also called “Arithmetic mean" and is 
Written as ‘A.M.’ in abbreviated form. Note that the arithmetic 
average is not completely specitied unless we express the unit in 
which the various data items are measured as also the units of obser-- 
vation. This is illustrated in the following example. 


Example 7. The rainfall in a city A in five successive years is: 
` 20, 30:4, 592, 181 and 42:3 centimetres, Calculate the average rain- 
Дай per year during this five-year period. 


ч КҮТ 
Solution, QM У xi cm per year, 
i21 


ORO ea 1812-423 ст. per year, 


170 
mg em. per year, 
=34 cm. per year. Ans. 
Remark, Notice that the A.M. is not a data item. 
1771. A.M. of Frequency Distributions 


In the case of frequency distributions, when the ith observa- .. 
tion x; occurs with f requency fi, ie., 


X occurs f, times, 
Nisi ya s 


Xn, fn » 5 
then since xxi... (Ге times) adds upto fixi, therefore, 


A.M.— Ла tte per unit of observation, 
tht f. 


n 
E 

= per unit of observation, (2) 
z 

on 


ple 8. The Sollowing table gives the weekly salaries of 


Exam 
persons employed in a factory, Calculate the mean weekly salary per 
person, 


Salary (in Rs) : 110 130 150 170 190 210 230 
No. of persons : 5 7 10 15 13 16 14 
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Solution. We form the following table: 


x f fixi 
110 5 550 
130 Ы 7 910 
150 10 1500 
170 15 2550 
190 13 2470 
210 16 3360 
230 14 3220 
Zf,—80 Уух 14560 
_ = fixe 
А.М.= УЛ per person, 
=Rs 11950 рег person=Rs 182 per person. Ans. 


1772. A.M. of Grouped Frequency Distributions 


When the data are given in the form of a grouped frequency 
distribution, then we first find the mid-values of the classes, and 
then apply formula (2) with x;replaced by the ith mid-value. In 
other words, the mid-values of the classes are themselves treated as 
the observations, See example 9. 1 


Remark. Please note that in case of a grouped frequency 
distribution, the formula for A.M. given above gives us only an 
approximate value of the A.M. because while computing A.M. by 
this formula, instead of taking the actual value of any observation, 
we take for it the mid-value of the class to which it belongs. 


1773. Shert-cut Method for Computing A.M. 


Sometimes when the data are complicated, we assume any 
convenient number, say a, as the provisional or working mean. Then 
the actual arithmetic mean is given by the following formula : 


n 
vaina) 
AM=( a+.) per unit of observation ·..(3) 
X 
pn " 


Proof. We easily obtain formula (3) from formula (2) by 
shifting the origin to the point with abscissa « as shown below: 


n 


IE cate о ОЕ у; == с T E 
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n n 
x fila) Z fo Z fi 
Tel i=] і=1 


= ipo 


n 
Ул X fex If 
i=l і= 1 i=! ~ 
=A,M.—a, by using (2). 
Уу (ха) 
А.М.= С ii ) per unit of observation. 
Ef 
tex] 


177-4, Step Deviation Method for Calculating A.M. 


Formula (3) is used while computing the A.M. from a fre- 
quency distribution. In case we have to compute the A.M. from a 
grouped frequency distribution with equal ‘class intervals, the 
following formula may be used 


hx "i f 
А.М.= | a+ m per unit of observation, — (4) 
Zfi 
i=l 
where a is any provisional mean, Л is the width of each class and 
: Xi—a 
Ji UNE 


‚ -x's being the mid-values of the classes. 
Example 9. Compute the mean of the following frequency 
table by (i) есі method, (ii) by short-cut method, and (iii) by step 
deviationimethod : 


Class Frequency 
5—10 К 10 
10—15 6 
15—20 4 
20—25 12 
25—30 8 
30—35 4 
35—40 2 
40—45 1 
45—50 3 
50 


620 A TEXT-BOOK OF MATHEMATICS- 


Solution. Direct Method : 


Class Mid-value Frequency 

x fs fe 
5—10 T$ 10 75:0 
10—15 12:5 · 6 75:0 
15—20 175 4 700 
20—25 22:5 12 27070 
25—30 275 8 2200 
30—35 32:5 4 1300 
35—40 3T5 2 75:0 
40—45 42°5 1 42'5 
45—50 47:5 3 142°5 

50 1100°0 

۴ _ fixe 1100 _ r 
7. АМ.= Ta C80; —22 Ans. 


Short-cut Method : 


Since 12 is the maximum frequency, therefore, let us suppose 
a= provisional mean—22'5. 


xi xima fi Silxi—a) 
(—24—22:5) 

T5 —15 10 —150 
12:5 —10 6 — 60 
175 Х —.5 4 — 20 
225 0 12 0 
275 5 8 40 
325 10 4 40 
375 15 2 30 
42:5 2055 1 20 
4T5 25 3 15 

50 —25 


| 
| 


=22'5—"5=22, Ans. 


Se P 
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Step-deviation Method : 
Let a=22'5. Also. let b—5. 


x y= f fon 
T5 $48 10 —30 
12:5 +2 6 Шо 
175 da 4 2214 
225 0 12 0 
275 1 8 8 
32:5 2 4 8 
37:5 3 2 6 
42:5 4 1 4 
475 5 3 15 
50 285 
Ў —— —— 
п 
IDEA 
A.M.=a+h i р 
XA 
11 


—22:55—:5—22. Ams. 


Note. Observe the rapidity of calculations of the step- 
«deviation method. * : 


Remark, Arithmetic average kind of tells you that if every 
data item had the same value, the sum of all the values remaining 
fixed, then every item will have the value equal to the A.M, Hence 
A.M. should be used to summarize the data when all items have 
equal importance, 

Merits of A.M. 


(a) It is very easily understandable, 
(b) It can be calculated easily. 
(c) Itlends itself to algebraic treatment, e.g., the. A.M. of 


twoor more data can be calculated from their separate 
means. 


(d) Itconsiders all the observations and gives them impor- 
tance proportional to their weights (frequencies), 
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(e) It can be calculated even when we only know the'sum of 
the observations and the number of observations and not necessarily 
the observations themselves. 

Demerits of A.M. 
(a) A.M. may not be an item in the actual observations. 


(b) The fact that it gives importance proportional to the 
frequency of each observation is sometimes harmful. For example, 
їп afactory,a manager is getting Rs 2065 and 100 labourers are 
getting Rs. 45 each as weekly salary. Then to say that the average 
weekly salary in the factory is Rs 65 per person is a very 
fallacious statement and does not represent the actual facts. 


(c) In case the data are given only qualitatively, it cannot be 
used with advantage. 


(d) It cannot bé calculated even if one of the observations is- 
missing ог іа cases where the extreme ends are open, e.g., "above 
100” or “below 50" etc. 


EXERCISE 17 (e) 
1. Following are the marks obtained by ten students : 
4, 5, 4, 6, 5, 5,6, 2, 1, 2. : 
Calculate the A.M. 


2. The monthly salaries of 10 domestic servants are given 
below in rupees : 


175, 225, 160, 130, 230, 370, 105, 185, 230 and 260. 
Find the average monthly salary per servant. 

3. Calculate the mean of the data given below : 
БӨРҮ ИЗ ФБ б. Fe 8s) 9 10 
еге 9 08.9.) 10 


4. The following tables give the heights in centimetres of persons 
living in two different families A and B. 1n which family do 
the persons seem to be taller ? 


Family A 
Height 150 142 130 60 80 100 
No. of persons: 3 1 2 1 2 1 
Family B 
Height 140 160 70 85 95 120 
No. of persons: 2 1 2 1 1 3 


5. Calculate to the nearest paisa, the mean of the following 
grouped frequency distribution by two methods : 


* à 
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Weeklv wages No. of workers 
(in Rs.) ; 
125-175 2 
17:5—22:5 22 
22°5—27'5 3 19 
27:5—32'5 14 
32:5—37:5 ji T 
37°5—42°5 4 
42:5—4T:5 6 j 
4T 5—52:5 1 
52'5—57'5 1 


Eight coins were tossed together and the number X of heads: 
resulting was observed. The operation was repeated 256 times. 
and the frequencies that were obtained for the values of X are 
Shown in the table below. Calculate {the mean number of 
heads turning up per toss. 


КАТЕ PASO PROC TROP НЕСИНЕ ДИЙ. 
TRI AE 02665897072 142132010 


The frequency distribution below gives the marks obtained by: 
188 students in a test. Obtain the arithmetic mean. 


Class Х Frequency 
2— 6 1 
6—10 9 
10—14 21 
14—18 47 
` 18—22 52 
22—26 36 
26—30 19 
30—34 Ег 3 


Show that the mean of the first л natural numbers is 3 (2+1). 
Show that the mean of the.squares of the first 7 natural 
numbers is (r+ 1)(2n4-1)/6. 


The following frequency table- was formed by a patwaree while 
finalizing his records about the land owned by farmers in his- 


locality : 
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43. 
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Land No. of farmers 

(in hectares) 

--and below 
0—1 5 
1—2 10 
2—3 x 14 
3—4 18 
4—5 25 
5—6 26 
6—7 12 
7—8 Р 4 
8—9 t 1 
9 and above 3 


Find the mean land owned per farmer. 

[Hint. Clearly, you cannot fix up the mid-value of the last 

class. Leave it and find the mean for the rest. The last class 
contains the exceptional cases and had better be ignored for a 
realistic representation of the data by means of the A.M.] 

Calculate the mean for the following frequency distribution : 
Class : 0-10 10-20 20-30 30-40 40-50 50-60 


Frequency: 3 6 8 15 10 8 

(AISSE 1987 C) 
For the following distribution, find the mean : 
Class :100-120 . 120-140 140-160 160-180 
Frequency : 10 8. 4 4 
Class : 180-200 200-220 220-240 
Frequency:. 3 1 

(AISSE 1987) 


Given the following frequency distribution, calculate the 
arithmetic mean : 
Monthly wages . Workers Monthly wages Workers. 


12:5—1T:5 2 375—425 4 
17:5—22:5 22 42:5—4T:5 6 
22:5—27:5 19 475—525 1. 
275—325 M. 52:5-5 1 
325—375 segs 

(AISSE 1983) 


The mean height of 15 students is 154 cm. It is discovered later 
on that while calculating the mean the reading 175 cm. was 
wrongly read as 145 cm. Find the correct mean height. 

i (DBSSE 1987 
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15. The avetage monthly wage of a group of 10 persons is 
Rs 1500. One member of the group, whose monthly wage is 
Rs 1300, left the group and is replaced by a new member 
whose monthly wage is Rs 1200. Find the new average 
monthly wage. (AISSE 1987 С) _ 


46. The mean height of 20 students is 155 cm. It is observed 
later on that while calculating the mean, the reading 149 cm 


was wrongly read as 189 cm. Find the correct mean. 
(AISSE 1987) 


478. MEDIAN 


„~ Like A.M., median also pertains to quantitative variables alone. 
"Suppose that the values of all the observations are arranged in ascen- 
‘ding or descending order of magnitude. Median is the value of an ob- 
servation which lies in the middle of the observations when arranged in 
-ascending or descending order of magnitude.. This means that as many 
data items have value smaller than or equalto the median value as 
have value bigger than or equal to the median value. 1f the variable 
‘has an odd number of values say т =2п+1, certainly, when arran- 
ged in the ascending or descending order, the (m+ 1)/2th or the 
«(n+ Lth- observation will meet this requirement. n data items will 
have value less than or equal to the value of the (п4-1)1һ observa- 
tion and п observations will have value greater than or equal to 
the value of the nth observation. If, however, the number of 
observations is even say 2n, then such a requirement cannot be met 
with. In this case, the mth and the (n--l)th data items can be 
thought of as lying in the middle of the data.- If we take any value 
M lying between the values of these two observations, then л data 
items will be less than or equal to M and z data items will be greater 
‘than or equal to M. Hence M may be regarded as a median of the 
given data. ر‎ 

Remark. Notice that the A.M. of the (n+1)th and the 
ath data itmes. is also а value lying between these two data 
items. It is conventional to take this A.M. as the median. 

Example 10. Calculate the median of the following obser- 
wations : a 

18, 15, 13, 11, 3, 4, 5, 9, 6, 1, 2, 10, 8. 

Solution. Arranging the items in ascending order of magni- 

stude, we get the sequence | 
1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 13, 15, 18. 


No. of observations=13. 


4. Мейјап= 13+ i th observaticn, 


=7th observation, 
=8. Ans. 
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Remarks. 1. You must carefully note the distinction between 
‘7’ and the ‘7th data item’. There are 13 data items. So the 7th item 
is the median. Hence 8, and not 7, is the median. However, if the 
data item 8 were replaced by 7, then the 7th observation would be 
7 itself and hence the median value (by chance) would also be 7. 

2. Had our list contained one more item, 100 say, then there 
would have been 14 items in all. In this case there would have been 
2 middle items, viz., the 7th and the 8th. These would have been 
8 and 9. So 8'5 would have been taken as the median value. 

Let us see now how to find the median value when the data 

- are arranged in the form of a frequency distribution. 


Example 11. Calculate the median height from. the following: 
frequency table : 
Height No. of boys 

(in centimetres) 

139 

121 

111 

123 

125 

104 

۴ 107 4 

Solution. Let us arrange the boys in ascending order of 


пашка and also form a cumulative frequency table as showm 
elow : Р 


ло ي‎ со CO 


Height (in ст) No. of boys Cumulative frequency 

. 104 S disi ыу 
107 4 9 
111 8 17, 

PS a aA HA A 21 
123 6 21 
125 ЖТ 34 і 
139: [E 40 


Recall that the ‘frequency o£:104 is 5' means that *5 datà items. 
are (have value) 104 each’. Similarly, from. the «above table we 
notice that 4 observations have value 107 each, The C.F. column 
shows that 5 data items are less than or equal to 104, 9 .data items 
are less than or equal to 107, 17. observations have value Jess than 
or equal to 111, and so on. The last entry 40 in this column shows 
that there are 40 observations in all. This is an even number, the 
middle two observations being the 20th and the 215# The table 
given above shows that 4-items, viz > 18th, 19th, 20th and 
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21st, all have value equal to 121. Thus we find that both of the 20th. 
and the 2ist observation have value 121. Hence the median height 
is 121 ст; 20 observations have value less than or equal to 121 cm. 
and 20 observations have value greater than or equal to 121 cm. 


Remark. Suppose we modify the above table so that the 
frequencies of 121 and 123 become 3 and 7 instead of 4 and 6. 
respectively. The C F. column would then contain the entries 5, 9, 
17,20, 27, 34 and 40. This would mean that the 20th observation 
would be 121 and the 21st 123. The median value would Бе 122 cm. 
now. Now 20 items are smaller than the median and 20 items are: 
bigger than the median. 


When the data are giverrin the form of a grouped frequency: 
distribution, then the first thing that we notice is that this time our 
median value, like the A.M. for grouped frequency distributions, 
can only be an approximate value. Hence when the total frequency · 
is an even integer, N say, we try to find the value (approximate of 
course) of the N/2th item and do not bother about the middle two 
items. Thus the first step consists of finding the class which contains 
the N/2th item. This is know as the median class. We now make 
the assumption that the values in any class are spread uniformly 
over that class This means that if there are 10 values ina class of 
length 1, then the difference ‘between any -two successive values is. 
0'1. This is only an assumption and the actual situation may be 
quite different; But since we have no way of knowing the actual: 
data, this assumption would do. Let us take an example to see how : 
median is calculated for a grouped frequency distribution on th 
basis of this assumption. Uu 


Example 12. Calculate the median from the following table ЗЫ; 


Percentage recovery of Sugar on Cane No. of. factories s 
COARSE ЖӨИ! O EAT ронем 
82—84 Pas ies ИФ 
8'4— 8'6^ : , o Obie suddetto 
8'6— 8'8 4 - erm rq susto 
,$8— 9'0 ; Al M 
9:0— 92 17 
$ ;9'2— 9:4 135 t 
9'4— 9'6 10 EX 
9'6— 9'8 T 
98—100. „ 6 " 
10:0—10'2 3 
10:2—10'4 1 
10°4—10°6 1 
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Solution. We first frame the cumulative frequency table : 


Percentage recoyery of No. of factories Cumulative 
Sugar on Cane frequency 
8'0— 82 2 2 
$2— 84 5 7 
84— 86 4 It 
8 6— 88 11 22 
58—90 11 33 
9:0—:92 11 44 
92— 94 13 57 
9:4—. 9:6 10 : 67 
9:6— 9:8 hiari 74 
9:8—10'0 - 6 80 
10°0—10°2 3 83 
10:2104 1 84 
10 4—10°6 1 85 


No. of observations— 85 
«^. Median observation E th observation, 


=43rd observation. 


i To determine the median-class, we have to find out the class 
to which 43rd observation belongs. Looking at the column which 
‘contains the cumulative frequencies, we observe that the first two 
observations belong to the first class; next five or 3rd to 7th belong 
‘to the second class; next four or 8th to lith observations belong to 
the third class;...; 34th to 44th observations belong to the 6th class 
ог the class 9 0—92. Thus we see that the 43rd observation belongs 
to the class 9'0—9'2 and this, therefore, is the median class. 


Now the width of the median class is 9:2—9'0, i.e., 0:2 cm. 
"There are 11 items in the median class. Of these 11, we are interes- 
ted in the 10th item, because the 43rd item from the beginning is 
the (43—33)rd item in this class, as 33 items from tbe beginning 
belong to the earlier classes. If we divide the length 0:2 cm of the 
median class into 11 equal parts, each part would be 0°2/1] cm 


long. -Hence the 10th item would be at a distance 10x 22 cm from 
the beginning of this class, i.e., from the lower limit 9'0 cm of this 


class. Hencéthe median value is 
( 904-10x 2) cm or 9:18 cm. Ans. 
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Remark. Notice that here 
9:0—1ower limit of the median class, 
10=} [the total frequency—C.F. of the class preced- 
ing the median class], 
0:2— width of the median class, and 
11=frequency of the median class. 
This suggests the following formula for calculating the median - 
value ofa grouped frequency distribution : 


Median=L,+N2-€ >р * 
median 
where L, —Lower limit of the median class, 


N=total frequency, 
C=cumulative frequency of the class preceding: 
the median class, 
median =frequency of the median class, 


h=wicth of the median class. 


The median can now bz very easily calculated by substituting 
the various symbols in the formula given above. 

To determine the median class, we have simply to divide the 
total frequencies by 2 and look out in the cumulative frequency 
column (which we have to first form if it is not already available): 
for the first number which is greater than or equal it. The class. 
corresponding to this number in the C.F. column is the median 


class. 
Uses of Median 
The median is useful in the following fields : : 
(a) for comparison of data, especially when individual values. 
are not capable of measurement. 


(b) for determining the typical or middle type-in social 
problems like wages, distribution of wealth etc., because 
half the items are below and half above it: 


Merits of median 

(a) It is very easy to calculate the median. In fact, sometimes. 
it can be found by inspection. 

(b) 1f the class intervals are open at the ends, median can be 
calculated, provided we know the corresponding frequen- 
cies only. Recall that A.M. cannot be computed in such 
cases. 


(c) Unlike arithmetic mean, it is not affected by the inclusion. 
of very large or very small items. 
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Demerits of median х 

(а) -Itis not amenable to algebraic treatment. 

(b) Like arithmetic mean, the median that we calculate may 
not be an item in the data e.g., the median of the obser- 
vations 1, 3, 5, 7, 9, 10 can be taken as 6, but it is none 
of the actual observations. 

(c) Sometimes when the items near the central item vary very 
slowly, the median is usually indeterminate. 

(d) It does not give equal importance to all the items. It 
actually recognises the place where the items are put. 

EXERCISE 17 ( f) 

Calculate ull answers correct to two decimal places. 

1. Following are the marks obtained by a class. Determine the 
median marks : 

180, 140, 130, 123, 215, 211, 220, 80, 105, 189, 220, 165, 149, 

127, 78, 55, 46, 20, 120, 160, 97, 163, 183, 203, 133, 152, 62, 

77, 111, 99, 110. 

2. Calculate the median of the following figures : 
100, 109, 117, 106, 76, 101, 109, 118, 110, 101, 109, 118, 140, 

81, 86, 101. 110, 119, 86, 8, 89, 90, 91,94, 95, 96, 99, 97, 100, 

102, 111, 120, 104, 112, 121, 104, 104, 105, 113, 113, 122, 123, 
114, 124, 106, 114, 125, 107, 108, 115, 128, 116, 117, 108, 134, 
129. s 

3. Calculate the median of the following data : 

Wuriable 341,2 7.35 4 5. 6. EE 8 19:730 
Frequency: 10.2 53. 4 5. 6 7 8. 9. 10 
4. “Find the median of the following distribution : 
We 8 50716 10 9 4 7 

y: 6 4 5 8 9 eA 

x Є (DBSSE 1987) 
5. The weights (in kilogram) of 15 students are as follows : 
31, 35, 27, 29, 32, 43, 37, 41, 34, 28, 36, 44, 45, 42, 30. 
Find the median. If the weight 44 kg is replaced by 45 kg and 
27 kg by 25 kg, find the new median. 
(DBSSE 1987 C) 
6. Тһе daily earnings of 10 workers in a factory аге: 
16, 8,19, 7, 12, 6, 13, 14, 16, 17. 
Find the median earning. (AISSE 979) 
7. The marks obtained by 12 students out of 50 are : 
25, 24, 23, 32, 40, 27, 30, 25, 20, 10,15, 45. 
Find the median score. (AISSE 1979 C 
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8. The following table gives the number of famiies residing in 
different rent class houses. Find the average rent paid bya 
family by computing the median. 


Monthly Rent No. of families 
(in Rs.) j 

Less than Rs 45 2 192 
45—50 à 147 
50—55 70 
‚ 55—60 27 
60—70 29 
70—80 9 
80—90 3 
90—110 4 
110—150 3 
150 and above 1 


9. The yields of grain (x kg) from 500 small plots are grouped 
into classes witha common class interval (0°2 kg) in the table 
below, the ‘values of x given being the mid-values of the 
classes. Show that the mean of the distribution is 3:95 kg and 
the median is also 3°95 kg 


x f x Rf 
28 4 42 69 
30 15 44 59 
3:2 20 4'6 35 
34 47 48 I0 
36 63 5'0 8 
38 78 52 4 
40 88 

10. Find the median for the following : 
Marks No. of Students 
Below 10 >- 15 
» 20 35 
$5430 60 
ow 40 84 
12.50 ‚96 
й 60 127 
gerbes IO, 198 
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ll. Find the median for the following : 


Marks No. of students 
0—4 10 
4—8 12 
8—12 18 
12—14 7 
14—18 5 
18—20 8 
20—25 4 
25 and above ‚6 


70 


12. The scores ona reading comprehension test of 1000 students: 
are given below : 


` Scores Frequency Scores Frequency 
(out of 75) (out of 75) 
0— 5 Sors 25—30 250 
SO ge 12 + 30—35 185 
10—15 50.90 35—40 110 
15—20 120 40—45 32: 
20—25 225 45—50 10 
Find the median score. (AISSE 1979). 


17 9. MEASURES OF DISPERSION 


The measures of location studied already can be regarded as. 
representatives of the data but they co not tellus anything about 
the spread, scatteredness or variability of the data. We can easily 
construct examples of data whose variations are different, but for 
Which the means are the same. Consider forexample the following 
data representing the marks obtained in a paper out of a maximum. 
of 20 marks by two sections of the same class : 


1, 2, 3, 4, 6,7, 8, 10, 19, 20 
and 4, 5,5, 7, 8, 8, 9, 10, 11, 13. 


The arithmetic means of both the data are same, viz. 8, but. 
there is a wide difference in the formation of the above data. The 
first data start from 1 and end at 20 whereas the second data start 
from 3 and end at 13 only. This, in other words, means that the 
first section has students who are dull and some bright students also, 
whereas the students in the second section are almost average 
students. Such a variation in data is called dispersion. Measures of 
dispersion are also known as the averages of the second kind. 
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We generally study variation. or dispersion relative to a 
measure of location. Thus we may be interested in knowing how” 
the data items are dispersed about the mean or about the median. In 
this section, we shall study one measure viz., standard deviation, 
which measures dispersion about the A.M. and one measure known 
as the mean deviation about the median which measures dispersion: 


about the median. : 


1710. MEAN DEVIATION ABOUT THE MEDIAN 

Mean deviation about the median is definedas the arith- 
metic mean of the absolute deviations of the values of the various- ' 
Observations from their median. Notice that the sum of the devia- 
tions of the values of the observations from their A.M. is always. 
zero. Absclute deviation means taking the positive difference or the 
absolute value of the difference. 

Thus, if the observation with value x, occurs with frequency” 
f; and M is the median of this frequency distribution, then 

Mean deviation from the median ) 

Dfl x—M | 
mmo qe 

The notation | x;— M | means that x,—M is always to be 
considered as positive, i e., the sign of xi—M is not to be considered. 

Example 13. Calculate the mean deviation from the median of” 
the following distribution z 

Class 0—10 10—20 20—30 30—40 40—50 

Frequency: 10 12 25 19 8 

Solution. To calculate the mean deviation from the median,. 
we first have to calculate the median. We thus have 


Class Frequency —f Cumulative frequency 
0—10 10 710 
10—20 12 - 22 
20—30 25 47 
30—40 19 66 
40—50 8 74 


Here, N=74, N/2=37. The number in the C.F. column which 
is just greater than 37 is 47. Hence the median class is 20—30. 
37—22 
25 
To calculate the mean deviation, we have io calculate xv—26 
for various values of xv. Hence we frame the following table : 


x10—26. 


Median=20+ 
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x ft 0—26 J| х—26 | 

5 10 —21 210 

15 12 —11 132 

25 25 2i 25 

35 19 9 171 

45 8 19. — 152 

E 690 


1.11 Efel xrm26 | 690 
. Mean deviation= i =a’ 


} —9'32. Ans. 
EXERCISE 17 (g) 


1. Calculate the mean deviation from the median of : 
2354, 2780, 3011, 3020, 3541, 4150, 5000. 

2. Calculate the mean deviation from the median : 
x3 20*t pe 3579» weg qug ТОРИНО, 
TIS ELO 2L. 10 14.8 4 24] 292 8 wake 

3. . Calculate the mean deviation from the median of the following 


distribution : 
Class : 0—10 10—20 20—30 30—40 40—50 
Frequency 4 5 8 15 16 6 
4. alate the mean deviation from the median of the following 
ata: ` 
Class Frequency 
0—5 ` 449 
5—10 705 
10—15 : 507 
15—20 281 
20—25 109 
25—30 52. 
30—35 16 


35—40 . 4 
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5. Calculate the mean deviation from the median : 


Class Frequency 
15—16 0 
16—17 1 
17—18 3 
18—19 8 
19—20 12 
20—21 i4 
21—22 14 
22—23 5 
23—24 2 
24—25 3 
25—26 1 
26—27 0 
21—28 1 


1711. STANDARD DEVIATION 
The mean deviation has the drawback that the signs of the 
deviations are discarded artificially. No rigid justification can be 
given for the dropping ofthe signs. Standard deviation, the most 
powerful measure of dispersion, avoids this artificiality by first 
squaring the deviations (só that negative deviations also become 
positive) and afterward taking the square root. 
Thus, if xi occurs with frequency fi, then 
| foa» 
Standard deviations (Deo y y = = 
ndard deviation N I 
i 
where x is the mean of the data. 
S D. is usually denoted by the greek letter с. 
Remarks. 1. Unlike mean deviation. S.D. is calculated from 
the mean. я 
2. The square of S.D. is called variance. 
17111. Short-cut Method to Calculate S.D. 


In almost all cases, since the mean is usually in decimals, to h 
avoid cumbersome calculations we assume any number 4, arbitrarily 
chosen, as the mean and apply the following formula to calculate 


the S.D. f 
5р.= N [s ioco sr оло] 
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This number a is usu. 


ally chosen as the value corresponding to 
maximum frequency. 


Remarks. 1. The above formula can be proved as follows : 
Efxi- xe XfifG,—a)— (3 ay, 


— Efi —ay— 2(s—a)Efixi—a)-- (s — yf, ...(i). 
1 
Also, phia) fix af 6 
To= хл rah, 
=F OE © 
zf «Qxi—a)) 


ы үрүү 
— TNR] 


So that FOE petat (її) 
г 
Substit 


uting the above value ofx—a in the right- 


у hand side 
of (i), we have 


2f —a) (Xf—a)* 
t= у= fitxa) А 1 


>r ,ا‎ 
Nf, f, 
x i 
{ fila) 
SE ay whi 


А 1 
диер | (fi, —x)*) 
Therefore, S.D.— M : > Уд , 


=a/ { 3" 5/йш—аў—( x Xfixc- o) у} 


2. Taking a—0 in the above formula, we also have 


i =s 
S.D.— A/ зае } 
' i 
since PfoulEfi- AM. = я, 


17112. Coefficient of Variation 


Sometimes we are required to com 
data; For this, we define 


pare the consistency of two 
of variation by the follo 


a dimensionless number called coefficient 
wing formula : 
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S.D. 
Mean 
and say that lesser the coefficient of variation, mon more consistent 
are the data. 

Thus to compare the consistency of two data, we calculate 
their coefficients of variation and say that the data with lesser coeffi- 
cient of variation are more consistent. 

Example 14. Calculate the S.D. and the coefficient of variation 

from the following table: 


C. V. Coefficient of variation 100 x 


Class Frequency 
1— 5 7 
6—10 10 
11—15 16 
16—20 : 32 
21—25 24 
26—30 18 
31—35 10 
36—40 5 
41—45 1 
Solution. Weframethe table as follows to calculate the 
mean : V» 
Class x=mid-value S=frequency ft. 
1—5 3 7 
6—10 8 10 80 
11—15 13 16 208 
16—20 18 32 576 
21—25 23 24 552 
26—30 28 18 504 
31—35 33 10 330 
36—40 38 5 190 
41—45 ; 43 1 43 
123 2504 
; 2350 _ 49: 
ae A.M. 123 20°36 (approx.) 


Now we suppose that "viai mean=18, Thus we have 
the following table : 
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3 f ЕЗ OES /(х—18* 
3 7 2—15 —105 1575 
8 10 —10 —100 1000 
13 16 ә —80 400 
18 321at 0 0 : 0 
23 24 5 120 600 
28 18 10 180 1800 
33- 10 15 150 2250 
38 5 20 100 2000 
43 1 25 25 625 
123 290 10250 
2 

Now, sD=a/[s #Лх—1зл—{у- 1х1) | l 


1 1 Е 

-A i x 10250 (3. x290) з 
1 Баа ae 
سے‎ = 2 
=793V 10250x 123—(290,2, 


l ne 
—3v 1196650 , 


=$°82 approx. Ans. 
S.D. 
Mean * 


Coefficient of variation = 100 x 
8:82 " 
=100 Хх зе =43°32. Ans. · 
EXERCISE 17 (h) 
1. Calculate the standard deviation of 60, €0, 61, 62, 63, 63, 63,. 
64, 64, 70, А 
. 2. Calculate the S.D. of : 
x: 9109 120014: 16.18 220. 22 "470696 
f: 64 100 144 196 256 .324 400 484 576 676 
3. Calculate the standard deviation of the following values of the 
world'sannual gold output (in millions of pounds) of 19: 
different years : Nc CR MONT aS 
94, 95, 96, 93, 87, 79, 73, 69, 68,.78, 82, 89, 95, .103,..108,. 
117, 130, 97. 3 
4. . Four students get the following marks :. 


G) 1st student gets 5 marks ;3 
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(ii) 2nd student gets 7 marks ; 

(iii) 3rd student gets 9 marks ; 

(iv) 4th student gets 11 marks. 

Find the standard deviation. 

Calculate the standard deviation for the following frequency- 


distribution : 
Class 0—4 4—8 8—12 12—16 


Frequency : 4 8 2 1 
6. Find the S.D. and the coefficient of variation from the follow- 
ing table, giving the wages of 130 persons : : 
Wages (in Rs) No. of persons 


70—80 12 
80—90 18 
90—-100 35 
100—110 4 42 
110—120 50 
120—130 45 
130—140 20 
í 140—150 8 
7. Calculate the standard deviation for the following table : 
Wages (in years) No. of members: 
20—30 `3 
30—40 ў 61 
40—50, 132 
50—60 153 
60—70 140 
70—80 51 
80—90 2 


8. The scores of two golfers, A and B, for 10 rounds each аге: 
A: 58 59 60 54 65, 66 52 75. 69.52 
B:'s3. 56 92 65. 86 78 ^44 ^54 78 6 
Which player may be regarded as more consistent ? Why ? 

‚ Find the mean and the standard deviation for the following: 


А data : ? 
Age (years): i «No. of teachers “` 

25—30 30° 20120048 
30—35 Зла v 
35—40 20 
40—45 " 14 
45—50 10 
50—55 


(DBSSE, 1985). 


-640 A TEXT-BOOK OF MATHEMATICS 


10. Find the mean and standard deviation for the following set of 


Observations : 
Observation: 9:7 9:8 9:9 100 101 10:2 
frequency : 2 3 4 6 4 1 


(Roorkee Entrance 1980) 


41. ‘Calculate the mean and Standard deviation for the following 
distribution : 


Class Interval . Frequency 
0—4 z 
4—8 AA 
8—12 8 
12—16 16 
16—20 14 
20—24 10 
24—28 8 
28—32 3 


(AISSE 1984 C) 
32. Find the mean and S.D. for the following distribution : 


Marks і No. of students ` 
5—10 5% 
10—15 6 
15—20 15 
20—25 10 
25—30 3 
30—35 P rra 
35—40 2 
40—45 2 
(AISSE 1985) 
43. Find the mean and the S.D. of the following distribution : 
Class interval : 30—40 40—50 50—60 60—70 .70--80 
Frequency — : 12 19 28 25 16 
à х (DBSSE 1958 C) 
44. Find the mean and the standard deviation of marks of 20 
students as given below : 


Class Interval 


Frequency 
0—10 2 $ 
11—20 3 
21—30 10 


31—40 19 


| 
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15. 


16. 


17. 


Class Interval (S Frequency 
41—50 Я 30 
51—60 47 
61—70 54 
71—80 28 
81—90 4 5 
91—100 2 


(Roorkee Entrance 1981) 


The fóllowing frequency table gives the ages of a' group of 50 
children invited' to a birthday party. Find the mean and 
standard deviation of the distribution. 


Age (Classes): 5—7 .7—9 9—11 11—13 13—15 
Frequency EG 13 10 6. 5,5 
\ "IT, JEE 1978) 


Calculate the mean, median and standard deviation of the 
following distribution : 


Age (in years) Number of Marks 
20—30 à 3 Е 
30—40 61 
40—50 132 
50—60 153 
60—70 140 
70-80 5l oh 
. 80—90 З 2 
(DBSSE 1984) 


The following data give the distribution of wages of 230 
persons. Calculate the mean and the standard deviation for 


the distribution : 


Wages of rupees No. of persons 
70—80 3 {212 
80—90 18 
90—100 35 

100—110 42. 
110—120 50 
120—130 45 
130—140 20 
140—150 8 


(AISSE 1988) 
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18. Find the mean and thestandard deviation of the following: 
distribution : 


Class interval Frequency 
5—15 15 
15—25 у 15 
25—35 23 
35—45 22 
45—55 25 
55—65 10 
65—75 ; 5 
75—85 10 1 
TS (DBSSE 1986) 
19. сша the mean and standard deviation of the following, 
ata : 
Interval Frequency 
` 10—15 7i 
18-2087 à 8 
20—25 6 
25—30 ` 7 14 
30—-35 20 
35—40 15 
`40—45 11 


45—50 10 Md 
; (AISSE 1987 C). 


20. Ina study on patients, the following data were Obtained. Find. 
the standard deviation of the data. i 


Age (in years) л Number of cases 
10—19 1 
20—29 0 
30—39 1 
40—49. 10 
50—59 DT 
60—69 38 
70—79 ' 9 

80—89 3 à 

| (AISSE 1979). 


TEST YOUR UNDERSTAN DING XVII 


1. The sum ofall the relative frequencies in a relati У 
distribution must be е мз у 


` (a) -greater than 1 
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10. 


(b) equal {031 
(c) equal to zero 
(d) greater than zero. 


The middle aspect of a data are best described by 
(a) A.M. and S.D. j 

(b) A.M. and mean deviation 

(c) A.M. and median 

(d) S.D. and mean deviation. 


The variability or spread of a data is best described by 
(а) A.M. and median 

(b) A.M. and S.D. 

(c) Averages of the first kind 

(d) Averages of the second kind. 


Averages cannot be calculated for 

(a) Quantitative data 

(b) Qualitative data 

(c) Any grouped frequency distribution 

(d) Any frequency distribution. 

The sum of all the values of a variable is 350. The A.M. is 7. 
The total number of data items is SI 
(a) 350X7 (6) 350—7. (с) 350—7 ` (d) 3504-7. 
The A M. of ten observations is 5. One observation is Tep- 
laced by 16. The new data have an A.M. equal to 6. The 
observation replaced by 16 was : 

(a) 1 (D6 ~ (c) 10 (d) 16. 

Each observation in a data has its value increased by 10: 

(a) The A.M. changes but not the S D. 

(b) The S.D. changes but not the A.M. 

(c) Neither of A.M and S.D. changes 

(d) Both of A.M. and S.D. change. 


Which of the following cannot be negative ? 


а) A.M. (b) Median (c) Mean deviation (4) C.V. 


For the data items 2,3, 5, 10 and- 20, the value 5 is the 
(2) A.M. (b) S.D. (c) Median (а) Mean deviation. 


For the data 10°, 2102,31, 416, which of the following must be 
a data item ? 


(а) A.M. (6) Median (с) S.D. (d) Mean deviation. .- 
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REVIEW EXERCISE XVII 
4. Comment: 
(a) Annual time-schedule of a student 


No. of days ‚ Spent as 
122 Sleeping (8 / per дау). 
52 Sunday holidays 
60 Summer vacations 
10 Dussehra break 
7 X-mass holidays 
20 Other holidays 
40 Eating/bathing/dressing ` up etc. 
20 Examinations 
331. Total 


Hence the student goes to school on 365—331—34 days only 
in a year. 


Xb) More people were killed in rail accidents in the year 1979 


than in 1929. Hence railway travel was safer in 1929 
than in 1979. 


(c) Only 195 of people using brand A of tooth-paste have 
gum-troubles ; hence brand A is good for gums. 
(d) Over a one year period, it was observed that 98% of the 
cars which got involved in road accidents, were being 
` driven by men and only 2% by women. Hence women 
are better car drivers than men. 


(е) A statistician was to cross a stream with his family inclu- 
ding two young children. The statistician tells his 
wife that since the average depth of the stream is less 
than the average height of their family, therefore, it is 
n for each member of the family to crcss the stream on 

oot. 


2. Adieisthrown 120 times and the results tabulated below. 
Find the mean and median scores : 
Score LAM 2 3 4 5 6 
Frequency: 22 19 16 21 18 24 

3. Ina quality control test, the time to the nearest minute for 
which 100 candles of a certain type burned is given below: 
Time (in minutes) : 460—464 465—469 470—474 475—479 
No. of candles : ^1 6 14 25 
Time (in minutes): 480—484 485—489 490—494 495—499 
No. of candles : `8 18 6 2 
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Find the mean and median to the nearest minute. 

4. The masses in grammes of 10 packets of sugar are found to be 
1002, 1001, 1003, 999, 1004, 1002, 1001, 1000, 1001, 1003. 
Find the mean mass per packet and the standard deviation. 

5. A book is checked for printing mistakes and the mistakes 
found per page are recorded below : 

No. of mistakes: 0 1 2 3 4 5 6 
No. of pages - : 23 36 17 10 3 2 1 
Find the mean per page and the standard deviation of the 
number of mistakes. 

6. Calculate the relative frequencies of the frequency distribution 
in Exercise 5above correct upto two decimal places and express 
them as percentages, Is the sum of these 100? If not, why 
not? 

7. Draw a bar diagram for the frequency distribution of Exercise: 

3 above. 

Make а.ріе chart for the data of Exercise 5 above. 

9. Express the data of Exercise 2 above in the form of a grouped 
frequency distribution of class-width 2 each, Calculate the 
mean and median of this new distribution. Do these values , 
represent the data better or the values computed earlier ? 

10. Writea short note on the utility and limitations of graphical 

representation of data. д 
11. Find the mean, median and mode from the following table : 


99 


Class interval Frequency 
0— 7 19 
7—14 : 25 

14—21 31 
21—28 72 
28—35 51 
35—42 43 
42—49 . 28 


(ПТ, ТЕЕ 1978) 
12. Calculate the mean, median and variance of the following. 


data : б > 
Height (in ст) Number of Children 
95-105 5. ent 19 
105—115 (23 
115—125 Х 36 
125—135 s 70 
` 135—145 52 


(AISSE 1981 C) 
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13. Calculate the mean, median and variance from the following 
data : 


Height (in cm) Мо. of students Height (in ст) No. of students 
3 


136—140 156—160 27 
140—144 8 160—164 `20 
144—148 еч 164—168 9 
148—152 19 168—172 2 4 
152—156 35 (AISSE 1982) 


14. Calculate the mean, median and standard deviation for the 
following data : E 


Height (in em): No. of boys Height (in cm) ^ No, of boys 


135—140 4 155—160 ^24 
140—145 9 160—165 . 10 
145—150 -.. 118 165—170 5 
150—155 28 170—175 2 і 
(AISSE 1982) 
15.. Find the mean, median and standard deviation for the follow- 
«+ ing data ; | 
Class Interval `1 Frequency 
10—20 3 
20—30 1 
30—40 1 
40—50 8 
50—60 17 
60—70 38 
70—80 9 
80—90 3 


(AISSE 1985 C) ` 


16. Calculate the mean, median and standard deviation for the 
following data : 


Weekly wages (in Rs). Number of workers 
20— 40 8 
40— 60 12 
60— 80 . 20 
80—100: 30 
100—120 40 
120—140 35 
140—160 18 
160—180 7 
180—200 3 


(AISSE 1983 C) 


di 
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18. 


19. 


`20. 


Calculate the mean, median and standard deviation of the 
following distribution : 


Age in years Number of Marks 
20—30 3 
30—40 i ` 61 
40—50 132 
50—60 > 153 
60—70 140 
70—80 51 
80—90 2 
(DBSSE 1984) 


Calculate the mean, median and standard deviation of the 


following distribution : i 


Class Interval . Frequency Class Interval Frequency 


20—40 6 120—140 15 
40—60 9 140—160 16 
60—80 11 160—180 8 
80—100 14 180—200 Я, 
100—120 l (DBSSE 1982) 


On testing similar rods in the laboratory, breaking loads are 
found to be as follows. Find the mean and S.D, of the loads. 


` Class interval of 2'5 kg may be taken. 


664 678 780. 748 652 564 602 656 
69'0 6r2 666 6T4....662 728 102 690 
632 724 678 70:0 722 690 664 706 


640 — 708 750 72:2 68:6 | 692. 690 7972 


626 598 70'2 604. 710 `74'0 744 «698 
(Roorkee Entrance 1982) 
In a study to test the effectiveness of a new variety of seeds, 
an expriment was performed with 50 experimental fields and 
the following results of yield per hectare (in quintals) were 
obtained: ` S 


Yield No. of Fields Yields Мо. оў Fields 
31—35 2" 51—55 16 
36—40 3 56—60 5 
41—45 8 61—65 2 


46—50 12 66—70 2 
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Find the Mean, Deviation from the Mean and Standard: 
Deviation. (DBSSE 1981) 


SUMMARY 


1. Quantitative Variable: A variable which can be measured and takes 
numerical values, 


2. Qualitative Variable : A variable which cannot be measured. 


3. Frequency distribution : Collection of various discrete values of a variable 
together with the corresponding frequencies, 


4. Frequency table: Tabular from of a frequency distribution. 


5. Grouped frequency distribution : Frequency distribution of a quantitative 
variable when frequencies are assigned to various classes of possible values 
of the variable. 

6. Relative frequency: Frequency divided by the total frequency. 

7. Measures of location/Measures of central tendency/Averages of the first 
kind: ltem of the data around which other items have а tendency 10: 
cluster, 


8. Arithmetic Mean : A.M. ex Xxn, 


-fxlXf, 
i i 


=а+ Z fiaa fi, а arbitrary constant, 


eH ( mee Je h class-length, 
Li 
9. Median: Middle observation, when Observations have been arran; 
in descending or ascending order, For a grouped frequency distribution, 
Median=L,= 0N/2—C , 


median 


10, Measures of dispersion/Averages of the second kind: Measures which. 
specify the variability or spread or Scatteredness of data, 


11. Меап deviation or average deviation about the median M : 
25 [nM | Xf. 


12. Standard deviation : e-SD-- (sn? 
==, 


dx хло ( I e—a) Jej 


a arbitrar ; . iF 
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i 
13. Variance: Square of the standard deviation. 
14. Coefficient of variation: 100xS.D./Mean. 


HISTORICAL NOTE AND CURRENT STATUS 


Once a king asked his wise minister—'*What is fear and what is surprise ?” 
— The minister answered that fear is nothing but a form of ignorance and! 
surprise is nothing but a form of non-understanding. Whether or not there is 
truth in what the minister said, you will soon verify the validity of at least the 
latter half of his statement in case of Statistics. Do you know that Statistics was 
called Political Science in the nineteenth century ? Today the terms Statistics 
and Political Science characterize altogether different concepis but the 1840* 
edition of Penny Cyclopedia defines Statistics as that department of Political | 
Science which is concerned in collecting and arranging facts illustrative of the 
condition and resources of a State. This definition of Statistics would not 
seem to be surprizing if we appreciate the fact that around that time the role of 
the subject was limited to passive calculation and compilation of tables of a. 
government’s empirical data, and tha’ it isa rather recent matter that Statistics 
has permeated through other spheres of human activity, In fact, Statistics has. 
become a way of life today. 


. Weather reports are all based on Statistics. Information about wages, 
prices, stocks etc., are all based on Statistics. Businessmen and industrialists. 
study such information carefully and decide what to buyandsell, and what to 
manufacture and store etc. Educationists use statistics to judge the effectiveness 
of various teaching devices. Doctors studying fnedicine use statistics to deter- 
mine the effectiveness of new drugs. Agriculturists use statistics in studying” 
the effects of various fértilizers on crops. Governments use statistics to know 
the amount of taxes to be expected etc. Economists use statistics to determine 
the optimal costs and productions, Surveys are used to determine the trend of 
voters or fashions even. There is hardly а circle of life to which the line of 
statistics is neither a secant nor a tangent. In other words, statistics pervades 
every sphere of our life. я 


oO: 


JOHN VON NEUMANN (1903-1957) 

Jolin Von Neumann, one of the greatest mathematicians of the twentieth 
"century, was born in Budapest in 1903, From his early youth he exhibited 
markable talent in mathematics, physics, chemistry and engineering, After 
obtaining a degree in Chemical Engineering in 1923, he spent the early part of 


e was. professor of mathematics at 
in Princeton, U.S.A. 


5 s of the computer age, He Played 
a central role in the design of Some of the first U.S, electronic computers and in 
‘the development of Programming techniques, 3 
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CHAPTER 18 


Linear Programming 


181. LINEAR INEQUATIONS 


Recall that an equality between two algebraic expressions 
(including at least one variable), if satisfied by some values of the 
variable but not all, is said to be an equation. We get an inequation, 
if we have an inequality (<, <, > or >) instead of the equality. 
Thus 25 3, 5x—7.20, 6x--y—5 <9 are all inequations. An 
inequation is said to be linear, if the various terms containing the 
variables are of degree one, 


A linear inequation in the single variable x can always be 

written as 
x<axQa,x>aorx>a, 

a being a real number. The solution-set of an inequatiom in x is 
the set of those values of x which makeittrue. Recall that unlike ¢ 
a linear equation, the solution-set of a linear inequation is always an 
infinite set. We can graph the solution-set on the number line 
easily. { М ; 
"XHMustrations. The bold portions show the solution-sets of 
the inequations on the left. An empty circle at the end shows that 
the point is not included in the solution-set.. 


«obse 1 2 
xX < 2 Pets чат оона СОСЫН ПАЙ 
еты 2] 1 2 


Fig. 18:1. 


Thefollowing operations on inequations produce equivalent 
inequations : 
i. "Addition (or subtraction) ofa real number to both sides 
of an inequation. À 
2. Multiplication (or division) by a positive real number. — . 
3. Multiplication (or division) by a negative real number 
with the inequality sign reversed. 
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4. Collecting апа combining like terms on either side. 


S Removing/inserting brackets on either side according to 
rules obeyed by these operations, 


Illustrations 
(a) x<2 and x+3<5 are equivalent inequations, ie., 
X«2«x--3- 5. 
(b) х>—5=х—2 2-7. 
(с) 3x93. 
(d) х<65х< 30. 
(е) x» —2%—2х<4. 
Cf 0—3) 5 2x25. 
Example 1. Solve the inequation 3x-- 5 X9. 
Solution, 3x+5<x—9, 
=3х-Ь5—5<х— 9—5, 
=3х<х—14; 
+3Х—х<х— 14—x, 
2x<—14, 
-X«—7. 4 
Thus the Solütion-set is the Set of all real numbers less than 


182. LINEAR INEQUATIONS IN TWO VARIABLES 


Typical linear inequations in two variables x and Уу are of the 
form 


ax+by<e, ах+ђу<е, ax+by>c or ах+ђу>с etc. 


А The points (x, J)for which the inequation is true, constitute 
its solution-set. j 


For example, (2, 2) is a Point in the solution-set of 2х+3у<42. 


parts. [bold Corresponding to ihe Solution-set and the rest], so an 
Inequation in two variables divides the Cartesian plane into two 
Portions ; points Corresponding to the Solution-set, and the rest, 


1821. Graphing the solution-set of a Linear Inequation in 
Two Variables 


plane. Therefore, to graph an inequation ax+by<c etc., we adopt 
the following Procedure : 
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Step 1. Replace the inequality sign by equality and plot the 
resulting line. In case of the strict inequalities < and >, draw the 
line dotted, In case of < and >, draw the line thick. (This divides 
the plane in two portions.) 


Step 2. Choose a point [if possible (0, 0)] not lying on the 
dividing line. Substitute its co-ordinates in the inequation. If the 
resulting inequality is correct, shade the portion of the plane which 
contains the chosen point. In the other event, shade the portion 
which does not contain the chosen point. 


The shaded portion represents the solution-set. The dotted 
line is not a part of the shaded region ; the thick line is 1, 


Example 2. Graph the (solution-set of ) inequation 
x4y—120. { 
Solution, Step І. We first plot the dividing line х+у—1=0, 


which has been obtained from the inequation by replacing ‘>’ by 
‘=’, Now 


x4y-120 = 24251, 


showing that this lin; cuts offintercepts 1 and 1 on the axes, or 
that it meets the axes in the points, (1, 0) and (0, 1). We plot the 
line through these points. Since the inequality is weak, we draw 
the line thick. 


Fig. 18:2. 


Step 2. Choose (0,0) as the test-point. Putting x=0=y in | 
1he given inequation, we get 
0+0-—1>0, 
which is false. Hence we shade the portion which does not contain 
the origin. 
Every point in the shaded part and every point on the border 
line is in the solution-set and makes the inequality a true statement. 
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18:3. SYSTEM OF LINEAR INEQUATIONS IN TWO 
VARIABLES (SIMULTANEOUS INEQUATIONS) 


A system of linear inequations or Simultaneous inequations can. 


simultaneously, This amounts to identifying that region of the plane 
which is included in all the Portions corresponding to the solution- 
Sets of the various inequations, Oh yes ! there might not be any 
point common to all the Tegions. For example, consider xty>5 
and x+y<4. There cannot be any point (x, y) for which x+y is. 
simultaneously greater than 5 and less than.4. JA Such cases, the 
Solution-set is nothing but the empty set, 


Exam, Т, 
х20, y 20, and x+y< 


Solution. Fig, 18-3 (а), 18°3 (b) and 183 (c) show the 
solution-sets (shaded regions) of the given inequations, 


Fig. 18:3 (a). 
x20 


Fig, 18:3 (b), 


y20 x+y<2 

The common region when all 
three graphs are superimposed in 
One graph turns out to be the trian- 
gular region OBC (Fig. 18:4), the 
boundary lines being . part. of the 
region. i 


Fig. 184, 
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EXERCISE 18 (a) 
1. Graph the solution-sets of the following inequations : 


(а) х+у>3. (b x—y<2. ` 
(c) 2x+y> 1. (d) 2x—3y«4. 
(e) x2y—5. (7) y-3«&2x. 
2; Solve the following pairs of simultaneous inequations graphi-- 
cally : 


(а) x25 and x« —10. 

(b) x--y23 and 2x4-y—5«4. 
(c) 2x- y» l and y—3 2x. 
(d) x2y—5 and 2х— 3у<4. 
(e) y2—1 and y«&—1. 


3. Solve the following systems of linear inequations : 

(a) x--y21, x20 and y«0. 

(b) x20, y 22 and 2x—y+3<5. 

(c) x20, y21 and x+y+3<4. 

4, Construct а system of linear inequations (of your own !) in x- 
and y whose solution-set is 

(a) the empty set. 

(b) An open region. 

(c) A bounded region. 

184. LINEAR PROGRAMMING 
* Let us now consider an example. to see how inequations help» 
us in finding solutions to some daily life problems. ` 

Example 4. A farmer has Rs 300 available for purchase of ` 
hens and he has a place to keep 8 hens: An old hen costs Rs 30 and 
a young one Rs 60. Ап old hen lays 3. eegs a week and a young one 
5 per week. Assuming it costs Re 1 per week to feed a hen (ald or: 
young) and an egg sells for 75 paise, find, how many hens of each type 
should he buy so as to maximize his profit per week. 

Solution. Let us suppose that for maximum profit, the 
farmer should purchase x old hens and y young hens. These hens 
would cost him (in rupees) 30x+60y. -Since he only has Rs 300, x 
and y must be such that 

i j ` 30x4-60y« 300, i 3 

= i x+2y<10. : (14 

Since, he can keep at the most 8 hens, therefore, we must 
also have ? : : gy 
Cx*YX8 (2) 
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Now for profit. The total number of eggs he would get per 
"week is ) 
3x-5y. 
Each egg sells for Re 0°75, Therefore, by selling 3x-4-5y eggs 
he would get rupees 
0°75 (3x+ 5y). 
But he spends Rs (x+y) in feeding the hens. So his profit in 
-rupees really is : K 
0775 (3x+5y)— (x+y), 
—125x4-275y. 
Also, he cannot buy a negative number of hens, so that 
x20, y>0. EY CN 403). 
Keeping in view the limitations or constraints (1), (2) and (3), 
let us see what are the various possibilities for the values of x and 
-J.. For this we graph the solution-set of the system of inequations 
X1), (2) and. (3) because all the three constraints have то be satisfied. 
"This is done in Fig. 18.5 below : 


х+2у=10 


Fig. 18:5. 


The shaded region Tepresents those pairs (x, y) which satisfy 
sall the three constraints. Since x, y must be integers (you cannot, 
for instance, buy half a hen and Bet eggs !) all possible Fairs (x, y) 
in this region with x and y integers Bive a possible or a feasible 
number of hens to be purchased. For example, since (4, 2) lies in 
this region, hé can buy 4 old hens and 2 young hens (x represents old 
-hens etc.) and satisfy the constraints (1), (2) and (3). The question 
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is, which of these feasible integer pairs would maximize his profit. 
Note that x and у are non-negative integers and x-I-y« 8. ence 
хЄ{0, 1,2, ..—, 8. Further, since а young hen (y) costs Rs 60 
and he has Rs 300 only, ye (0, 1, 2, 3, 4, 5}. This is clear from 
Fig. 18 5 also. With these values of x and y we can form 54 distinct 
pairs.(x,y). If we use the constraint x+y<8, the number of 
these pairs comes down to 39. A further consideration 30x+-60y< 
300 reduces the number of these pairs to 25. Each of these 25 
gives us a combination obeying all the constraints. For each of 
these pairs we can compute the profit Rs (1°25 x+2'75 y) and pick 
up the pair or pairs which give the highest value. Verify that the 
pair (0, 5) gives a maximum profit, Rs 13°75 per week. 

Are you by any chance thinking that since problems such as 
above involve a lot of computational work, it would not be worth- 
while studying them? Hf yes, we must first disappoint you. ‘Such 

` problems occur very often in real life situations and involve lot 
more computations than in the case above. Even computers fail: 
to cope. This makes two things clear. Firstly, such problems will 
have to be solved. Secondly, methods will have to bé found” which!’ 
reduce the labour involved in solving such problems by direct 
verification as. we have done above. We shall first learn where 
such problems arise and then see how mathematical reasoning can 
Фе used to find the best or near-best solutions to such problems with- 
out tears, By the way, this latter is what has made Indians like 
Narendra Karmarkar famous in the world. 
1841. Linear Programming Problems 
Problems like the one just solved, fall into the category sof- 


problems known as the linear programming problems (LPP). 
Linear, because the involved inequations and the function, to be 
maximized (or minimized) are linear ; and programming because you 
have to plan or programme your scarce resources in order to maxi- 
mize profit (or minimize cost etc.) 

Such problems occur frequently in business, industry, com- 
merce, government; as a matter of fact,.in any situation where we 
wish to make the best or optimal use of our limited resources, be 
these in the form of labour, materials or money. The limitations 
on the resources can often be expressed in the form of linear inequa- 
tions and are known as linear constraints, Subject to these cons- 
we. wish to maximize something (e.g., profit as in the above 
example) or minimize something (e.g., cost). This something is 
Known as the objective function. The objective function of an 
LPP is a linear function of the involved variables. The maximum 
or the minimum value of the objective function is known as the 
optimal value. A set of values of the variables which satisfies all 
the constraints is known as a feasible solution. A feasible solution 

al value of the objective function is known 


which leads to an optim: 1 10) 
as an optimal solution. The processes or techniques of obtaining 


the optimal values are called optimization techniques. 


traints, 
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1842. Graphical Solution of an LPP 


Having convinced ourselves about the importance of linear 
programming problems, let us see how to solve them without too 
many computations. We shall restrict ourselves to the case of LPP 
' in two variables. Generally, these variables would be non-negative 
because the quantities represented by the same may be something 
like material used, money required or time spent etc, This is going 
to give us two linearconstraints of the typex20 and y>0. Naturally, 
there would be other constraints for reason of limited resources, 
Thus, we may assume that there are at least there linear constraints, 
The term constraint henceforth would denote a linear constraint 
unless stated otherwise. 

Each constraint (being an inequation/equation) gives rise to a 
line in the plane. As we have seen before, for simultaneous satis- 
faction of all the constraints, we consider the region common to the 
(graphs of the) solution-sets of allthe constraints, Now there are 
several possibilities for this region. We shall concentrate on the case 
when the solution-set of the System of inequations involved is of the 
type shown below: . 


(5 CONSTRAINTS) 
Fig. 18:6, . 
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Now what is the characteristic of the above regions ? First of 
all they are closed regions bounded by straight lines. Secondly, 
the points of intersection of any pair of these lines are distinct. In 
Other words, no point in the plane lies on more than two of these 
lines. Such a closed Tegion as you know, is called a polygon. 
Thirdly, these regions have another property : if you take any two 
Points in any one of these regions, then all the points lying on the 
line segment joining the points also lie in the same region. Because 
of this property, the above regions are known as convex, (Is a 
circular region convex?) A non-convex polygon is shown in the 
following diagram. Clearly, not all the points of the line segment 
Joining P and Q lie within the polygon. . 


Fig. 18:7, 


Convex regions have very nice properties. One of their beauti- 
ful properties is the following : 


The. maximum and minimum values of a linear function over a 


e 


convex polygon occur at some vertex (corner) or the other*., 


Let us try to understand this property by means of Example 4. 
Notice that it is an LPP. - There are four constraints viz., 


x20, у20, x--y«8 and x+2y<10. 
The objective function, call it P, is 
: Р=1'25 х--2'75 y. 


The set of points (x, y) in the region OABC with both x and 
y integers, constitutes the set of feasible solutions. Now, for each 


*It is known as the Fundamental Theorem of Linear Programming. 
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point (x, у) of the region OABC, P has a certain value. The above 
property tells us that the minimum and maximum values of P occur 
at some or other of the points O, A, B and C. What a boon ! Using 
this property, we can immediately say that the maximum value of P 
can be found by calculating its value at the points O, A, B and C. 
There is no need to worry about all those 54 feasible solutions and 
and so on. Now A is the point of intersection of the line x4-y—8 
with the x-axis. It is, therefore, (8, 0). Similarly, B and C are 
seen to be (6, 2) and (0, 5) respectively. The values of P for the 
various points O, A, B and C are shown in the following table : 


Point x y P(—IL25x4275y) 
o 0 0 0 Y 

A 8 0 10 

B 6 2 13 

€ 0 5 13°75 


Thus it is most profitable to buy 5 young hens alone. 


The above problem is a beautiful example of how mathemati- 
cal reasoning, even against your intuition, helps you get better 
results. Common sense would tell you : since 2 old hens cost only 
as much as a young hen and since 2 old hens produce 6 eggs per 
week whereas a young one produces only 5, it is best to buy as 
many old ones as possible. You might thus buy 8 old hens. If you 
think better, you might argue that since this leaves you Rs 60 un- 
invested, you might as well settle for 7 old and 1 young or 6 old and 
2 young ones. You would never think of 5 young ones. 
| Remarks. 1. Notice that the minimum possible profit occurs 
at the vertex O. 5 

2. The above property of the convex polygons is based on 
the fact “if we take any line segment АХВ in a convex region, then 
denoting the value of a linear function P at a point T by P(T), we 
must have P(A) 2 P(X) 2P(B) or else P/A)&P(X)«P(B).'* 

This means that if A and B are adjacent vertices of a convex 
polygon and P(A)=P(B), then for every point X of the edge (side) 
AB of the polygon, the value of P(X) is the same as that of P(A). 
If P is the profit function for an LPP, then all points of the line 
segment AB produce the same profit. Sucha line is then called 
an iso-profit line. Also note that in the jargon of LPP, the 
term profit is used for any objective function which is supposed to 
be maximized. ; 

"3. To solve an LPP, the following steps need be taken : 


Step I: Determine the convex polygonal region by making 
use of the various constraints. к 


Step II : Find the vertices of this polygon. 
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Step HI: Find the value of the objective function at all the 
vertices. 


Step IV : Examine which vertex gives the optimal value. 


4. There is another convenient graphical method to find the 
optimal solution of an LPP. Consider Example 4 again. We wish to 
find that value of P for which P—1:25x--275y is maximum. Now 
various feasible solutions (x, y) produce various values of P. But 
for different values of P, 1l'25x--2:75y—P produces a set of (іѕо- 
profit) parallel lines. Since the feasible solutions (x, y) all lie in the 
polygon OABC, we graph the line 1:25x--2775y—P for various 
values of P so that at least one point of the polygon OABC is on 
the line. The dotted lines in Fig. 18°8 show the line 1'25x--2:75y — P 
for different values of P. Notice that by writing this equation in the 
form j 


a C 
where а=[(1725)#+-(2`75)*]!, 
А ; 


i 
n Е 


a x 1:25 x + 2:75у =۴ 


ral VM X*2y = 10 
NX Xe y=8 
чы = у 


Fig. 18*.8 


we see that « is a constant and P/a is the distance of the origin from 
the line 1'25х--2'75у=Р. Hence for maximum value of P, we want 
the line to be as far away from the origin as possible, yet having at 
least one point of the polygon OABC on it. This happens when th 
line passes through C. But if C (0, 5) lies on it, then | 
(1°25)0+(2°75)5=P, 
< 13°75=P. 
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Thus we obtain the desired value Rs 13775 again. 
Example 5. Maximize 14x+ 10y subject to the constraints 
x20, y20, 
X*-3y26, 
2x y24, 
and Tx+5y <35. 
Solution, 


N 
2x eys4 
Fig. 18°9, 
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is to be found among the vertices A, B, C and D which happen to 
be (6/5, 8/5), (75/16, 7/16), (0, 7) and (0, 4) respectively. We tabulate , 
с value of the profit function (objective function) for these points 
below : 


Point x y P=14x+10y 
A 6/5 8/5 164/5 (—32:8) 
B 75/16 7/16 70 
G 0 7 70 
D 0 4 40 


Thus both of B(75/16, 7/16) and C(0, 7) provide optimal 
solutions giving a maximum value 70. Since B and C are adjacent 
vertices, we know that every point on the line segment BC also gives 
a maximum value of 14x+10y. Verify this by taking some points 
on BC. Thus you have as many optimal solutions as you want. я 


Second Method. We plot the line 14x--10y—P for various’ 
values of P, shown dotted in Fig. 18°9, Note that BC is also parallel 
to 14x-- 10y=P. Hence as we move 14x--10y—P farther and farther 
away from the origin, we get BC (for the value 70 of P) also. If we 
try to move any farther, we shall fall out of the polygon ABCD. 
Hence BC is as far as we should move. Since BC is realized for the 
value P=70, 70 is the maximum value of l4x4-10y. Also, every 
point of the line segment BC is an optimal solution. ` 3 

Is BC the iso-profit line for this problem ? What is the mini- 
mum value of P ? What would be an optimal solution for minimum 
Р? Is this solution unique ? 


1843. Mathematical Formation of LPP i 


, You know that a problem where you have to find non-negative 
values of two variables x and y which maximize or minimize a 
linear function of x and y under some linear constraints is known 
asthe LPP. We can state the general LPP mathematically as 
follows : 

Maximize (minimize) P—aex-- by (objective function), subject 
to 
axthy<c, 
ax +b y Kca, 
г : - (Linear Constraints) 


аһхА+ bay&en, 

x20, y 20 (non-negativity conditions). 

A feasible solution of the above LPP is a pair (x, y) of non- 
negative real numbers such that all the constraints are satisfied. A. 
feasible solution which gives the maximum (minimum) value of P is 
called an optimal solution. 
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Remarks. 1. Since ax-byzce-—ax—by& —c, we сап express 
our constraints in terms of ‘<’ alone if we choose, _ it is not neces- 
sary to do so however. 

2. Sometimes a constraint may be in the form of an equality 
also. 


3. An optimal solution need not be unique. In „fact, as we 
have seen, there might be infinitely many optimal solutions. 


Example 6. A regional computer firm assembles two types of 
computers C, and Cs. The market survey shows that no more than 50 


and 255 computers of these types respectively can be sold in the region. ` 


As per the contract with the parent firm, it must produce at least 5 
computers of each type. The assembly of these computers requires 
three processes Ру, Ps, Рз їо be performed. The time required for 
Processing, the available time for each process and profit per computer 
is shown in the table below.We want to determine how many computers 
of each type should be produced. Я 


Computer Production time per ` Profit per computer 
Computer (in h) (n thousand Rs) 
Р; Р, Р, 
G 15 35 2 30 
Ca 12 30 3 15 
` Available ` 1154 9100 900: 
time (in h), 


Formulate this information as an LPP. 


Solution. Appears tough ! It is not so tough ! We shall take 
each bit of information and translate it into the form of an inequa- 
tion. Our first problem is to determine the variables involved. Since 

firm has the option to determine the number of computers of 
each type, these numbers are the variables. Since there are two 
types, there have to be two variables. Let us call them x, and ES 
Thus let us suppose that the firm produces x; computers of. type C;, 
i pe. » 2. Since a negative number of computers cannot be assem- 

bled, 2 ; 
3120, x, 20: T) 

Our second problem is to determine the objective function P. 


у Now what would the firm wish to maximize or minimize ? 
Clearly, profits are to be maximized and cost to be minimized. Since 
nothing is said about the expenditure in producing the computers of 
various types, we shall maximize the profit. Now we find from the 
table that x, computers of type C, earn a total. profit 30x, (in thou- 
sand rupees). Similarly for the other type. The total profit P is 
given by i 

P=30x,+ [55,. (2) 
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Now start reading the problem. The first information is given 
about the sale potential Since the firm would not like to assemble 
the computers it cannot sell, therefore, we must have ү 


X1«50, x,«:225. MS) 
Next comes the contract with the parerit firm. This requires 
325, x25. (4) 


Now we come to the processes Ру, Pa, Pj. ‘We note that one 
computer of type C, requires 15 7 in process Ру. So x, computers 
of this type would require 15 x, A in this process. The total time 
(in A) required for this process by all the computers of both types 
is l5x,4-12xs. From the table we find that the total time available 
for this process is 11544. Hence we must have 

15x, +12x. < 1154. ` (5) 


Similarly, time limitation for the other processes P. and Ps 
give the inequations 
35х, +30х, « 9100, 
= Tx, +6x, $ 1820, 246) 
and 2x, +3x, < 900. (7) 
The whole information has now been put into mathematical. 
relations (1) to (7). We can now organize our data as follows : 


Maximize P=30x,+15x_ (Objective function) 
subject to the constraints 
х. 20, xa 20, (Non-Negativity conditions) 
xy < 50, 
ха © 225, | 
xı 25, | 
25 4 (Constraints) 


X > 
15x1 +12x < 1154, 
Tx + 6x, < 1820, | 
2x,+3x. < 900. J 
Remark. We have used ху, x, here for the variables but you. 
can use x, у if you like. However, there is no harm in getting used 
to x, X, Later on when you would come across several variables, 
Xj) Xas Ха, Xa eté., would be quite convenient. 
EXERCISE 18 (5) 
Solve each of the following LPP's: 
1. Maximize P=x+y, subject to the constraints 
2x4-y«40, 2x-F5y«180, xı, х. 20. 
2. Minimize C=100x+600y subject to 
x+y<10, x23, y22, х--3у<16 and x 20, y 20. 
3. A patient has been advised that his daily diet must contain at 
least 1250 calories, 3500 units of vitamins and.60 units of 
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minerals. Of the two foods'A and B available to him, A costs 
Rs 5 and B costs Rs б per unit. One unit of A contains .300 
units of vitamins, 2 units of minerals and 60 calories. These 
three for the other food B are respectively 353, 1 and 67. 
Express these data as an LPP. 

[Hint. What would the patient try to minimise ? The cost. 
Suppose he buys x units of A and yunits of Bet] . 


Express as an LPP and solve graphicall у: 


А company produces two types of belts, A and B Say. Profits 
on these types are Rs 2 and Rs 1'5 each belt respectively. 
A belt of type A Iequires twice as much time as a belt of type 


[Hint. If x belts of type A and У of type B are produced, 
time constraint is 2x+y<1000. “Be careful about the polygon 
which gives the feasible solutions, 

TEST YOUR UNDERSTANDING XVIII 


In each of the following problems, four alternatives are given. 


Put a tick-mark (v) against the correct alternative, 


(All inequations are linear and in two variables unless otherwise 
stated.) 


The inequation x+2y > 3 has 

(a) 1 solution. 

(b) 2 solutions. 

(c) finitely many but more than 3 solutions 
(d) infinitely many solutions. 

A system of two inequations 

(а) may have a unique solution. 

(b) can never havea unique solution. 

(c) always has infinitely many solutions. 


(а) always has finitely many solutions, 


| 

| 
| | 
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(a) may be the empty set. 
(b) may bea finite set. 

` (c): may be represented by a bounded region in the plane. 
(d) is always represented by an open region in the plane. 


4. The graph of the solution-set of a system of three inequations 


| 3. The solution-set of a system of two inéquations 


CANNOT be a 
(a) (single) point. (b) line. 
(с) : triangular region. (d) rectangular region. 


5. If A is a square and B is a hexagon, then 
(a) A is convex but B is not. 
(b) В is convex but A is not. 
(c) both of A and B are convex. 
(d) none of A and B is convex. 


6. AnLPP ч 
(a) always has an optimal solution. 
(b) always has a feasible solution. 
(c) may have an optimal solution but not a feasible solution.. 
(d) may have a feasible solution which is not optimal. 
7. Which of the following statements is not necessarily true in 
reference to an. LPP ? 
(a) The objective function is inest; 
‚ (b) The constraints are linear. 
(c) The variables are positive. 
(d) The optimal solution (if there is one) is obtained at a 
` vertex of the convex polygon which constitutes the 
2 solution-set of the constraints. 
8. If (x, y) is an optimal solution of an LPP, then 
(a) both of x and y may be zero. 
(b) none of x and y can be zero. 
(c) one of x and y must be zero. 
‚ (d) none of the above. 
9. А “maximize...” type LPP can be re-stated as a “minimize...” 
type LPP, but then 
(a) the objective function P will change, constraints remaining 
same. 
(b) P will not change, constraints will ae 
(c) both will change. 
(d) neither will change. 


10. 


E 
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REVIEW EXERCISE XVIII 
Graph the inequation 2х+3у « 7. 
Graph the solution-set of the inequation Lx > tS | 


Give an example of a system of inequations whose solution-set 
is empty, 


Write the inequation which represents the dotted region in the 
adjoining diagram. 


Fig. 18:9, 


Write the system of inequations which Tepresents the third 
quadrant, axes excluded. 


Shade a triangular region in the plane. Write three inequa- 
tions whose Solution-set is this region. 


Tespectively of A, B and C per jar and costs Rs 2 per jar. 
How ‘many jar of each of X and Y should the chemist 
Purchase in order to minimize cost Subject to the above 


SUMMARY 
Linear Inequation in two Variables X 
forms ax4-by > C, ax by > C, ax4-by С, ax-Lb; 
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3, Linear Programming Problem (LPP) : A problem where we maximize or 
minimize a linear function w.r. to linear constraints (inequations) and 
restrictions on the involved variables to be non-negative. 


4. Objective Function: The function which is tobe optimized (i.e., maki- 
mized or minimized) in an LPP. 
5. Yso-profit Line : A line at each point of which the objective function has 
ihe same valuc. 
6. Convex Set : A region in the plane having the property that every point on 
ihe line joining any two of its points lies in the plane. 
HISTORY AND CURRENT STATUS 


A popular belief about mathematics isthat itis an exact science. How- 
ever, as you learn more and more of mathematics, you believe less and less in 
the above theory. Consider for example the fact that theoretically the sum of 
ihe relative. frequencies must be onc. However, we generally have to take 
approximations, and the resulting sum is hardly ever exactly one. 


During the Second World War, something quite spectacular 
happened. So far, mathematics could be used in real life applications for 
drawing conclusions when more or less complete information Was available. 
Thus mathematics was being applied in natural sciences, but it could not 
pervade the social sciences because here the basic atom is human behaviour 
which is so very uncertain and unpredictable. During the Second World War, 
the British Government was trying to find out ways and means to defend their 
country against the German bombing by making use of their r: , During 
the process, simple mathematical techniques were devised by a team of | 
British and American mathematicians to deal with. situations where the 
information was inadequate or uncertain or both. This broke new ground. 
Now it became possible to solve the linear programming problems, The main 
persons behind the theory oflinear programming were John von ‘Neumann, 
G. B. Dantzig, T. С. Koopmans and some other mathematicians, statisticians 
and economists. The first application of LP was made by Marshall Wood 
and his staff in the Air Forces Project Scientific Computation of Optimum 
Programme. Later, the technique became very popuiar among the managers 
_anywhere and everywhere. 


Today, as you must have already appreciated, the LP technique is being 
used іп all fields of life, The real life applications of LP may involve a large 
number of variables and constraints. That means our graphical technique for 
solving an LPP would not work. The two variable LPP gives us à convex 
polygon in the 2-dimensional plane. The case of three variables would give us 
a convex polyhedron in the 3-dimensional space. What about the case of four 
or more variables ? The first and thc most general technique (non-graphical 
of course!) to solve an LPP is the simplex method. This was deve- 
loped by Dantzig. Several other techniques have since been developed 
but these apply to special types of LPP. The real life LPP is generally so 
complex that people are happy to have a solution which. is mot the best but 
nearly best, if it means a moderate cut in the time and expenditure involved. 
Karmarkar became famous because he gave a compüter algorithm to obtain a 
near-best solution which drastically cuts down the expenditure and time 
involved in solving an LPP. 


[E] 
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Assorted Problems 


A group of 123 workers went toa canteen for cold drinks, 
ice-cream and tea, 42 workers took ice-cream, 36 tea and 30 
cold drinks, 15 Works purchased ice-cream and tea, 10 ice- 
cream and cold drinks, and 4 cold drinks and tea but not 
ice-cream, 11 took ice-cream and tea but not cold drinks. 
Determine how many workers did not purchase any thing. 

É (Roorkee Entrance 1989) 
A class has 175 students. The following table shows the 
number of students studying one or more of the following 


` subjects in this class с 


Subject Number of students 
Mathematics 100 

Physics 70 
Chemistry 46 
Mathematics and Physics 30 
Mathematics and Chemistry ' 28 

Physics and Chemistry 23; 
Mathematics, Physics and Chemistry 18 


How ‘many students are enrolled іп Mathematics alone,. 
Physics alone and "Chemistry alone ? Are there Students who. 
have not offered any of these three Subjects ? 


(Roorkee Entrance 1 984) 


The following three Telations are defined on the set of natural 
numbers N 


R—(G p) : x<y,x EN, JEN} 
S={(x, у): x-y—10, x EN, EN} 
T={(x, y) : x—yorx—y-l x € N, JEN} 
Explain clearly which of the above relations are (i). Reflexive. 
it) Symmetric (ШЇ) Transitive, (Roorkee Entrance 1986) 
S R be the relation defined on the set of natural numbers 
as 


R={@, ir EN ye N, 2x+y=41}, А 
Find the domain and Tange of this relation R. Also, verify 
whether R is (2) reflexive (i) symmetric (iii) transitive, 
` (Roorkee Entrance 1988) 


. For each set of ordered pairs below, state whether it is a 


function or not. giving reasons, 
(D {(3, 2), (4, 2), (5, 2)} 
(И) (Q, 3), (2, 4), (2, 5)} (Roorkee Entrance 1987) 
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6. 


11. 


12. 


18; 


14. 


15. 


16. 


Give the domain and range of the function (оз—1)-%- 
(Roorkee Entrance 1987) 


. А mapping is defined as f: R—R, f(x)—cos x. Show that it is 


neither one-one nor surjective. (Roorkee Entrance 1989) 


. Find real values of x and y if 


(x*--2xi) — (3x? + yi) - (3— 51) - (12-2). 
(Roorkee Entrance 1984) 


. What is wrong with the following calculation ? 


1=V1 =V (EH) (-I)-4/—1 XV —1-ixi- —1. 
(Roorkee Entrance 1987) 


. For every real value of a 2-0, determine the complex numbers 


which will satisfy the equation : 
| 2 | ?—2iz--2a(1 +i)=0. - 
(Roorkee Entrance 1990) 
Find out the range in which the value of the function 
x*4-34Ax—711 


F27 lies for all real values of x. Justify your answer. 


(Roorkee Entrance 1983) 
Solve for x the equation 
2Vx+1  11—34x 
3— Ух 5«4x—9 
MUS (Roorkee Entrance 1985) 
Solve the following equation : ; 
(x34-2)?--8x* = 6x (х%-Е2). 
(Roorkee Entrance 1986) 
Solve the following equation for x : 
333 — [2? + /18x4-4/32 ] [x v^ 18x —4/32 ] — 438 
(Roorkee Entrance 1988) 
log(x4-3) (6x3--23x--21)—4—10g(3,.,.7) (A*2-12x 4-9). 
у (І.Т. J.E.E., 1987) 


Balls are arranged in rows to form an equilateral triangle. The 
first row consists of one ball, the second of 2 balls, and so on. 
If 669 more balls are added, then all the balls can be arranged 
in the shape of a square, and each of its sides then contains 8 
balls less than each side of the triangle did. Determine the 
initial number of balls. (Roorkee Entrance 1985) - 
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18. 


19: 


20. 


21. 


25, 


А TEXT-BOOK OF MATHEMATICS ` 


Solve the following equations for x and y 
logyox-Flog,ox!/* log, pxt/- p... — 5, 
1 F3-E5-E-——.--(2y—1) „Жо 20 
4+7+ 10+. FOYE) = Tlogo 
(Roorkee Entrance 1987) 


the arithmetic Progression equals the common ratio of the 
geometric progression and the first term of the geometric 
Progression equals the common difference of the arithmetic 
Progression. . (Roorkee Entrance 1987) 
Determine the sum of the following series to infinity 
1/(1,3,5)+1/(3.5.7)+1/(5.7.9) +- А 1 
| (Roorkee Entrance 1989) 
Obtain the sum of : 
1 2 4 2n 
GHD Tatty К ater ttt Gay 
(Roorkee Entrance 1990) 
Sum the series 


© 
x?" 


1 5 =< 
У 3 њар азун e [555] 


n=0 


(Roorkee Entrance 1988) 


- Determine 6 satisfying 


loge 2 logo 625=logy516 logel 0. 
(Roorkee Entrance 1986) 


- Construct an equation whose roots are the nth power of the 


roots of the equation : 
x*—2x cos 0+1=0. (Roorkee Entrance 1989) 


. Find the values of x satisfying the equation : 


logsx*—2 log „9 Spr 
(Roorkee Entrance 1990) 


There are ten Points in a plane. Of these ten points, four 
points are in a Straight line and with the exception of these 
four points, no other three points ate in the same straight line. 
Find (i) the number of Straight lines (ii) the number of trian- 
eles, that can be formed by joining these ten points. 

; (Roorkee Entrance 1984) 
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From 4 officers and 8 jawans, in how many ways can 6 be 
chosen 
(i) to include exactly one officer ; 


(17) to include at least one officer. 
(Roorkee Entrance 1985) 


Find the sum of 
3 "C,—8 ^C,--13 ^C, 4---up to (n--1) terms. 
(Roorkee Entrance 1988) 
In the Binomial expansion of (1--y)", where п is a natural 
number, the coefficients of the fifth, sixth апа seventh terms 
are in arithmetic progression. Find z. i 
(Roorkee Entrance 1984) 


Find out that term of the expansion оѓ, 
(3x3/8-p-x7115)8 (Roorkee Entrance 1985) 


which does not contain x. 


Determine b satisfying * ч 
log yg b=3}. (Roorkee Entrance 1985) 


If A be the sum of the odd terms and: B the sum of even terms 
in the expansion of (x--a)*, prove that 
A2—B?=(x2—a*)". (Roorkee Entrance 1986) 


Find out the sum of the coefficients in the expansion of the 
binomial (5p—4q)®, where n is a positive integer. 
: (Roorkee Entrance 1987) 
Find the coefficient of x*° in the expression: . 
(Hax) 41:2 x (1 + x)999 41-339 (1 x) 098. -I- 1001x1000, 

Ў : JAEN (Roorkce Entrance 1990) 
Aline is such that its segment between the straight lines 
5x—y—4=0 and 3x+4y—4=0 is bisected at the point (1, 5). 
Obtain its equation. (Roorkee Entrance 1988) 
Derive the conditions to be imposed on B so that (0, В) 
should lie on or inside the triangle having sides 

y+3x+2=0, 3y—2x—5—0 and 4y+x—14=0. 
à (Roorkee Entrance 1990) 
A ray of light is sent: along the line x—2y—3=0. Upon 
reaching the line 3x—2y—5=0, the ray is reflected from it. 


Find the equation of the line containing the reflected ray. · 
(Roorkee Entrance 1990) 


. Find the internal angles of the triangle formed by the pair of 


the straight lines : S 
f xi—4xy T y!—0 
and the straight line х+-у+4у6=0. 


` 
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42. 


43. 


44. 
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Give the co-ordinates of the vertices of the triangle so formed 
and also the area of the triangle. 
: (Roorkee Entrance 1983) 
From a point A(1, 1), straight lines AL and AM are drawn at 
right angles to the pair of straight lines. 3x°-+-7xy+2y2=0. 
Find the equation of the pair of straight lines AL and „АМ. 
Also find the area of the quadrilateral ALOM, where O is the 
origin of co-ordinates. (Roorkee Entrance 1984) 
The opposite angular points of a Square are (3, 4) and (1, —1). 
Find the co-ordinates of the other two vertices. 
(Roorkee Entrance 1985) 
The base of a triangle passes through a fixed point ( f, g) and 
its sides are Tespectively bisected at right angles by the lines 
J!—8xy—932— 0. 
Determine the locus of its vertex. (Roorkee Entrance 1985) 
Show that the four straight lines given by 
1233--7xy—12y*—0 and 1235--7xy—12y!—x--7y—1—0 
lie along the sides of a Square. (Roorkee Entrance 1986) 
Two vertices of a triangle are (4, —3) and (—2, 5). If the 
orthocentre of the triangle is at (1, 2), find the Coordinates of 
the third vertex. (Roorkee Entrance 1987) 
А circle of diameter 13 m with centre *O' coinciding with the 
origin of co-ordinate axes has diameter AB on the x-axis, If 
the length of the chord AC be 5m, find the following : 
(а) Equation of the pair of lines BC, 
(b) The area of the smaller portion bounded between the 
circle and the chord AC. (Roorkee Entrance 1983) 
If the line x cos a+ У Sin a—p cuts the circle х+у=а? in М 
and N, then show that the circle whose diameter is MN is 
5%--у#—а%=2р(х Cos a+y sin a—p), 
(Roorkee Entrance 1967 ) 
Find the equation of a circle Which is co-axial with the circles 
2x!-F2y1—2x-4-6y—3—0 and XEy!cb4x--2y4-1—0. 
It is given that the centre of the circle to be determined lies 
on the radical axis of these two cirlces, 
; (Roorkee Entrance 1984) 
Find the condition such that the four points in which the 
circles ў 
X*-Fy*- ax by4-c—0 and x*4- P+a'x+b'ytc'=0 
are intersected by the straight lines 
$ AX+BY+C=0 and A'x+B'y+C'=0 


‚ Tespectively, lie on another circle. (Roorkee Entrance 1986) 
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47. 


48. 
49. 


50. 


51. 


52. 


53. 


54. 


Obtain the equations of the straight lines passing through the 
point A(2, 0) and making 45° angle with the tangent at A to 
the circle (x4-2)--(y—3)*—25. Find the equations of the 
circles each of radius 3 whose centres are on these straight 
lines at a distance of 54/2 from A. 

(Roorkee Entrance 1987 ) 


A circle has radius 3 units and its centre lies on the line 
у=х—1. Find the equation of this circle if it passes through 
(7, 3). (Roorkee Entrance 1988) 


Find the equation of the circle having the lines 


х°-Е2ху+3х-Ебу=0 as its normals and having size just 
sufficient to contain the circle x(x—4)+y(y—3)=0, 
(Roorkee Entrance 1990) 


Obseivations made to estimate the radius of the moon have 
shown that the semi-vertical angle of the tangential cone, 
drawn with vertex at the observer O and touching the rim of 
the moon is 1 of a degree. Use this information to determine 
the radius of the moon, given that the distance of the centre 
of the moon from the observer O is 3,84,000 km and for small 
angles, sin 0 is same as angle 0 measured in radians. 

(Roorkee Entrance 1984) 


If x4: y--z—xyz, prove that 


2x: .:2 2 2x dy ^ 2z 
foe tit ieee oy Lae OD a 22: 


(Roorkee Entrance 1983) 


If cos a+cos B--cos y=0 and sin «--sin B+sin y=0, then 
prove that р 


cos 3a+cos 38-+cos 3y—3 cos (a+$+¥) 
(Roorkee Entrance 1985) 


If a,b,c are the sides of a triangle ABC and 3a—5b4-c, show 


that 
B. QU 
Cot 7 Cot 7—2. 
(Roorkee Entrance 1986) 


A man observes that when he moves up a distance c metres on 
a slope, the angle of depression of a point on ,the horizontal 
plane from the base of the slope is 30° ; and when he moves up 
further a distance c metres, the angle of depression of the point 
is 45°. Obtain the angle of inclination of the slope with the 
horizontal, j (Roorkee Entrance 1986) 
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If in a triangle, 3 
a?—b? .sin(A—B) 
a+b sin (A+B) 
prove that it is eithera right angled triangle or an isoceles 
triangle. { (Roorkee Entrance 1987) 


Inany A ABC, show that 


(cot (A/2)--cot (B/2)) (a sin? (B/2) + b sin? (A/2))=c cot (C/2) 

(Roorkee Entrance 1988) 
If the radii of the externally inscribed circles of a triangle are 
in arithmetic progression, then prove that (a —b) (s—c) 
—(b— c) (s—a), where a, b, c are the sides of. the triangle and 
s=(a+b+c)/2. (Roorkee Entrance 1989) 


If X, y, z are the perpendicular distances of the vertices of a 
triangle АВС from the opposite sides and A the area of the 
triangle, then prove that 


VAR ERA NE y 3 
t heir tarn p A (Cot A+Cot B4-Cot C). 
(Roorkee Entrance 1990) 


In a right angled triangle ABC, the hypotenuse BC of length a 
is divided into n equal parts (пап odd positive integer). Let 
a be the acute angle subtending from A by that segment which 
contains the mid-point of the hypotenuse. Let A be the - 
altitude to the hypotenuse of the triangle, prove that 
Tan a=4nh/[(n?—1)a]. 
(Roorkee Entrance 1983) 


Angle of elevation of a cloud from a point A meters above the 
surface of a lake is « and-the angle of depression of its reflec- 
tion in the lake is B. Prove that the height of the cloud above 
the surface of the lake is 1 
$ h sin (a+8) 
sin(g—«) ` 
i (Roorkee Entrance 1983) 


A person observes’ the top P ofa vertical tower of height Р 
froma station S, and finds that ру is the angle of elevation. 
He moves in a horizontal plane to second station Sa and finds 
that Z PS,S, is y, and the angle subtended by S,S, at P is 81 
and the angle of elevation is В,. He moves again to a third 
station S, such that SsSs=S,S,, Z PSsSa— Ys and the angle 
subtended by SS; at P is 3j... Show that 
sin ү; sin В, sin v» sing — 
sin бү sind, — $$" 
(Roorkee Entrance 1985) 


` ASSORTED PROBLEMS 677 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
69. 
70. 


11; 


А man moves along a bank of a canal and observes a tower on 
the other bank. He finds that the angle of elevation of the 
top of the tower from each of the two points À and B, at a 
distance 6d apart, is «. From a third point C, between A and 
B, at a distance 2d from A, the angle of elevation is found to 
be В. Find the height of the tower and the width of the canal. 

(Roorkee Entrance 1987) 
ABisa vertical flag whose end A is ona horizontal plane 
through A. C is the mid-point of АВ and P is a point on 
horizontal plane through A. The portion CB subtends an 
angle Bat P. If nAB=AP, then show that tan &—7/(2n*--1). 

(Roorkee Entrance 1989) 
Atrain is moving at a constant speed at an angle 0 east of 
north. Observations of the train are from a fixed point. Itis 
due ‘north at some instant. Ten minutes earlier its bearing 
was «, west of north, whereas ten minutes afterwards its 
bearing is a, east of north. Find tan 9. | 
(Roorkee Entrance 1990) 
Find all the angles 0 between —7- and x that satisfy the 
equation 


5 cos 204-2 cos? 5-+1=0. (Roorkee Entrance 1984) 


If cos? 2 +-с0571 5 =®% then prove that 
9x*—12xy cos 04-45*—36 sin? 0. (Roorkee Entrance 1984) 
Evaluate : 
5 : 
tan | cos 2 ACTAE (Roorkee Entrance 1986) 
Show that x=0 is the only ‘solution satisfying the equation 
]--sin? ax=cos x, where a is irrational. 
i (Roorkee Entrance 1987) 
Find the general solution of the following equation : ‹ 
2 (sin x—cos 2x)—sin 2x (1+2 sin x)--2 cos x=0. 
1 (Roorkee Entrance 1987( 
Solve for x and y : 
X cos? y+3x cos y sin? y=14 MR 
x sin? y+3x cos? y sin y=13. (Roorkee Entrance 1988) 
Find all the values of а for which the equation 
sint x-l-cos* x-- sin 2x+a=0 
is valid. Also find the general solution of the equation. 
(Roorkee Entrance 1 990) 


In each of the following problems four alternatives. are given out 
of which exactly one is correct. Put a tick mark ( N) against the 
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correct alternative : 
A point on the circumference of a totating wheel of diameter 
100 em is moving at the rate of 50cma second. In one 
second, it turns through 
(а) radian (b) 1 radian 
(с) 50 radians (d) 100 radians. 
Tn a circle of diameter 20 cm, a chord is of length 10 cm. The 
angle (in radians) subtended by the chord at the centre is 
(ау x (b) 27/3 (c) 7/3 (d) mj6. 

Note: Assume x= 2 if needed. 


An arc of a circle of length 22 cm subtends an angle of 60° at 
the centre of the circle. The radius of the circle is 
11 


` (а) 42cm (Б) 22 em . (с) 21cm . (d). zem. 


30 


If xis an angle in the first quadrant and sin x— F then 


tan x equals 


a a 
(a) J (=a?) (b) V (Pa) 
Gree @ ERA 
Vo ру ү" VB ay 


xisan acute angle of a right-angled triangle whose base is a 
ст and whose area is b cm*. It is possible to determine sin x 
(a) only when the hypotenuse is also given. 

(b) only when the value of x is given. 

(c) only when the height is also given. 

(d) without any more information. 


The sides of a triangle are a, 3a and 2а. The smallest angle 
of the triangle is 


(а) 2n/5 () «3 (0 nja ' (а) mj6. 
tan 6x equals | 


BAN REN 
(a) 6 tan x—tan* x (b) 2 [3 tan x—tan x] 


1—6 tan? x 1—3 tan? x 
\ (с) 3 sin x—4 sin? x (d) 3sin2x—4sin*2x . 


4 cos? x —3 cos x 4 cos? 2x—3 cos 2x 
Which of the following could have the value 1*1 ? 
(a) 2sec x (b) sinx (c) cosx (d) 2tan x. 
If sin x—cos x, then a possible value of x is 


(a) 1 (5) 23 (o) - (d) x. 
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If sin? x=} and x lies in the second quadrant, then x equals 
5л 3x 2x Tr 

(a) 6 (b) 4 (c) 3 (4) 12 

Given that sin 34°10’="5616 and sin 34?20' —:5640, the value 

of sin 34*14' would be : 

(а) ‘5616 (b) 5626 (c) 5628 (d) :5630. 

Given that cos 69°10'= 3557 and cos 69°20’=*3529, which of 

the following could possibly be cos 69°13’ ? Ў 


‚ (а) 3527 (b) 3528 (c) 549 (d) ‘3565. 


Given that 0° < x? <y? < 2° < 90°, cot x—a, cot z=b and 
correction for cot z—c, what is cot y ? f 
(a) a—c (b) a+c (с) bc (d) b—c. 


If tan x= XS then a possible value of cos x is 
25 3 М5 v3 
(à) = (b) EN (с) ИГҮ (4) 5 
2 
( sin = +cos i) ' equals 
(а) sin x+1 (b) cos x4-1 


(c) cos? = sin" +sin x cos x 

(d) cos x+sin x+2 sin 25 cos * 

Jf sin? x--cos? x--cot? x=cosec? y, then a possible value of 
Хх 15 

@-- O-» OF. Qe» 

The period of cot is 


(a) 2n Or © +> (d) 1. 


Through what distance should the graph of cos be translated 
along the positive direction of the x-axis so that it coincides 
with the graph of sin ? 


@ > € 5 (x (d) 2r. 
2x is the period of | 
(a) sec (b) tan (c) cot (d) none of these. 


—sin x can be written as 
(a) sin(x—x) (b) sin (n4-x) 
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A 1 

(c) sin (2&--x) (d) sin (+): 
If cos x=cos y, then a possible value of cos (x+y) is 
(a) 0 (6) 1 (c) sin 2y (d) sin y. 
sin (A+B) sin (A—B) equals 
(a) sin (A*— B?) (b) sin 2A 
(с) sin A?—sin В? (d) sin? A—sin? B. 
1—tan? 4 

= equals 
14-tan* = 

x MA 
(a) cos 7 (b) sin m 

b п : e 

(c) sin T (d) cos ^ 


Given that sin x=}, sin 3x is 

11 11 3 3 
(a) = 16 (b) ie (с) a (4). = ua 
If sin x=sin y, then a possible value of yis 
(а) =x (b) n+x (с) x—x (d) 2n+x. 
If cos x—cos y, then a possible value of y is - 


(a) —x (0) x—x (c) m+x (d) 3s +x. 
If tan x—tan y, then a possible value of yis 

(а) 3u—x (Ф) 3п+х (0) $-* (4 
A balloon B is directly above the one end A ofa bridge AC. 


The angle of depression at the end C of the bridge from the 
balloon is 40°. ZC 


m 
DX. 
2 


(a) is 40° (b) is 50° (c) is 120? 


(d) cannot be determined from the given data. 

A 10 m long ladder rests against a wall in such a osition that 
the angle between the ladder and the ground is 30", The height 
of the higher end of the ladder above the ground is 

(a) 20m (6) 10m (с) 5m (d) 54/3 m.. 
A vertical flagstaff stands on a horizontal plane. From a point 
50 m from its foot, the angle of elevati f 14 30° 
The height of the flagstaff is E EO 


(а) 25m — (b m (© 50/3 m (d) 100 m. 


ANSWERS 


 sqüwed mA фе Aa 9:1 
ач ята free eum I 
яз at wer ча чта amb varias 
ята aed eau ufa reani aeque: 1! 


A little instruction land guidance in science is sufficient 
for the intelligent student, for this alone will help him to 
develop his knowlege of his own accord. Science instil- 
led into the intelligent mind has sufficient vitality in it to 
grow and expand by its own force like a drop of oil on a 
sheet of water; a piece of secret confined to a villain or a. 
little act of charity to the deserving person. . 


' —Bhaskara. 


ANSWERS 


[For each of the answers marked with an asterisk (*), an 
-example different from the one given below could also have served the 
. purpose]. m 
Exercise 1 (a) | 
1. а, 2. а. | 
3. (a) A—(6, 7, 8, 9); (b) B={—3, 8}; 
(c) C={5, 10, 15, 20, ..) ; (d) D={1, 2, 3}. 
‘4. (a) А={х: x is an even natural number less than 12} ; } 
(b) В={х: x is a natural number between 4 and 6; И 
(с) C—(x : x is an integer such that 100 <x < 1000}, 


Exercise 1 (b) 
1. AandC. 2. None. 
4. (a) True; (b) False; (c) False. 
5* (а) S={1, 2, 3}; (b) S—(a, b, c, d}. 
6. (а), (с), (4), (е), (e). 
Exercise 1 (c) 
1. (a) {a, b, c, d, e}; (b) (e, d}; 
(c) (a, с, d, e) ; (d) {e}; 
(е) (a, b, c, d, e}; (£) {a}. 
2. (a) {3,4}; 2) 1,2,3, 4,5}; 
(c) (1,2, 3, 4, 5} ; (4) t1, 2, 3, 4, 5}, 
(е) (1,2,3, 4}; C£) (1, 2, 3, 4, 5). 
3. (a) {4,6}; (b) (2, 3, 4, 5, 6, 7, 8}; 
(с) (3, 6, 7}; (d) 4; 
(е) {3, 4, 6, 7, 8} ; (f) $. 


4. (a), (b), (c), (4). 
6. (а), (d), (е), (h). 
9*. A={a, b, c), B={a, d, e}, C={b, cj. 
12. (b) Read A~(BUC) for A~(B~C). 
(c) Read A~(BAC) for A~(BUC). 
^ Exercise 1 (4) 
1. (27,4; (b) 3, 0. 25321; 
A & 4. 23. 5. Add ‘10 take all the three subjects". 100. 
6. (i) 56; (ii) A. 7. (0 15; (ii) 14. 
8. (i) 10%; Gi) 0% ; (iii) 40%. 10. Atleast 10%. 
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. Exercise 1 (e) 
((a, *), (b, *), (с, *)}. 
(00, 5), (1, 5), (0, 6), (1, 6), (0, 7), (1, 7. 
((5, 0), (5, 1), (6, 0), (6, 1), (7, 0), (7, 1)}. 
AX (Bx C)—f(x, (т, +), (x, (n, 9), (у, (т, ж), (у, (л, 9), 
(z; (т, 9), (z, (п, *))}. 
(A X B) x C—(((x, т), ж), (x, п), ж), ((у, m), ж), (у, п), ж), 


* 
pope canoe be ((z, m), ж), ((z, п), *)} 
А={0, 1}, B={5, 6, 7}, C={a}, D={c, d}: 

Exercise 1 (f) 


‚ P(A), where A—((1, 5), (1, 6), (2, 5), (2, 6)}. 


P(A), where A —((a, а), (a, b), (b, a), (b, b). 
(a) No, (b) No, (c) Yes, (d) No. 
(a) R,={(1, 1), (2, 2), (3, 3), (4, 4)}. 
(b) R:={(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}- 
(c) Ra={(4, 1), (4, 2), (4, 3), (3, 1), (3, 2), (2, 1}. 
(1, 2, 3}. 6. (5,6,7,8,9).. 
(a) 8 К 12, (—5) R7,2R18,20R 4,7 K 7, 3 R 11. 
(b 12 K 14, 13 6 5,(C9) R 7,4 K 7, (CO R 2,3 K 6, 
15K4,6K9. 
(с) 6 R 11, (C4) R7, (—3) R(-4,2R(—4,2R 7, 5R 15. 
Exercise 1 (g), 
(2), (4). “ 
(a) Neither reflexive nor symmetric nor transitive. 
(b) Neither reflexive nor symmetric nor transitive. 
(c) Transitive but neither reflexive nor symmetric. 
(d) Transitive but neither reflexive nor symmetric. 
(е) Transitive but neither reflexive nor symmetric. 
(f) Transitive but neither reflexive nor symmetric. 
(g) Reflexive as well as symmetric as well as transitive. 
(h) Reflexive as well as symmetric as well as transitive. 
(i) Reflexive as well as symmetric as well аз transitive. 
(j ) Neither teflexive nor. transitive but symmetric. 
(a)* {01, D, (2, 2), (3, 3), (4, 4), (5, 5) 
- (b С 1, 1), od (3, 3), (4, 4), G, 5), (1, 5), (5, 1), 


(c)* d. 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, ). 
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(2)* (1, 2), (2, 1), (1, 1). 
(e)* (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 2), (2, 3)}. 
(fF )* {(1, 2), (2, 1), (1, 3), (3, 1. 
(g)* {(1, 2), (2, 3), (1, 3). 
4. (a) Neither reflexive nor transitive. | 
(b) Neither reflexive nor transitive. 
(с) Neither reflexive nor transitive. 
(d) Reflexive as well as transitive. 
(e) Only transitive. | 
(f) Neither reflexive nor transitive, ` | 
(g) Neither reflexive nor transitive. 
(h) Only transitive. 

‚ (i) Neither reflexive nor transitive. 
(J) Neither reflexive nor transitive. 
(k) Neither reflexive nor transitive. 
(I) Reflexive as well as transitive, 
(m) Neither reflexive nor transitive. 
(n) Neither reflexive nor transitive. 
(o) Neither reflexive nor transitive. 
(p) Reflexive as well as transitive. 
(4) Only transitive. 5 
(r) Only transitive. 

(s) Reflexive-as well as transitive, 
(t) Only reflexive. ў 
(и) Neither reflexive nor transitive. 


i 
5. (a) Yes; (J) Yes; (s) No ; | 
| (b) No ; (k) Yes ; (t) Yes ; * 
(c) Yes ; (1) Yes : (u) Yes; .' 
(d) Yes; | (т) Yes ; () No; 
(e) Yes ; (n) Yes ; ^w) Yes ; 

(7) No; (0) Yes ; (x) Yes ; | 
(2) No; (p) No ; (y) No; | 

(h) No; (4) Yes ; (z) Yes. $ 
(i) Yes ; (r) Yes ; А 

6. Itis not necessary that ; i 


foreach a€ $ 3 bE S : a— b. 
9. (a) Only symmetric ; 
(c) Only symmetric. 
10. (a). 


(b) Only symmetric > 


Ы 
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Exercise 1 (5) 


1. No relation is a function. 
2. (a) Yes; (b) Yes; (c) Yes. 3. Yes. 


Exercise 1 (i) 
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1 Yes. 2. (Б) ара (c). 3. (a) and (d) 4. (a) TUN (d). 


5. (as f: №№ defined by f(m) -n, ¥ n Є N; 
(b)* f: N—Z defined byf(m-nmn ¥ n EN; 
(c) f : R-9R* defined by f(x)=x*, ¥ x € R; 
(d)* f: R>R defined by f=, ¥ xE Е. 


Exercise 1( j) 


1. f(A)=10, 1E; (0-10, 11 ; f(C)=10, 1]; (D)=10, ol. 


2. Read D=]—®, 01 insteal of D —]eo, OL 


f(A)=11, 2L ; fB), ool ; ДО=й, 10] ; f(D) 11. œf. 


3: УКА) 10:00 [;/?(в)=1—2, 11;7700=1, aL; 
f7XD)—]- co, 01. | 

4. f-A)—4 sf B=; cof -40) ; £-€) 71-1, 1L; 
f£70)—)- 1 UO}. 


5.x Let f: (a, b, c)-íx, y) be defined by f(a) —f(b) —x and 


fiy. 
Let A={a, c) and B={b}. ; 
ў Ехегсѕе 1 (К) . 


1. (а) fog (x) 2358-1 ; вој) Qx-- 19-3, y x€R. 
(b) feg(x) - Qx-- 5); gofG)-2x334-5, ¥ x€R. 
(c) fog(x)- Gr T9—2 4 gof(x)=x*-+5, y x€R. 
3. (a) Let f(x)=x, ¥ xER* and g(x)=x, ¥ xER~Rt. 
(bye Те) х, ¥ xER and g(x)=x, ¥ x€R*. 
(c)* Let f(x) -0, g(x)=1, v x€R. 
(d)* Let fix)=2x, g(x)=x/2, ¥ x€R. 
Exercise 1 (I) 
2. aandc. 


з. (a) g: RR defined by s) (х—7), ¥ xER. 


(b) g : R>R* defined by zo x y x€ R*. 
(c) g : 10, 1]>10, 1] defined by g()—x'? v хЄЇ0, 1]. 
а» fin)-nt(- D", ¥ n€N.. 


Sm 


Aa ene 


See 
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Exercise 1 (т) : 
(а) No; (b) No; (с) Yes ; (4) Yes ; (e) Yes ; (7) No. 


Fig. 1.17. Missing entries : Second row b, fourth row d, and 
fifth row d, €, с; 


Fig. 1:18. Missing entries: second TOW d, third row a, and 
fifth row c, 5. 

Missing entries : second row d, third row a, and fifth row c, b. 
E00 TE mar on ани ami 

(а) True Б) True (с) True (d) True 

(e) False (f) False (g) False. 


Test Your Understanding I i 
(a) 2. (b) 3. (a) 4. (a 5 


) . (с) 
(4) 7. (b) 8. (c) 9. (4) 10. а, 
Review Exercise I 
Read ‘of 5 elements’ for ‘of elements’. 
(а, b)-xa^ in N. 3. Subtraction in Z, 
f is neither Surjective nor invertible. 


s= + (+5). 
(fog) (x) =(2x—5)2, (gof ) (x) —232—5 for all xe R. 


Commutative as well as associative, 
commutative as well as associative, 


No, 11. Report inconsistent. 12. 878; 504. 
Exercise 2 (a) 

No. 20. (a) False (b) False (c) False. 
Exercise 3 (a) 

T-FSi. 

j Exercise 3 (5) 
(a) 5—i (b) 7—3i (c) 6+2i (d) 3a—2bi, 
(а) 1—3i (6) 3-107 (с) —1—3 (d) —2--10j, 


Read "consistidg of 5 


insteal of "consisting of", 
The Operation of subi 


traction on the set Z of integers is not 
commutative, 3 , 
The Operation of subtraction on the set Z of integers is not 
associative, 


(а) 18—i (b) 39—23; (c) 25 (d) 34-4i 
(е) 2+1li (у) 4i, 

2 1 1 Su А 4. 
(a) rond ir: (2) 10 tio? (c) 25 35! 


ES nk d 


ANSWERS } 
8.2.4 23:671 
5. i3 +13” 25 25^ 25 25” 5 ss 
Da RP ED ORE IO 
6. 9 i, 2i, Wr Seer Ss i. 
Exercise 3 (c) 
1 (0 7,1 (b) 5, —12. 
2. (а) x28, y=1 (b) x=7, y=1. 
Beg 9 13 31055 
RU IURE mes aimi! 
(d) 04-i. 
1 2 8 
4 @ х= 1, y- Ore ر‎ 
5. 5 2: 6.р=2-61,4=2—1. 
Ехегсіѕе 3 (4) 
^om 3n —3т 
1. (а) 2, ~4 (b) V2, UR (с) ¥2, 4 
(d) 3, т () 2,» (gordo 
2. (a) 2 (cos Жыш i) (52 ( cos -$ +isin- ), 
(с) 2( cos. Æ yi sin 2) 
a 2( cos 3 у sin =) 
(e) 42 ( cos 3 sin >) 
(f) 1( cos 3 sin Ax) 
з. (92/19 () 10 (с) v. 
4 (9 97 ج‎ 
Er 
1 (3+0 2. 3Q4/24- W2i) 3. +(2—2i): 
4. (3+ 2i) 5. x[(acb)-(a—b)]. —' 
6. 4(5—2W3i) 7. &(V7+2i). 
в Ly (VFT PEF D- 
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Exercise 3 (7) 
3o, ( 
Exercise 3 (h) 
*(52-E54i). . 
1(—694-711). 
—3-+4i, 21— 8i. 
icono, 27 +30 
5, 15+5i. { 
Externally in the ratio 2 v. 
Modulus—4/2, argument— z/4. 
(faz, -bz,-cz;)/ (a 4-b--o) : | 
(21а соз A+z,b cos B+-zsc cos C)/(4R sin A sin B sin C), 
where R is the circum-radius. 
: Exercise 3 (i) 

Vis. i 
34-41,.94-121, 14-181, —5-L10j. 
—1+10i, —74-2i, 1—4i, 74-41. 
—6+9i. 
—7+2i, SL, —44-3i. 
7— 6i, 1, 54-4i. 
31+04 ¥3). 20. 5. 

Test Your Understanding III à 
VORNE е г): 5. (a). 
(с). 7. (c). 8. (с). 9... (qd). 10. (a). 


‘Review Exercise III 


63 16. з. SEFE yty) E 
Qs Оа ds Nw ee ORR E gay 

8. 5. р=4,4=—5, 6. 2, =e 
2427 2i. t 


3 n 
cum (+i. 10. 1. 
Exercise 4 (5) 
(i) and (iii) are identities, 


0) 12.6) 1,3. Gi) 3,—5. (у, i. 


«ANSWERS 689 


ФА н 


(D 2,4. (i) 3,5. (ш) Û, c. G9 AA. : 
8 


(i) 1, 5. Gi) 3, 1. (iii) 


8. `6—2,7. 1. 5 a ab. 


c c(a—b) —5 3 
» gab 10:1, cupo: 10b 2 (3D, 5 (М3+1) 
—(2+4/3), 202+ 43). 
Exercise 4 (b) 


QNA 1 
+2, #3. 2. uy" 97: 3.1. 4. +75 ` 
iC een q (545). 6 2, 4, 1-8. 
д —3 
502, + (340 10). 8. 2, ои 
L зьм), 3 (2) 10. > ea 


2 
1 1 = Ti 
z (3+ 45), x (739). 12. 3, T ) : — (56/47) 


1.' 216 1 
1, .گل‎ м. 5 3 
5. 162 113540. 
14.035 
0,3. 19. 4, 19 gp, STET, و‎ 
Exercise 4 (c) 


m=0. 2. 2b?=9ac. 3. 4b?=25ac. 4. 12. 5. l=n. 
rp?4- pr? — 3pgr 4- q3—0. . н 

Exercise 4 (d) 
(i) Real, irrational and unequal. (ii) Imaginary and unequal. 
(iii) Real, rational and equal. (iv) Real, rational and unequal. 


(a) m=3 or —2.-(6) m=5 or 3. 3. m=2 or -. 


Exercise 4 (е) 
xcii 6—0. 2. 5х2—8х—48=0. 3. x'—4x4-1—0. 


—10x+1=0. 5. x®—8x+23=0. 
ЖҮ УЗ УЗ] SHADE I 0. 
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21x3—22x--21—0.. 8. x?—-2ax-+a?+b*=0. 
xt-ai—2ab--D»—0. 10. x*(c*--b3)--4aibx — (a?-- b?) —0. 
xi—2a*x--d'—bi—0 12. xi-4x—1-—0. 


x +4x—1=0 14. х2—4х+7=0. 
Ixt+4x—1=0 16. 1. 17. 2. 18. —2. 
Exercise 4 ( f ) 


(i), 7. (ii) 18. (ii) 7. (iv) 18. (v) 5. 
р°—3рд. 3. a (g?—2pr). 4. (b+ Sate Дафт) 
LRA) 6. ES 7. —27. : 

а?с? 11 y 
@) Tac . Gi) r(g?—2r). 
х?#+х++1==0. 11. x°-+6x4+25=0.. 12. 3x2—2x+1=0. 
4y3—49y--118—0, 14. x*--2x4-1—0. 15. 1213?4-66x-4-40—0. 
dix! —2a%(b®—2ac)x-+-b?(b*—4ac)=0. 
x'—px--9q—2p'—0. 18. x:—2x--3—0. 
abx*—x(a+-b)+1=0. 20. 5x?— 10x4-1—0. 

acy*-- y(ab-k bc) 3-b* 4- (a — c)?—0. 

ax*— (2ep— b)x4-(ap* —bp--c) —0. 

(aq --abp 4- b2)x? — (ap4-25)x 4-1—0. 

‘ Test Your Understanding IV 
(5) 2. (с) 3. (4) 4. (с) 5. (с) 

()  7.() 8. (а) 9. (с) 10. (d). 

1 Review Exercise IV 


5 (ана). 
Ыса V2 ACV 2E). 
2 SE 4513 Bh aie- (LEII). 


<1, 44/15, 34/8. 7. £1, +i, I a 
LESH > 9. 4. 10. 0,5. 


+2, #2. 12. x*—4x+1=0. 13: x?+ix—]=0. 

2+%+1=0. 16. 4b3+a c+ 16ac? —12abc =0. 
10 

2-5 
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Exercise 5 (a) 
1. (i) 21,45, 3(r—1). (ii) —28, —60, —4 (r—1). 


qu) ,چ‎ E, 2567. (y) —19, —67, 29 —er. 


2. 11, 3. 16th 4. 34. E 6. —16, —12, —8, —4;, 0,4, 8, 
12, 16, 20, 24, 28. 7. 5th. 8. 67. 9. 64. 


1 9  5r—6 
10. ay 2, RAUS RS 12. No. 
Exercise 5 (5) 
5. 4,6,8 6. 6, 8, 10 7.5, 10; 15. 
8. 4,6,8,10 9. 3,4,5,6,7. 10. 2,4,6,8. 


Exercise 5 (c) 
1. (i) 18, (ii) (i (iii) a+b". 2. 11, 17, 23. 
3.54; 34 Ki 25 ‚2. 4. 4r—3s, 3r—2s, 2r—s, г, S, 2s—r, 
К 4s— m. 5. n'—n-4- 1, n?—2n4-2,--.. 
6.5 „155 HAUS 8.1. 
Exercise 5 (4) 


i0 1075 Gi) 1080 (шо in) dH 0) 80. 


> @ T pn—p—4) пй 2 | 


3. (i) 645 (й) 520 Gin (9p—13). . 4. 7. 
5. 6,13 6.25. 7. 64,63. 8.950. 9. 8729. 
10. 68229 11. (i) A nU) (i) 3-1an +1+28] 


(iii) +Gn=1) 12:96; ISAS, 5, 7:9, 18: 


(ESE TPA; 15; «4 14.43:71. 15. (4p+1) : (6p 4-1). 
Exercise 5 (e) 
i ja E E 18.79 4. (Ct (2) 
125 3 ү 3 
5. х©" Юл 6 -000000000049152. 7. 1, se. в. éth. 


532595 
9. 8th 10.8th 1L 6,12, 24, 48, ...... 
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np ` 1 à cp 
; T ! lini 2 
12 f=)" 13. (2) ‚т (2) У 
y n n 
Exercise 5 ( f) 
5. 6,12,24. . 6.4,69.  7.4,6,9. 8. 2,4,8. 
9. 4,8,16,32. 
Exercise 5 (g) 
XEM 
E 
13 13113 ie Sei 1 1 
E a rary ЛЫ SRY ie E 128 
ue 3 9 27 
3. , 8, 12, 18,27. 4. —1, 5, — 4 p+ 5.552 
8. oe 
Exercise 5 (h) 
1 26"), £500). 3. 1-2. 
E SAN 81 _ 3-10 
4 5-3). в. a (-4) } в. .و لگ‎ 
7. 4 8.64. j 
VON Exercise 5 (i) 
D 3 x 1 2 
1. 65.27. 3. 6(6+-%/30). 4. =. 5. 55 
9.2 Eua 
6.. AME +716 Tes MON e 
ag * 358 EU 
7. re 8. (i) — 3 G) тє g D 95" 9.473 t$ Tee 
abt 


= (6—1). 2. n°(2n?—1). 3. A ant 6n=1). 
n(3n*4-12n--13). 5. 2815. 6: 10455. 7. 8950. 
~ (4n?—3n+35). 9. 4 @+1)(0++2)(п+3). 

g ote). 


Exercise 5 (k) 


tx" д nx? `3(1—х") 1+(3n—1)x" 
(1—x? 1—х` SITES m 1—x 
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4(1—(—3") — 1--(4n—D(—2)* . 


ES OE [E 
a 30-39 On-26942 ; 142r. 
AS TUNES UG ее E : 
5 1+x+x? ; lxx. (—1) ax»  (—1)"xntt 
ШЕК Л Л RA IFA (+x) 
DEL а ucc 
* Wx) t 3s 

25 2 
8. VG: 9. g 


Test Your Understanding V 


1.00) 1.2. (с) 13. (4) 4 (b . 5. (4) 
6. (à) 7. (00 8. (6) 9. (а) . 10. (4 


Review Exercise V. 


+ L- p2: 
5. 7650. 6. 6,2 7.9051: 838153, 11. 4b 


1-7? 

12. 8 14. 2,5,8. 15. n(3n?+6n+1). : 
16. rn Di 282-5). 

Nos EEN  n(—xM 
17. 3 (n*--2) 18. NOR MEE 

4(1—х")  3-(4n—3)5 . _1-+3х 
19. (=a (Тох) (50° · 20. 17. 
: Exercise 6 (a) 
1. 36. 2. 28. 206; 4. 375. 5. 80. 
6. 72. 7.48. 8.18. 9. 120. 10. 1050. 

Exercise 6 (b) 
1. 24. 2. 120. 3. 720. 4. 720. 5, 182 
; 6! 12! 
6 210. 7.220. 8.252. 97. 160] 
15! 14! 


11. 312) 12. 1131 13. (n—1)[(n—1) 1]. 
14. [(@+п+1)[(#—1)!] 15. (a+1)imn—1) 1]. 
16 9O A 2; 
Exercise 6 (c) 
1. (i) 840 (ii) 56 (iii) 720. 2. 8. 3. 14. 
4. 41. 5:1. 7. 120. 8. 24. 9. 120. 
10. 60. 


a2. 
15. 


N à 


10. 


11. 


3024, 2016. 


282240, 40320. 


3600. 
3110400. 
FITNE) 
m!(m+1)! 
(m—n41)!* 
146652. 


15! . 
715131! 
(iv) 907200. 


900. 


12600. 
1024. 
пі, п", n —n, 


. 1000. 
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Exercise 6 (d) 


2. n-3p,, "P X ^73P,. 


4. 480. 

7. 4320. 

9. 144, 144. 
11. 86400. 


13. 86658. 


Exercise 6 (е) 


2. (i) 360, (ii) 120, (iii) 1260. 


3. 7560 ; 60. 
20! 

ETFI 

7. 360. 

10. 9. 


` 13. 1944810000 


16. 31. 
Exercise 6 ( f) 
2. 360. 


SIL 
8. 3600. 
10. 43200. 


Exercise 6 (g) 
2. 230300. 
5:353 
8. 185. 


@ paat, 


G) --nn—1002)-p(— 1-2). 


10. 


12. 6. 


5. 1440, 


8. 10800. 
11. 243. 
14. 3374. 
17. 32. 


3. +0 n. 


1 
6. 247 


3. 210. 
6. 36; 84. 
9.156721. 


13. 10, 5. 
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14. 


Uu. 


Y 75! 

231. 15. 56, D 16. 401351 

S2 moe i МЕ 
415013 1)4 (13 1) 05 1) 
59; 20. 42. 21. 136, 2454. 
136, 2454. 
. Test Your Understanding VI 
(c) 2. (а) 3. (c) 4. (b) 
(a) 6. (b) 7. (d) 8. (b) 
(a) 10. (a). 

Review Exercise VI 

1440, 3600. ` 2. 144. 3. 325 ; 260. 
4:20. 5. 8(9)! 6. 360, 240, 12. 
64. 8. 120, 325. 9. 256. 
50-1) ! LES 12. 80640. 
60. . 14. 240. 15. 243. 
63. 17. 210, 84. 18. 104. 


Exercise 7 (a) 
) ЫЙЫ жу е, MM 
(ii) x$y5-- 4x1 у s xb y+ —— 19. xeyo x5y5 


+8 1% naa. گے‎ 


g *». 


135 23 79 
аха — Sx 64 
(iv) »( 2415—8105*--1080)— 50. TE -) 


(v) 1H-10x--2533— 403—190: 9235-1-570x9— 36037 — 675x9 
+810х9— 243210, 


(iii) a zo X 57 Lx x1—204- 


(i) 140 42. (i) 2x(16x*—20x28? + 5at). 
10520 4. —6334, `7 5, 9C, уха, 
2104188, 7. —252. 9. 210. 

1 189 n 2L qe 
180. 12. 252. u or dup wt 


(i) 96059601 (ii) 997002999 (iii) 6765201. 

(1+5)?. ` 

(Олу!12% 29-59 (p) | xan- 25-20) ! 1 
nin! '(p—l)! n—p4-1)! ° (p—1) ! Qn—p4-1) ! "72272 


ise 
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Exercise 7 (b) 
(i) 5th term ; 70. 

(ii) Tth term ; 558013075. (18)*(12)! . "e. 
(iii) 8th and 9th terms ; 165.219 (iv) 12th term ; 35. 510. Co. 
(у) 5th term ; 87. 54. YC (vi) 10th ; 11th terms ; 

(18)? (12)! , 3С. 
(i) 1C, —1C,—-462. (ii) 1С,=924. 
9th, 50688 x). 4. x—2, y=2, n—5. 5. 14 or 23. 
2288 8. 7 or 14. 9. 11. 


$ 8 
( iy 5: 12. 8. 
SO ЗЕ 14. 1. 


Exercise 7 (c) ; 
(i) (n— Dth. (ii) (n—7)th. (їй) (n—r-4-2)th.. 
212—1, 6..212— 1, EM 
Exercise 7 (d) 
GET. = 2, 19,17.11.13.4,62, 4. —1365.. 
(=1)"(4n) ! 3 
Zn Ї (Gn)! В 
і Ехегсіѕе 7 (е) 1 
() 142x43x24. i) 1419 at 
QTE 135.9. 
256 * 12048 ^` 
5 92 2742 274/2, 
(iv) 2 42——5- xte. x* +64 7 
2a 
XC T6 
1155 
8 


(й) Tit 


хла ; expansion is valid when | x | «2! 


16b4 (ii) _ Blat 

Mas _. ES URS 

(og ED ED GR ы Or у 
y Or!) Y —1) (2n—1) -... —n—i 
аа (p “eee 

1.4,7....-(3r—2) (33 \* . 

ө Hessen (m )5 & 1th; Sap Sy 
8th; — S 24, 


ANSWERS 
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Exercise 7 (f ) 


5 p18 
3432. 2 о FR 


3/2. 1.3,5......(2r— 37, 
2135-05) x us 4. (i) 3. (Gi) 3r* r4 1. 


(Шу 27-6, se) where p= or 3-(r—1), 

according as r is even or odd. 8. —20. 9; К?) 
Exercise 7 (2) 

5:01330 13. 99933. 14. 1001 ; ‘09967 


. (i) 30025 (ii) 1°9978, 


Test Your Understanding VII 
(b) 2. (c) 3. (4) 4. (c) 
(a) : 6. (b) 7. (с) 8. (d) 
(b) ‚ 10. (a). 
Review Exercise VII 
(2+ 1)", 3. 9th ; 7920, 4. 0. 


f ae 2 
ааа ит) 47-097 2 (= J- 14. first ; 8. 
273r? -7r4- 8). 18. 49959952, 
! 920. 
100039928. 20. 921 


> Exercise 8 (а) 
277. А 4. 2e—5. 6. 5e. 
1 : f 
lle. 8. 26-1 
_Exercise 8 (b) 
4 2* 
14-222 -23*- э M +z x. 2. SIS 
nj (— 
Mex х? +» Tu өөө + PEC D. уз... 
ex — еу 10. 74. 1. (- U^ [a+ (a+ 1)n—n?]/n 1 
Exercise 8 (c) 


3( x je - х) ; valid for | x | < 
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19. 


21. 


9. 
Al. 
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4x2 ва ea — 64x HIS x ; valid for | x | <4. 
128 : 3 
"A 9. А 
Test Your Understanding УШ 
(c) 2. (c) 3. (b) 4. (a) 
(a) : 6. (b) 7. (d) 8. (c) 
(2) 10. (4). 
Review Exercise VIII 
8187 3. E а, 7. 3 log, 2—1. 
Exercise 9 (a) ^ 
5 2. i45. 3. 3/89. 
4 (a* у. 5. a(ty~t,) МЇз+һ)#+Е+4]. 
2a sin + (ө). 7. 16. 18. (2, —1). 
17 7 
(ғ ©) 20. (2+2У3, 5); (2-243, 5). 
I+ W. = ; = 
(5,9; (3, 4). 22. (4% +43 7 13) à ( po HE) 
Exercise 9 (5) 
25. 2. 9. 3. 23:5, 
29. 5. а? 6. а? | (рд) (q—r) (r—p) | . 


2a? | sin Lap sin j6-) sin 5-0-9) |. 


ie | =r) (r—p) (р—4)/(ра?) | . 


20:5, 13. 15. 14, 2055. 
Exercise 9 (c) 

(52. 54 “69 ту" 

G >). 2. ($ 3. 3. (19, —14). 


"2M 7 3 
(+. 2) 504, =p (x 10. 
(5, 0), (15, 5). 7. (—25, —35/2) ; (—15, —15) ; (—5, —25/2). 
3: 5 internally. 10. 2 : 3 externally. 
1:1 internally. 12. 3: 7 externally. 


-ANSWERS 
43. 1:2 externally. 14. (= , 3) 
15. (—4,—11), 16. (—1, 11). 


47. (22/2, —5— ¥2), 
Exercise 9 (4) 

1. x*+y?+12x—2y+28 =0. 
2. 7х—13у+10=0. 
3. 8x*--8y!'—8x-4-18y—7—0. 
4. 5x*+9y2=45. 5. 3x—4y+6=0. 
6. 2x*+2y°—6x—6y+10=k?. 
7. 16х24-15у2—64у+64=0. 
8. 5x!J-5y*4-26ax--5a*—0. 

Test Your Understanding IX 


1. (b). 2. (c). 3. (c). 4. (4). 5. (b). 
6. (b) 7. (a). 8. (a). 9. (a) 10. (5). 


Review Exercise IX 


1. 4/(ai-b?). 


7. (1,0; (э) s (+. 


RE. A a) ENT 
э. (z.-$nenx(-i1) 
10. (i)2:1internally. (ii) 2: 1 externally. 


12. (—3, 6) ; (—6, 10). 13, (3х—х— Xa 3—)1— X3). 


17. T a | q—r) (r—p) (p—4) 1. 
19. 24'5. 
Exercise 10 (a) 
1. ()x-2-0-: (i) х+7=0 (iii) x—a=0. 
2. (i) y-4—0 (ii) у+5=0 (iii) у—Ь=0, 
3. (i) y—4=0 (ii) х+2=0. 
4. (i) x—a=0 (ii) y—b=0. 
Exercise 10 (5) 


L @ у= 75 (ii) у= 3x 
(iii) y+ М3х=0 (iv) у+х=0 
(у) y+ 70 (vi) 0چر‎ 


2. (i) 45° (ii) 60 ^. (iii) 150°. 
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у= +х. 
yay and y=+V/3x. 


Exercise 10 (c) 
y=x+2. 2. у= —х+3. 
у=—х—1. 
Exercise 10 (d) 
y=x+1. 2. у= 43x (34-2 3). 
y——43x4(343—2) 4: x+ 43y-4—0. 
x-+y+1=0. 6. (y—g)-+(x—p) cot «=0. 
Exercise 10 (e) 
x+y=0. 2. х—у+1=0. 
x—y—1=0, 4. 3x—2y—19—0. 
x 
+e 6. ax—by+ab=0. 


2x—y (m,-+m,)+2am,m,=0. 
xd-mimsy— a(m,4-m3)— 0. | 
x соз $ (0,4-6,)--y sin + (0,4-0,)—a cos 3 (0,—60,). 


= cos $ (+0) +4 sin 1 (0,+6,)=cos 3 (0,—9.). 
7x4-12y—23, xy 4, 3x--8y— 27. 


‚ 3y—2x-12, 8x—11y— —42, 3x—4y— —16.: 


5x—14y— —3, x--3y— —18, 7x—8y—19. 
х—у=—1. x-5y— —1, 2x-- y-4. 

x—y=1, y+5x=3, 13х—7у=11. 

29x-+4y-+5=0, 8x—Sy—21=0, 13x--14y 4-47—0. 


2x+y=3. 18. 3x—y=2. 
2x+3y=27. 20. 1:1. 
Exercise 10 (f) 
LEZI Аад э 2. erue DE EE 
1/2 EVR 355 ETINI 1872" 
ш x a Раг 
3/2. IITA 
(4 33-2) (= —343—2 
2 ue ж ло А 


G, —2), (—1,2). 
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Exercise 10 (g) 


1. `5х+4у—20=0. 2. 2х—3у+6=0. 
3, 3х+у+6=0. 4. х-у—а=0. 
5. х+у+3=0.: - 6. x—yT 5-0. 
Exercise 10 (л) 
1. xty—342-0. 2. x—yt4/2=0. 
3. x—V¥3y+4=0. 4. ./3x—y+6=0. 
Exercise 10 ү 
AI» 3 5 
1. у= 3 F2 2. у= =—х+ x 
EXE 1 4 
3. у= "5 ЖЕ RY 4. 2 چ(‎ 7 
EISE J Жн Pia a 
5. у=—8х+15. 6. 3 disp l. 
Вад Ы Бы Ji" 
7. Ep 1. 8. 1 55 I 1. 
ш, deg Uoc 
9. —mtT 10. Z +3 = 
Pe уык, т. 
11.72; 3. 12. act 4/323 1; 
13. x cos 4n/3+y sin 4л/3= 3. 
14 хсоз 11=/6+у sin 1=/6= 9. 
P ea B Sena hes oO 
15. x cos a+y sin a= T3’ Shae cos a= rSn am 3 3 


Exercise 10 (j) 


SS A 

1. (=. 4). 2. (—5, 2). 

3 (2. 2) 4 ( а a (m +m) 
6 6 ` (mm, > тт, х 
bas 9,--0; 2 Ss 

5 
cos 0,—0 cos 01—0, 

2 

6. (att, a (t А ab 223) 

atita, a (5-02). T. (S) 


: (0&6 DIC =D; (2,40. 
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95:563, 5); ТС е 


12. k= A. 13. a—1. 
14. x—2y+2=0. 15. 4x—13y—0. 


16. 41x—112y—70—0, 16x—59y—120--0, 25x—53y+50=0, 
17. 3x—y—3=0. 
Exercise 10 (k) 


1. 90°. 2. tan. 
23 р 
Siem о 

3. tan 10 4. 90*. 
^& a 7. х+2у=11. 

8. 3y—4x—4 9. 3x—2y—6=0. 
10. 7x45y—34. 11. 22x—11y—53—0. 
12. 4x+8y—1=0, 13. 2x+5y=0. 
14. 3x+2y—11=0, 15. (i А +). 
16. 5x—y-0;x—5y-0 3 x+y—3=0. 


Exercise 10 (/) 
1 542. 2. 3. 3. 5. 4. AL usb sd 


2 
36 18 36 5 
TI us oS 8. oS, x 2097 Bah | as + 
4/10" V13 4/34 VIB? 4/13* W2 
А Ехегсіѕе 10 (т) 
1. (05х—2у=0, х+2у=0. 
(ii) х+у=0, х—4у=0. 
(iii) х—у=0, 4x—y=0, 
(iv) x4-5y—0, 3x+4y=0. 
à ; 1 | 
) 2. (i) tan (ii) 0° (iii) 90° (iv) 0. 
А2. E 5. x®—3xy+2y2=0.. 
Exercise 10 (п) 
1. (i) Read the last term as —88, 
(ii) Read the last three terms as —4x—2y +1. 
2. (i) =1. (ii) 2. 
Serato EST —5 А =35 
(iii) 2 F >: (iv) —5 or du 


8. x+3y+9=0; 33—542—0; (-2. -) 90°. 


ر — 
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: va is гб 07 11:23 
4. 2x+5y—1=0, 3x 4y4+2=0; (5 23733 ): tan’ тї 
6. (2,1). 7. (1,3); an 5. 

2 
—2)* tan-1.4. 
8. (1, —2) ; tan n 
9. 3x+2y—3=0, 2x—Sy+2=0; 4 
10. A= =. or 10; 222 +5ху-+2у2=0, 3314-10xy 4-3y*—0. 
13. Distance— £ . 
8 6 
14. Distance=—— 
J/ 29 
Test Your Understanding X 
1: (e) 2. (b) 3. (c) 4. (b) 5. (d). 
6. (o) 7. (a) 8. (c) 9. (a) 10. (a). 
Review Exercise X 
1. 6xc11y—8—0; 3x+20y—33=0; 9x+2y+17=0. 
2. 3r+y—17=0. 3. 1: 1 internally. 
4. 4x—3y—1-0. 5. x— 43y—4— 43— ge 
6. x—y—7-—0. 4 3:4, 
8. 3x+4y=1. 9. 10°5. 

10. 8. п. 17x4-20y —0. 

12. tan-2. 13. 5x--3y4-8—0. 

14. 18x+-Sy+1=0 ; 6x+11y—5=0, 

У 9. —4 * 113 6 

T (7 7 ) 1y CF 187 5]: 

27. Gs 18. (a+b) py 


19. x=2; ر3×‎ ‚х=2ў—3. 


Exercise 11 (a) 
1. (i) x*4y—6x—4»—12-0. 
À (ii) 22 4-y*—10x 4-24y—0. 
(iii) x* -y?—2ax—2by—0. 
(iv) 2x*4- 2y?—6x--10y 4-15 —0. 
2. (i) Centre (0, 0), radius 4. (ii) Centre (0, 3), radius 3. 
(iii) Centre (2, 0), radius 2. ^ (iv) Centre (4, 3), radius 5. 
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`(v) Centre (—1, —1), radius 1. 


2 p d VOT 
(vi) Centre ( 7^ i4 Jj radius POE 


Centre (3, —2), radius 7. 


EDEL АЕ reum m 
Ы los > 2a ) 2a Vene : 
. A circle having centre at (—3, 3) and radius 3. 


х2+у1—6х+4у+12=0. 
2x3--2y3-4x4-8y—23 —0. 
xt--y?4-10x—14y4-57—0. 
2x2 -2y*--1Mx—10y4-5—0. | 
xt+y'—3x+4y=0. 
Exercise 11 (b) 

(i) @+y?—2x—3y=0. 

(ii) 333-F3y*--2x—20y 17 —0. 
(iii) x1--y*—13x—13y--52—0. 

(iv) х24-у2—22х—4у+25=0. 
x" + y?—2ax—2by:--0. 3. xi y*—6x—8y--15—0. 


. (2, D ; xt yt—4x—2y—5—0. 
. Centre (4, 1), radius V5. 


x34-y1— 5250. 

x+y +8x—9=0, x*-- y?*—8x—9—0. 

xt4- y—2x—4y—95 —0, x! 4-y?2-2x—8y—83—0. 
Exercise 11 (c) 

x+y —x—2y+1=0. 2. x?+y?—5x+3y—22=0. 


‚ x2 +y?—2x+2y—11=0 ; centre (1, —1) ; radius 4/13. 


. х#+9#—2х—3у=0. 5. 2:2--2y!— 6x —18y-F35—0. 
Exercise 11 (d) 
‚ (~1, —1). 1 2. (0, 2); (1, 0). 
. (—1, 0). 4. x?+y?—x—y—2=0. 
х02+у—4у+3=0. 


Exercise 11 (e) 


. 5x—12y—169 2. x cos 0--y sin 0—a. 
. 5x4-12y—169 : 12x—5y —169. 


x=4, 5. х+2у3= X2u/5. 


. Sx+12y+169=0, 5x-+12y—169=0. 


x+y+3 220, x+y—3 V2=0. 


„ 4x+3y+5=0, 4x+3y—25=0. 
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ف 


ae! 


БАА RUND OP 


. x— 43y4-10—0, x— 43y—10-0. 


‚ pata `` 11. aa. 
Hee 5 ‚13. 5. 
Exercise 11 ( f) 
16. TUS a 
. xX*t-yi—6x--12y4-12—0. 4. 8x—13y—2=0. 
7х—5у—2=0. 6. кызу. 
. 2x—S5y+4=0. 8. х=0. 
Exercise 11 (g) 


3-M-3y—6x—8y-0. — 2. +14 1йу—о 


. 3x2+3y2—8x+2y=0. 


Exercise 11 0 


. xt-pyt— 20x-20y--55—0. .4. aot hee 


x*--y? —1x—9y4-1—0. 


. 31x24-31y? --90x —12y — 109 —0. 


x*-py*--6x--4y—4—0. 8. a 16x18) 4-0. 


.ox*npjy?-2x--2y4-1—0. 10, x+y = 6x—6y+9=0. 


"Test Your Understanding XI 
(b) 2. (c) 3..(b) - 4. (d) - 5. (b) 


(а) 7. (b) 8. (d) 9. (b) 10. (0) 


Review Exercise XI 


..15x4-15)3—94x-- 18y4-55—0. 


x—4=0. 5. x*+y'—6x—8y=0. 


. х®+у1—17х—19у+50=0. 7. 3y=2x+13. 
. 2334-2)? -2x-F6y--1—0. 10. p=—2; q=. 


Exercise 12 (a) 
. #—4х—16=0. 2. (—3/2, 0) ; 2x—370. ` 
(—2, —5) ; х+4=0. 4. 9; 13/4. 
(72, —4) : (73/4, —4) ; 5. Mix: i 
(1/3, 0) ; 4/3. Т. ayj й) 
(6, +43). - -- cp PME 
(i) (—a, 0) ; ities te » Gi) (0, а); yt a0. 


Exerise12() i3 


EE) 
. 16x—8y+3=05 EX i) 


. 98x4-70y 4-150 ; (9 -7 
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. 3x-+2y+1=0, x+2y+3=0. 
2х—у+2=0, (1, 4) ; x+2y+16=0, (16, —16). 


. (4.4). 6 (1, D. 


aw 


n 


Exercise 12 (c) 
16x?+-400)8=25, 
. 189x*—96xy-+161y*— 1230x—1640y+-5525=0. 
9x2-+-12y®= 256. 4. 5x°+-9y?=180. 
1 4 


rer RAP det 

6. V те ‚ х= mu ey 
7. (22 п xu) ix HM 

8. (5,3), nE J, 64242, 32) se EX 
X d (i ient) М, 


A оон 


T2 TPR LARES 
10. a 11. 12, 8 2. 
12. (f) Outside (ii) Inside (iii) On the ellipse. 
Exercise 12 (4) 
1. y—-x-5. 2, /3x—y+7=0. ` 


3. 3x--y3-24/7 —0, 
4. Read 16х2--9у2 144 for 4x* 4-9)1—36. (+ Wr , 22 )- 


7E 
5, zA[S 


Exercise 12 (e) 
1. 3х2— —8xy— 3yte- 24x 38y 4-630. 
2. Read "standard equation' for * equation’. x*— y2—32,. 
3. Read ‘standard equation’ for equation and (6, 0) for (0, 9. 
x? 
dex cb 
a4 » y 
еспе 


5. Read ‘standard equation’ for ‘equation’ 16x2—252— 1. 
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6. 2, (+5, 0), 5х=-+.9, 2. 
пу (s Vai, о): (v (va 1 x=+25 y 2; 


Un 
aS di 
(+7 4l, +5) 
8. 6,4; ан ; ($V T3, 0); 22: 
9. 8,6;(—4,—1);0,—1), (79, 50; 2, 3 5x—36-0, 
5x4 4-0. 


10. 6,8; (3,4); (8, 4, (72,4); 22.1.5. ; 5x—24—0, 5х—6—0: 


Exercise 12 ( f) 

1. (5, 4). 2. 30x—24y-: 4/ 161—0. 
4 че —542 34/2 
3. 4x —3y::34//39—0, 4. (44 fe ) 
5, (1, 1). 
Test Your Understanding XII 
1. (а) 2. (c) з. (d) ^ 4, (b) 
5. Read V 7 /4 instead of \/ 7 /3 (c). BENT 
6. (d) 7. (4) 8. (d) 9 (c) 10. (5). 
; Review Exercise XII is 
1. (5, 0), 20. ' 2. у®=16х. 
3 ED с=т. AW 
3 Сар ; (5. 1 ) 4. 72. 
SN 3 
Sea Eg FR 
7. £A/ à 8. бх-ЕЗу-Е2 4370. : 
: i 
b ue 

Exercise 13 (a) 

1. (2) 1 (b) 1 (c) 1 (d) 1 


2. (a) ES (3+1) чуу 1-3 
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Exercise 13 (д) _ 
2. (i) 2cos 4x cos x (ii) 2 sin x sin 3x 
(iii) 2 sin-5x cos 2x (iv) 2 cos y+: xs sin (2y—x) 
(у) 2cos2xsiny- ` (wi) 2 sin 3x sin Sy. 
3. (i) sin Sx—sin x (й) sin 5хЯ-віп х - 
(iii) соз 10x+cos2x (іу) сов 2x—cos 8x. 
Ехегсіѕе 13 (с) 
1. () tan E 0 cose 
ш) cot 6) sin =. 
n | . . Exercise 13 (d) X 
04:3 ()- 12°15 36" (ii) 37° 3T' 12” (iii) -42° 9' 0" 
2. (i) 19°29 (ii) , 3°:26 (iii) 2°88. 
3. 4th, 2nd, 2nd, Ist, 4th. 4. 75°. 
5. 60°; 30°, 45°, 9°, 


114°:58,.171°'86, 286*44, 17°°19, 572°:88(соггесі to two places 
of decimals). 
6. 419, 105, "79, "52, 31, 1°83 (correct to two places of decimals). 
7. 10°47 cm (correct to-two places of decimals). 
8. 6m or 18°85 radi ians, correct to two places of decimals. 
9. 


. one. 10. 84 
11. 113142857 ст 12. 5:4 
„23. 11°°44 or '025? per second 5 
44. 30 radians рег second. | 15. 37775 km. 
; Exercise 13 (e) 
G) (м3+10)/24/2 = (ü) Pa EG 
1 5 i 
2. 330° = 3ے‎ M. 
sin 2 cos 330: А 2 „tan 3302 93 
cot 330°=—./3, sec с 330°= „сес 330*— —2. 
P ел i з 3 
1°* ber Bt EZ 3 ; 1 5 
mdr EO ES (iti) 5 un — 


6. (i) sin26° (й) cos 50° (iii) sin 45° (iv) cos 34°. 
T. © L4. G) —Twa: qu) —ijva 

Gy) ч ) —2 (vi) —2 

(vii) 0 "iib ax 54 ; 
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8. (i) cos (i) —sim8.- (Ui —tan0:- (v) cote 


:(().—5e69 (vi) . sec (viii -—tam0:- - 1v) 
9. (i) cos19° (ii) —cos27* (iii) cot 25° ЖАПЕ 
(»):—c0t42* (у) —свс 13} (vi) вес24°, (ia 8 
10. 30?,330* 3-H. 240°. {thr A ЭА 
fe 12. (i)-sin.90^--sin30? °77 (i) sin 100°—sin 40°. ii) 
| (iii) cos 60°--соѕ 30? — ^.:.(iv) соѕ 20°—соѕ 1009, ii) 5 
13. Oo >2 sim36° cos 12°*; ©. (ii) 2 соѕ 42° sin 30°... (5 
= Fxsicine: 13 (g) à ode fuo 
1 (i) 4253 dit) *6648 "(йй 6168 C) 
(v) 6371 (y) - 1:241 Ж (r) rl67 | 4 
(vii) “9644 (wiiy'9605 (ix) 2229 +(x) 1820 
А 2. (i) E 1940! (ii 14°50' (iii) ` 58°30 
(iv)- 55°10 (у) 67°20" (vi) 54°30" | 
(уй) 67°50’ (iii): 56520’ (ix): 26°30" a 
(x) 59°40’, E ae з AAD 
ТУ. Exercise 13 (h) (лд Аң 
1. (i) 24754 (ii) 6187 (iii) ‘837L... (iv), "8806 
(0) 25 (vi) ..17020 (vii) "7300. ой) "8313 .. 
(x) 1:517 G).LI131 . (xi) 1037 (xil 1712. 
2. (i). 3°36" (ii) 5721 . ii) 23724 . (iv) 31°26"; 
Q9). 66°47 (vi) 45487 (vfi) 71*25'.-(wiii) 6696 
(ix), 29°36" (x) 6724 (ш) 56°44! Qui) 27°15". 
Test Your Understanding XIII ` ега 
1 (д)5952, (В) 3. (9) 4 (d 5. @ 
- € @ .7. €) 8 (d 9 (9, 19 ()' 
; E ‚ Test Your Understanding XIV - 7 d 
1. (a) 2. (с) 3. (b). 4.94. (b) . 5. (d) 
6. (a) eT. (d) 8. (a) 9. (D 77 10. (d. т 
dion Exercise 15 (b) г (0) 
27. (i) n sq. cm. n 336 sq. cm. ш) 2430 54; ст. 
x (iv) qO A) $q. cm. EO) an em. 
28. 5cm. : 6d 
Exercise 15 (a) ; 
1. (i) A=60°. А В=45°, PO OF piel 


(ii) A=120°, vo B=45°, PLN CS tse io 
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© Gi) А49, B=59°, C72. 
(iv) A=20°55", B=25°50", С=132°35' 

2. xL [ 

3. (i А=84°, В= 34°, С=62°. 
(ii) А=42°, B=61°, С=76°. 
Gi) A-33* B=53°, C=95°, 

5. (i) A-56, B=60°, C-64*. 
Gi) A-60, B=43°20', C=76°40'. 
(iii) A=60°9’, B=43°17’, C=76°34'. 
(i) A=38°56', B=57°58', C-836. 

Ў Exercise 15 (c) 

1 (4) а=і, B-30*, C=120°, 
(ii) a= 46, B=105°, C215. 
Gi) c=13, |ocoAÀe3l*, B=112°, 
(iv) b=15, A=28°, C=117°, 

3. (i) a=436, B—78'15', C=49°35', 
(йу c=27°29, A=91°54’, B=37°18’, 
(fii) b=199°1', ‚ ASSET, C=42°17’ 
(y) с=226°9, A-3945'. B=73°35' 

4. ^ A=94°40/, B=25°20'. 

: Exercise 15 (4) К 

1. () A-106, b=15, c=120. 
G) С=4т7°,  *а=187 с= 139. 
(i) B+97°50', a—169, b=234, - 
(iv) C—82*30'; 1 b=103, С с=172, 

3. @, С=72°, а=85, . c=82. 
(i) A-7810, a= 144, c—83. 
Gl) C=65°45', b—2266, — c=21'63. 
(0) A-3349, "^ 21618, c—25'63. 

Му 4 ' "Exercise 15 (е) à 

1 (i) B=35°, . C-37; c—18. 
(ii) B=22°, C=129°; 3 с=51. E 
(iii), .A1—58*, Сү=85°, с1=81. 

and A,=122°, С,=21°, : с=29. 


(іу) No solution 
(у) No solution 


(i) В,=59°, Cı=89°, c=83. 
and В,=121° ا‎ с,=37. 
(ii) В=5°50', С==108°40', c=783. 


(iii) B=37°23", С=91°27, с=41:34. 


ANSWERS ` i 


13. 
14. 


(x) B,=67°20', C,=60°10', €1—247:1. 
and B,—112*40', C,—23^50', ¢2=106°9. 
(х) B=50°10', C=28°30', c=11'5, 
(xi) B,;=66°40’, C,=79°40', €175812. 
and B,=113°20’, C,=33°, ¢,=321. 
(xil) No solution (xiii) No solution 
(xiv) B=43°51', C=83°57’', с=36'95, 
Exercise 15 ( f) 

2°12 metres. 2. 14. 

29 metres. 4. 87'1 metres, 

444 metres 6. 430 metres. 

height=35 metres, distance=20 metres. 

80 m. 


height=60 m, distance=35 m. 
The point is at a distance of 1205 m from one pole and the 
height of the pole is 217 metres. 


12 metres. ^ 12. 15 minutes. eS 
33:3 metres. 14. 42 metres. 
65°: TT 16. 261 metres. 
Exercise 15 (g) 
45 metres. 
7'53 km from P and. 9°69 km from:Q. 
43 km. 4. 54 metres 


620 metres from A, 440 metres from B, and 370 metres is the 
height of the balloon. í 


8 mi 5. 88m. 
62 m. 8 9. 11 metres. 
840 metres. 


Elevation of the Sui=37° and angle made. by hillside with the 
horizontal =2°. 


l sin (a—y) sin (B—a) csc (B+-y) sec а, if the points are on 
the same side of the tree ; 


I sin (a—y) sin (&—«a) csc (B—y) sec'a, if the points are on 


- opposite sides of the tree. 


R can be either 290 krn away or 140 km away from Q: 
13*. 15. .60 metres. 


Test Your Understshding XV 


(a) 2. (су. (| SSO 9) 5. (b) 
(4) 7. ( & (Q 9. @ 19 ©). 
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E Review Exercise XV , 
E ELO : 
È ч T adi ‘Exercise 16 (a) 
9) Gi) Ret (iii) , 
(у) ж, bos) У-у EC) sn, 
ie ater a 3 
B 3. s^ E 
24 13." 
"RED "uan 8. c Poe 
0. 10 5 ^. 13. Read sin for cot 
Exercise 16 Q) an Я 
OF, Oe Фе” 
25 3. Ji 4. VU 
7 тоте 36 
~2 1. "om^. ; 13. 85 . 
6з (4) £L зоол 
65 + Bh 
Exercise 16 (c): | : - NE 
Ox. WF ои =, oe a 
9» Lo O), NT М; бш) =. 
S gud 1! 13 
74 3 pq , 
"T. «s TE tru? 
15 "9; 8. 24 9. 
46. d > p~ i 
65 
3 -Exercise 16 600: i у п 
"emit ea 42. efor h: 
0 x ebsic “i X $ 


@ хє ever з 9612 } 


es 
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(iii) x € Qnx : n € Z}. E ont. pis 
2 pos 
2 zu ez * 
(iv) x el meta тіп ui i 
Exercise 16(9 ^ ; | 
1) [oc in€Z ae Ba: M | 


(i) [m4 «тер v pane e 


Git) [3 "є 1 P "E 7 2 ne 
() mez: nez}. ьн wis i. 
9) [5 : nez5 з 4: d zr 
(vi) [fone eh È LP 
2. o {= A ne 2]. Э 
Gi) [us cot? 2: ne Mes EO | 
к: 


3. (Dx ef ani E: n € iz) 
EU) фер. тє 
| | гање (OS ^ 

1. xef nten ez} с ү bs 2: at Hass ut 
a ef met тє 2}. RN 

3. xe me: sez]. fyaw: a ee 
4. AA Dni “ед, i pe 
в. xe[ (021+) ein EDU. ei min ed 
6. xe[1 me nezhu pests: ni e. 


7. х e[ Qnz:n€ 2) о [отог (- rar ne nr 


“714 


10. 


А ТЕХТ-ВООК ОЕ МАТНЕМАТІСЅ 
х ef 2nd la € z}. 
x ef mi ín € z}. 
x ef 4% in€ z}. 
Exercisé 16 (g) 


X e{ = :nEZ } 
x €[ (rr: n € 2) u {ачыу ez]] 
x € {nmin € 2). 

Lx є (4n—1) > :n € z} uf (4n—1) 5% nE z}} 
eU ne z} {кз „е д} 

oe e[[ eios ,, Є z) vl mmc in ez] l 
x SEES :n € z) uf TE ime z} 

o eo» T in EZ} fama. 28 :n€ 2] 


‚ох e[{= TT 2m amd: vu € zi 
es e[ 72 TT zhuf ста, ae z} 


ix SU (2n) m:n € Zy. 
Exercise 16 (h) З 


2 xe [mat et nez]. 
. x Ef 2m4 }—Finez} 
- «Em FE ine л}. 
- X enc» TM ine 2}. 


MS. elec Tt ine z}: 
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10. 


2. 


x el nrt tone 2}. 
Exercise 16 (i) 

x es = ine 2). 2. х e[m-- t:n € z). 
x eb» :n € z}. 
The solution-set is p. 
xem :n € zb 6 x€fam—S ine z}. 
x efm- in ez} 

Test Your Understanding XVI 


(d) 2. (a) 3. (с) 4. (a) 5. (b) 
(c) 7. (c) 8. (b) 9. (с) 
Read cos x—sin x for cos x--sin x. (a). 


Review Exercise XVI 
1 
$3915 2. x= >" 
140: t ATUM RES oe 
171 5 


x ef antn in ez} 
vef m+ Fee cre 2). 
х eos = en € z}. 8 


x ef; Sts ine z}. 
xel oen = ine 2}. 
Exercise M (a) б 
(а), (b), (h), (i), ( j) апа (k). 
Weight as a variable and 2:5 kg as-one of its values; анаа as 


a variable and 110 ст as one of its values; nationality asa 
variable and Christian as one of its values. 


(a) A group of students. (b) A set of books. (c) А collection 
of flowers. (d) A collection of constituencies. 
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; it is the other way round. 
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Exercise 17 (0). „с EE p 
(a) No ; Yes. едут} 
(а) 800. (Б) 1000. (с): 100. (d) 76. (е). 295. (f) 19. 
Lower,- Yn tg MENT DERE MEN 
y NU ET УЕН 1200 i 13 E. 
12, 20, 29, 30, 7. [s Sa: mus }D x 


The proportion of smokers in thé age-groups ‘0—20 and '61 
and above’ is higher in village A. For the oótlier'apé-groups, 
uz "er ums cn als А 

Except for thé class 12—20, the proportion is higher in village 

The two villages are almost similar as regards buffaloes in 
the class 6—9. qh DOT TSS ARM 

t 
: Exercise 17 (е) .. 

4. 2. Rs. 207. 3,7. 4 A.  - 5. Rs. 2785. 
4. Ж 7. 19°21. 3115 A 
424 hectares per farmer excluding those who own 9 hectares 
ог more of land. б . % Jnd. ROT URNA SR 


344. 12.145775, .. 13 27°85, 4 14. 156 cm. 

Rs. 1350 16. 153 cm. _ 

$ - Exércise 17 ( f) ^ 
1130, 2. 108. 43. 7. 4. 8. 5. 35. 

1355; 63295 5,8, Rs. 46°72. 


59°35 marks. 11. 10°89 marks. . 12.2674 
Exercise 17 (g) 


“345° 3.24 зоа 4,954. * д. bors7. 


Exercise 17 (A) ; Ў 
2772 2. 485 321547 4.234 15 327 
S.D.—Rs.1726; С.ү.=15'86 ©. _ 7. 4l'84years.. 
Player A is more consistent. His C.V. is less than that of 
player B. [Di EN 
Mean—352,S.D.—7210 10; Mean=9°9, SD 
Mean— 1679 ,S.D.— 6:75... 
Меап=107:01 , S.D.:36:9, 
Mean= 564 , S.D.—124. 


'""Mean- 56°15), S.D:=16°3} г ANEY E HR gi x 


Mean 834, S.D.= 262^ — 90) 
Mean= 54°91 , median—54 9, S.D.— 11:86. 
Mean=110°4 , $D.2 175... 70 77 n 


AY nepot 


ANSWERS ^U 10 BOGS > . 717 
18. Меап= 4616 ,`8.2.=19:75.` sa | i 
49. Mean='33°104; S.D.= 10075. 
20) S.D.—11 2825 5 —4 Р 
Test Your Understanding XVII 
1 (4) 2. (с). .— 3. (0). 4. (b) 5. (b) 
6. (b) 7. (a) - 8.() 9. (c) 10. (b). 
Review Exercise XVII 
1. (а) Many periods have been listed and counted more than 
once, e.g., sleeping time is included in all the holidays as 
well. It is an incorrect tabulation of data and hence leads 
to fallacious conclusion. 

(b) Itis the proportion which should be compared and not 
the actual number of accidents. Certainly railway travel 
was'much more limited in 1929 as compared to that in 
1979. Hence the actual number of accidents in 1929 
should be less than that in 1979. 

(c) No'conclusion ean be drawn from this data unless similar 
information is available about the rest of the people. 

(4) Similar argument as in (b) above. iA 

(e) The wife must have banged the statistician. He chose 
the wrong statistics for comparison. He should have com- 
pared the maximum depth with the least height for safe 
crossing. It is such injudicious use and misleading 
advertisements as in (c) above that make people say that 
statistics lie. E OU ц 

2. Mean=3'55 рег score ; median—4. 
9. Mean burning time=480 minutes per candle; median time= 

481 minutes. EAE M 21 s 

4. Mean тазз=1001°6 g per packet ; S.D.=1°43 в: 

5. Меап=1"39 mistakes рег page ; S.D.—1'28 mistakes. * 

6." 25; 39, 18, 11, 3, 2, 1. No. The values are ‘only approximations 
to actual values. SENS DT 

9. Class dip NEA 
Mes and below: 1—3. .3—5- - 5—7 
Frequency : 41 37 42 


il. 


Mean=3'52 per score; meadian=4°03. Earlier values are 


» better: Later ‘values are-only approximations. 
^Mean--26'5 >; median=26°54 ; mode=25'42. ' 
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Mean=125'65; median—128:14 ; Variance— 156:6. 
Mean=154'71 ; median=154°86 ; variance 51'04, 
Mean-—153:45 ; median—153:39 ; S.D.—6:58. 
Mean=60 ; median=65'8 ; S.D.— 14. 
Mean 10701 ; median 108-75 ; S,D.—36:9. 
Меап= 54:91 ; median—54'9 : S.D.—11:86. 
Mean=110 ; median —110 ; S.D.—43:54, 
Mean=68°375 КЇЧ; S.D.—4:89. 
Mean deviation from the mean--6, S.D.—7:5. 
Exercise 18 (5) 
X—25,—35; P=375. 2. x=3, y=2 ; C=1500, 
Minimize C=5x+6y subject to 60x+67y>1250, 
300x +353y>3500, 2x-- y 260 and х>0, y>o. 


Maximize 7:5x,+3x, subject to x,+3x,<12, 3x,--x,« 12 
and xi«0, x,20'3 packets of each. Maximum daily profit 
=Rs. 31°50. 

Maximize 2x,-+ I'5x, subject to the constrains 2x1-+x2<1000, 


%1+%2S800, x,«400, x,«700 and 3120, x2>0. 200 belts 
of type A and 600 of type B. 


Test Your Understanding XVIII ` 


(4) 2. (b) 3. (a) 4. (d) 5. (c). 
(d) 7. (c) 8. (a) 9. (a) 10. (c). 


Review Exercise XVIII 
x+y>5, y<0 and x<0. . 4. x+y>2; 
х<0 and y<0, : Tess | 
Maximize 2x,--3x, subject to x,+x,>10 and 2x; 3-2:4 <15, 
X0, x, «0. Tx DET rast 
1 jar of X and 5 jars of Y. 

Assorted Problems 

44, . 


Mathematics alone 60, physics alone 35, chemistry alone 13, 
Twenty-two students did not offer any of the three subjects, 


ANSWERS ES 
3. R is transitive, but is neither reflexive nor symmetric; S is 
symmetric but is neither reflexive nor transitive ; T is reflexive - 
but is neither symmetric nor transitive, 
4. Domain—(l, 2, +...., 20), Range={1, 3, 5, ...... ,39) Ris not 
reflexive, not symmetric, not transitive. 
5. (i) Function (ii) Not a function. 
6. Domain=R~[—1, 1]; Range=]0, oof. 
8. x=2, y=3 ; x——2, y=}. 5 
э. VEDED (=X v C) ; 
10. If a« 42—1, z=a+il—1+./ 1—2a—@): if a> V2—1, there: 
is no complex number satisfying the given equation. 
11. R~J5, 9. 12. 4. 13. 2ti2, 1+1. 
14. 34°17, 4( —3xiV/7), 15. x=}. 
16. 1540 balls. 17. x=105, y=10. 
18, 
1 1 25" 2 
ЫС рт Т ары "н Ле" 
22.. 5. га. 23, х2—2х cos n04-1—0. 24. 81. 
25. (i) 40 (11) 116. 26. (i) 224, . (ji) 896. 
27. 0. | 28..7 or 14, 29. 7. 30. 32. 
82:571; 33. 10000, x50, 34, 83x—35y4-92—0. 
35. —2<B<7/2. 36. 29x—2y—31=0, 
37. n/3, x/3, n[3. 
38. 29—1xy H3 34-270; 7 
39. (1, 4), (3, =). Ў 
40. 4x'-4y* - (5f+ 4g)x4- (4f +58)y=0. 
42. (33,26). 
43. 


100x*—576y*—1300x--4225—0 ; A sin? (5/13)— 15.. 
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н Ast Apex Ploy 120. ' “46: _Z(BC’=B'C)(a=a')= =0. 
/x—Ty—2—0 ; 1х-+у-#14 е0 (r= 9) 9, 


MCI A ай де др a 
(«-3*0-T-9. A 3 
Mea. E perrie IE, 
x+y +6x—3y—45=0. 50. 1676 km. - 
105*. 62. 2۷ 2d|v/(cot! «—cot? В); 

d((9 cot? B—cot? a)/(cot? a—cot? ))!/z, 


© 2 sin aj sin aj/sin (aj— aa). ` 65. 2/3, -Ecos71(—:3/5). 


33-75). 69. 2лт, nx- (— D*(—2/2), 

; nz (—1)*2/3. А 
Xx-545,yz2nn--tan! (1/2). —— 
—3/2<a<}. For each a satisfying these conditions, 


x=H{an+(—1)* sin? [1—4/2a-E3]), where n is any nteger. 


0) 73. (с) 74. (c) 75. (a) 
(4) 77. (d) 78. (4) 79. (d) 
(B) .. 81. (a) 8240) — 83. (o) 
(a) ` 85. (a) 86. (à) 87. (b) 
(b) 89. (5) 90. (a) 91. (b) 
(b 493. (d) ' 94. (d ° 95. (b) 
(d) => 97. (а) - =° 98. (b) - 99. (a) 


(с) = 108). 1 


каин EE 


TABLES 
Table 1 Values of Trigonometric Functions 


"Table 2 Common Logarithms 
"Table 3 Four-place Logarithms of Values of Trigonometric 
Functions 
"Table 4 Squares and Squares Roots 
"Table 22 Cubes and Cubes Roots 
* * A * 


factae ue 33 
Co Г тас MS 
ert чх дч qup TTE зн Ф TH err здү & org у га 
& Servs we der а д йч эт uv em faeta eng we 
St mem vu] Û ятт жй тч Rect TER ere чаба 
wer faceren тт we З wit ү rer Ф, уа Bari ws з 
SF чт гт aay @ чет чс AR arr ntes чї Fe eT ne 


& org Her 3 (ss wort, ot Wet vag # 1ч omen жат: 
н verd Tm ксн rit eu бд үт a түти fire wt sareari 


Jis жя È ay зіл ай татр бич qiu ; 

WU ап wer тт WU a Sot. wur 
am ч 35 Ra ufa Er geni yoy E 
{йч ,„ we owe] WaT. wj awo A 
aia „ЧЧ w wmm о М} aa 
wga nw goo colea „ ф 90 as 
TT AE U eji I 
gn Qu uw wwe y 6l 3600 жс 
wm, qeu үнө еш „ s $Y ое 
WEN 30 qc {5/6 | Ro mT ‚эу Yoyo 399 
wr, yt Tey уа | ар аї „ эп as aas 
emo. Sue Fogg | RAT „оса! нео ше 
тщп „ы ay RE |a е2 чэч зт 
mI „шу R902 qu | MAT „со "wo qc 


Fite verd vw ww $i gui те Pike татат # qw 
ччү чета ur sy OR UTR а чїй чя четяут wea F | дїн 
quoi й үч ere чекит gy ameta 06-53 WE тшп 

TCH wagered: а gage. 
MAU SHUTdEUUTSI: и! ачӘат arzt 
RTE ET: aA ATEN чап. 


FROM THE FIRST PRINTED EDITION OF THE SURYA SIDDHANTA 
Printed at Meerut, India, c. 1867. This is the oldest Hiudu work on astronomy. 


"Тһе earliest trigonometrictables are the ones in Surya Siddhanta. 
A page from Surya Siddhanta giving values of sines is repro- 
duced above. The values given above are remarkably close to 
the modern values. 
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Values of Trigonometric Functions (Contd.) 
Angle sin cos tan cot sec esc Angle 
4°00’ "0698 *9976 "0699 1430 1002 14°34 86°00 
10' 70727 "9974 *0729 1373 1003 13°76 50’ 
20 "0156 9971 0758 13°20 1003 13°23 40’ 
©30' 70785 '9969 10787 12°71 17003 12°75 30° 
40" "0814 '9967 "0816 1225 1:003 12729 20 
50 "0843 "9964 "0846 11°83 1`004 1187 10 
5°00 "0872 "9962 “0875 11°43 1004 11°47 85°00" 
10" *0901 "9959 "0904 11°06 1:004 1110 20. 
20' *0929 “9957 "0934 10°71 1:004 10°76 40 
30' "0958 ` 779954 *0963 10°39 1005 10°43 30 
40' *0987 *9951 70992 10°08 1005 10713 20 
50' "1016 "9948 *1022 9°788 17005 9°839 10’ 
6°00’ "1045 "9945 71051 9'514 1'006 9'567 84°00 
10 "1074 "9942 “1080 9°225 1°006 9°309 50, 
20 *1103 "9939 1110 9:010 1006 9065 40 
30' 71132 "9936 1139 8°777 17006 8:834 30 
40 “1161 "9932 1169 8'556 17007 8'614 20' 
50' “1190 “9929 "1198 8345 1007 8:405 10’ 
7°00" 11219 *9925 21228 8144 1 8:206 83°00! 
50; EC ‘9922 1257 T953 1008 8016 50 
A 1216 "9918 -1287 TT 1008 T834 40 
20 1305 -'9914 11317 17596 17009 7661 30 
40 71334 "9911 "1346 7:429 1:009 7496 20 
50 1363 '9907 11376 T'269 1009 T337 10" 


i cot tan esc sec Angle 


SaTdVL 


Values of Trigonometric Functions 


tan cot sec esc Angle 
71405 7115 1'010 7185 82°00" 
"1435 6:968 1'010 7040 50° 
"1465 6827 1011 6900 40" 
£1495 6'691- гоп 6°765, 30" 
*1524 6:561 1'012 6:636 20' 
11554 6435 1012 6512 10' 
` 1584 6'314 1012 67392 81°00’ 
"1614 6197 1013 627 50° 
"1644 6:084 1013 6166 40' 
"1673 5:976 1'014 6:059 30" 
“1703 587r 1014 5955 20 
1733 5'769 1015 5'855 10’ 
“1763 5°671 1015 5°759 80°00" 
“1793 5°576 1'016 5665 50 
1823 5485 17016 5515 40’ 
“1853 5°396 1'017 5487 30 
*1883 5:309 1018 5403 . 20' 
*1914 57226 1'018 5:320 10’ 
"1944 5°145 1019 5241 79°00" 
*1974 5066 1019 5164 50 
*2004 4989 1020 5089 40 
"2035 4915 1020 5'016 30' 
"2065 4"843 17021 4'945 20' 
"2095 4773 1022 4876 10' 


v 


š 
9 
я 
3 
= 
> 
4 
z 
m 
ES 
a 
Q 
a 


Age = ah oe CY 
Angle "si X 
Lm - -— of Trigonometric Е. г 
: l > unctions 
w 0 3781 "21 si 
30' 2136 9715 12126 4 к E | 
976 2156 | " 
40° 2164 9 ; i гоз ; 
» "976: 2186 638 1 = 
50 2193 19163 3 i 5 ^ 
+ 2 2 5м 5 47 78°00 
On С А 224 4 m | m : 
13°00 = 9750 4 s : 
10' 2250 Г "2278 4'449 cr sa 
20' "2278 "9744 2 уу гш ut : 
30' "2306 9737 А ied rus 2 : 
" "2334 ‘79730 2339 24 i m а 
B "2363 *9724 2 : 22]; ds em v 
ї E *971 ) з | ! | 
14°00" 2391 *97 7 2432 Ha nas = Ё 
10 D 1 sar г 
5 | 2m $m 028 36 ; 
s : £s 1029 4284 40 
4'011 у eu w 
$ 17030 ud 
А 4'134 
е 76° , 


: ie Values of Trigonorietric Functions (Contd) 
Angle sin cos ` tan cot sec cse. Angle 
Onn? T 
16 M. ‘2156 9613 "2867 3487 1040 3:628 74°00 
a "2784 9605 "2899 3:450 1041 3:592 50 
w 12812 *9596 2931 3412 1041 356 40 
» 2840 19588. 32962 3376 17043 3521 30 
©, 2868 9580 "2994 3340 1:044 31487 20 
2896 9572 3026 3305 1045 3453 10" 
к 2924 19563 3057 3271 17046 3:420: 73*00' 
A 2952 9555 3089 2:231 1047 3:388 5o 
a 2979 79546 3121 3 204 1048 3:356 40 
y^ 3007 9537 3153 342. 1049 336 30 
a4 13035 19528 3185 3140 17049 3295 20' 
з 3062 9520 3217 3:108 1050 325 10' 
A “3090 19511 3249 3:078 1051 3236 72°00! 
Ar 3118 9502 3281 3:047 1052 3:207 50’ 
pa 3145 ‘9492 3314 3018 17053 3179 40' 
n 13173 `9483 3346 2:989 17054 3152 30' 
x 3201 “9474 3378 2:960 17056 3124 20' 
CM 3228. 9465 3411 2:932 1057 3:098 10 
pa 3256 19455 3443 2`904 17058 3072 71°00 
RA 3283 “9446 3476 2:871 17059 $'046 50! 
0 3311 9436 3508 2:850 1060 3021 40. 
p 3338 9426 3541 27824 1061 2:996 30’ 
0, 3365 79417 3574 2798 1:062 2'971 20' 
3393 79407 3607 273 1'063 2947 10 
Angle cos sin cot tan esc sec Angle 
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Values of Trigofiómetric Éunctiorà 


S3 T8VI. 


Values of Trigonometric Functions 


(Contd.) 


SO LVASHLIVW AO 51008-IX3I V 


масал ай ا‎ 
Values of Trigonometric Fnnctions 
Angle sin cos tan cot sec 
28°00" *4695 "8829 “5317 1°881 1133 
10’ 4720. 18816 "5354 1"868 . 1134 
20 *4746 *8802 *5392 1855 1136 
30 “4772 "8788 "5430 1842 1138 
40 "4797 "8774 *5467 1:829 1:140 
50' *4823 *8760 *5505 1'816 1142 
29°00’ "4848 "8746 "5543 1:804 114 
10' . *4847 *8732 75581 1792 1145 
20' *4899 *8718 "5619 1'780 1147 
30' “4924 *8704 “5658 17767 17149 
40' "4950 "8689 15696 17756 1151 
50' "4975 "8675 "5735 1744 1153 
30°00" *5000 *8660 “5774 17732 1155 
10’ "5025 *8646 15812 17720 1157 
20' *5050 *8631 *5851 1709 17159 
30'. "5075 "8616 "5890 1698 1*161 
40* *5100 *8601 15930 1'686 1163 
50' *5125 "857 "5969 1675 1165 
31°00! *5150 "8572 "6009 1'664 1167 
10° 15175 *8557 "6048 1653 1169 
20 *5200 ^8542 “6088, 1'643 1171 
30' *5225 *8526 76128 1:632 1173 
E "5250 ‘8511 6168 1'621 1175 
50! *5215 :8496 6208 1611 1177 


tan 


esc 


SATIVL 


6L 


OEL, 


SOLLVNSHLVW JO ЯООВ-ІХЯІ V 


Sa'T8VI. 


TEL 


Values of Trigonometric Functions (Contd.) 
Angle sin cos tan cot sec csc Angle 
40°00 "6428 7660 ‚78391 1192 1:305 17556 50*00' 
10’ *6450 "1642 *8441 1185 17309 1550 50" 
20 "6472 *1623 *8491 1178 1312 1'545 40 
30 16494 "7604 "8541 1171 1315 17540 30’ 
40 *6517 "7585 *8591 1164 17318 17535 20 
50’ "6539 "7566 "8642, 1157 1322 17529 10’ 
41°00" 16561 "547 "8693 17150 17325 1524 49°00" 
10’ *6583 "7528 *8744 1144 1328 17519 50 
20 *6604 "7509 "8796 1137 1332 1'514 40^ 
30' "6626 "7490 "8847 17130 1335 1509 30 
40 *6648 "7470 "8899. 1124 1339 1504 20 
50' *6670 77451 "8952 1117 1"342 . 1499 10 
42°00' 76691 "7431 79004 1111 17346 1494 48°00’ 
10’ “6713 "7412 "9057 1104 1349 17490 50' 
20' *6134 *7392 "9110 1'098 1353 1485 40' 
30' 16756 "7373 "9163 1:091 1356 1480 30 
40, "6771 "7353 *9217 1085 1*360 1'476 20’ 
50 *6799 *7333 "9271 1079 1364 1471 10’ 
43°00" "6820 "3147 9325 1072 1367 1466 47°00' 
10’ "6841 "7294 *9380 1066 1371 1462 50" 
20° *6862 "7274 "9435 17060 1:375 1'457 40' 
30° "6884 “7254 *9490 1054 1379 1:453 30' 
40’ *6905 "7234 "9545 1 048 1382 1448 20' 
50 *6926 "9601 1042 1386 1444 
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Values of Trigonometric Functions 


(Contd.) 
o os 
Angle sin cos tan cot sec esc Angle 
577 ^ 44°00! 16947 "7193 "9657 ` 17036 1390 : 00" 
А | У Р 1440 46°00' 
10 6967 - "7173 9713 17030 1°394 1435 50 
20 '6988 7153 '9770 1024 1 398 1'431 40’ 
30. 71009 “7133 "9827 1018 1402 1427 30 
40 7030 112 `9884 1'012 1406 1423 20 
#0. 7050 7092 79942 1:006 1'410 1'418 10’ 
45°00 7071 7071 1°000 1*000 1'414 1414 45°00" 
MH E чыны EE E 
Angle cos | sin cot tan esc sec Angle 


EEL 


TABLE 2 
Common Logarithms 
N 0 1 2- 3 4 5 6 1 8 9 
10 "0000 *0043 "0086 *0128 "0170 70212 "0253 0294 *0334 “0374 
11 "0414 7 0453 0492 70531 "0569 *0607 "0645 0682 *0719 "0755 
12 "0792: *0828 *0864 *0899 10934 "0969 "1004 *1038 *1072 1106 
13 1139 "173 *1206 71239 1271 *1303 "1335 71367 “1399 1430 
14 1461 "1492 "1523 "1553 1584 "1614 "1644 *1673 *1703 1732 
15 *1761 1790 *1818 *1847 1875 *1903 71931 *1959 "1987 "2014 
16. 204 "2068 "2095 202 2148 "2175 72201 2227 72253 2279 
17 '2304 72330 "2355 72380 *2405 72430 "2455 *2480 "2504 *2529 
18 "2553 2577 , "2601 '2625 "2648 2612 "2695 ‘2718 "2742 "2165 
19 "2788 "2810 "2833 "2856 "2878 "2900 '2923 *2945 72967 "2989 
20 "3010 "3032 "3054 "3075 "3096 "3118 "3139 "3160 "3181 "3201 
21 13222 *3243 "3263 "3284 3304 3324 "3345 3365 "3385 "3404 
22 "8424 "3444 "3464 "3483 3502 3522 “3541 3560 "3579 3598 
23 "3617 "3636 "3655 "3674 "3692 371 '3129 "3747 "3766 "3784 
24 "3802 "3820 "3838 "3856 "3874 "3892 3909 "3927 «3945 "3962 
25 "3979 "3997 "4014 *4031 *4048 *4065 "4082 "4099 "4116 "4133 
26 "4150 "4166 "4183 "4200 4216 "4232 74249 "4265 “4281 "4298 
27 4 "4330 "4346 "4362 "4378 "4393 74409 "4425 "4440 "4456 
28 "4472 "4487 "4502 4518 "4533 "4548 "4564 "4579 "4549 "4609 
29 "4624 -'4639 *4654 "4669 “4683 “4698 “4713 ` "4128 "4742 4151 
30 . 74771 "4786 "4800 "4814 "4829 “4843 “4857 "4871 "4886 "4900 
31 "4914 "4928 "4942, "4955 "4969 "4983 "4997 "5011 *5024 5038 
32 *5051 *5065 15079 "5092 15105 *5119 15132 "5145 "5159 5172 
33 "5185 "5198 "5211 *5224 *5231 *5250 *5263 *5276 "5289 5302 
34 "5315 "5328 "5340 15353 "5366 15378 *5391 *5403 :5416 "5428 
v ——— SRM ES SS NS rr ————— ЧИННЕ НИНЫ а 


vel 


v 


SOILVWHH.LVE dO XOOA-~. 


on 


Common Logarithms (Сота) 3 

рие لے‎ dece m 

0 1 2 3 4 5 6 7 8 9 i 
*5441 15453 15465 75478 *5490 *5502 *5514 *5527 *5539 *5551 
"5563 15515 "5587 15599 "5611 15623 - *5635 "5647 "5658 *5670 
"5682 "5694 "5705 5717 '5729 "5740 552 *5763 *5715 "5786 
"5798 "5809 "5821 "5832 “5843 15855 "5866 '5877 "5888 "5899 
“5911 ۰5922 *5933 *5944 *5955 *5966 15971 *5988 “5999 "6010 
“6021 *6031 *6042 76053 "6064 “6075 "6085 "6096 *6107 6117 
"6128 *6138 *6149 *6160 "6170 16180 16191 "6201 16212 *6222 
"6232 "6243, "6253 "6263 *6274 *6284 "6294 "6304 "6314 "6325 
*6335 *6345 16355 6365 16375 “6385 6395 "6405 "6415 16425 
"6435 16444 16454 76464 16474 *6484 *6493 "6503 *6513 *6522 
16532. 16542. , “6551 *6561 6571 "6580 “6590 76599 "6609 “6618 
"6628 "6637 "6646 "6656 *6665 "6675 *6684 *6693 *6702 16712 
"6721 *6730 *6739 “6749 *6158 “6767 16776 16785 "6794 “6803 
"6812 “6821 "6830 "6839 "6848 "6857 “6866 *6875 "6884 76893 
“6802 - 611 ‚ 6920 *6928 "6937 76946 "6955 "6964 6972 "6891 
"6990 "6998 "7000." "7016 "7024 "7033 "7042. *1050 "7059 "7067 
*1076 “7084 "7093 "7101 "7110 “718 7126 77135 "1143 "1152 
"7160 "7168 "aT "7185 77193 "1202 *7210 "218 77226 `7235 
"7243 "7251 7 "7259 "1261 "1215 “7284 *1292 *1300 *7308 "7316 
"7324 "7332 *1340 *1348 “1356 "7364 "732. "1380 "7388 "1396 
"7404 "412 "7419 "MEO. 71435 "7413 "7451 "7459 "7466 "474 
"7482 *7490 *1497 "1505 77513. 7520 "1528 "1536 "1543 "1515 
*1559 "7566 "1574 "1582 — "1589 "7597 "7604 "1612 "1619 "7627 
"7634 | “7642. "1649 “1651 · "1664 "1612 "1619 "1686 "1694. "T101 

*7709 77716 "7723 TI С 778 “7145 “7152 "7769 "7167 "TM 2 


earns ee 


Common Logarithms 


(Contd.) 


аа ل‎ А 


9£L. 
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y aee Common ‘Logarithms SERS (Contd) 

N 0 SUE 2 3 4 5 6 7 8 9 
85 *9294 “9299 “9304 79309 "9315 “9320 ` 9325 `9330 `9335 `9340 
86 *9345 *9350 - *9355 *9360 "9365 "9370 *9375 “9380 "9385 “9390 
87 *9395 “9400 “9405 “9410 “9415 "9420 "9425 "9430 “9435 “9440. 
88 “9445 79450 "9455 *9460 “9465 “9469 “9474 9479 “9484 "9489 
89 "9494 . 19499 "9504 "9509 *9513 "9518 “9523 "9528 "9533 "9538 
90 "9542 "9547 "9552 79557 79562 "9566 9571 '9576 “9581 "9586 
91. 9590 . "9595 "9600 “9605 “9609 “9614 "9619 “9624 . "9628 ‘9633 
92 "9638 *9643 79647 "9652 “9657 "9661 “9666 “9671 “9675 "9680 
93 "9685 “9689 ' "9694 "9699 9703 '9708 “9713 “9717 “9722 79727 
94 *9731 "9736 “9741 “9745 "9750 "9754 "9759 *9763 '9768 "9773 
95 “9777 “9782 “9786 “9791 “9795 “9800 "9805 9809 "9814 "9818 
96 -` 9823 "9827 "9832 "9836 "9841 "9845 *9850 "9854 "9859 *9863 
97 "9868 79872 79877 “9881 “9886 “9890 "9894 "9899 *9903 "9908 
. 98 "9912 “9917 `9921 *9926 "9930 "9934 "9939 79943 "9948 "9952 
99 "9956 '9961 "9965 "9969 '9974 "9978 *9983 79987 *9991 *9996 
SSS ووو‎ 


Sa'TIHVI. 
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TABLE 3 
Four-place Logarithms of Values of Trigonometric Functions* , 
Angle L sin L tan L cot L cos Angle 
000 з E = 10 0000 90°00 
10’ T4631 74637 12 5363 100000 50 
20" 5 71648 77648 122352 1070000 40 
30 7% 9408 7°9409 1270591 1070000 30 
40" 8 0658 0'0658 119342 1070000 20 
50' ` 81627 81627 1178373 1070000 10 
1°00’ 82419 82419 1177581 9`9999 89°00' 
10° 83088 8 3089 1176911 9`9999 50 
20* 83668 83669 116331 99999 40 
30 84179 84181 115819 99999: 30 
40" 84637 ^ 84638 11 5362 99998 20' 
50" : 85050 8:5053 114947 9'9998. ` 10^ 
2*00" 85428 875431 11`4569 99997 88°00!" 
10^ 85776 85779 114221 99997 50% 
20" 86097 86101 113899 99996 40 
30’ 8°6397 : 86401 11°3599 9°9996 30! 
40’ 8°6677 8°6682 11°3318 9*9995 20^ 
50'' 86940 86945 11:3055 99995 10^ 
3°00" 8 7188 877194 112806 99994 87°00". 
10“ 8°7423 87429 112571 99993 50' 
20° 8°7645 8'7652 112348 9'9993 40^ 
30 87857 87865 112135 9'9992 30’ 
40 88059 88067 111933: 99991 20 
50' AUS sto? 88261 111739 9:9990 10' 
Angle L cos L cot 3 Ltan L siñ Angle 


*This table g ves the logarithms increased by 10. Hence in each case 10 should by subtracted. 
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Four-place Logarithms of Values of Tri gonometric Functions (Contd.) 
L sin L tan L cot L cos Ansle 
8 8436 8 8446 111554 9:9989 86°00’ 
88613 8'8624 111376 99989 50' 
88783 88795 111205 99988 40’ 
88946 8:8960 1171040 9`9987 30' 
89104 ` 89118 110882 9:9986 20 
89256 89272 110728 9'9985 10’ 
8°9403 89420 110580 99983 85°00 
89545 89563 11 0437 99982 50’ 
8*9682 879701 1170299 9 9981 40 
8 9816 89836 110164 9:9980 30 
879945 8'9966 11°0034 9°9979 20" 
9/0070 90093 109907 99977 10" 
90192 90216 1079784 99976 84°00’ 
90311 9 0336 109664 99975 50’ 
90426 90453 109547 9*9973 40" 
90539 90567 109433 99972 30’ 
90648 9 0678 1079322 9:9971 20' 
90755 90786 10°9214 99969 10 
90855 90891 . 1079109 99968 83°00’ 
90961 $0995 109005 99966 $0' 
9"1060 91096 10 894 99964 40" 
91157 91194 10°8806 9:9963 30, 
91252 91291 1078709 99961 20' 
91345 91385 108615 99959 19 

L cot 


L tan 


L sin 


5979УІ . 


696 


ў Four- 
تسس‎ a ae n 

Angle Lsin ~. Ltan L cot L cos Angle 
0 91436 91478 108522 99958 dos 
10 9 1525 91569 10 8431 9:9956 50 

20 91612 91658 108342 99954 40 
30' 91697 91745 ` 10 8255 9.9952 30’ 

40’ 91781 91831 10'8169 99950 20 
50 91863 91915 108085 9'9948 10 
9°00" 91943 91997 108003 9 9946 81700 
10! 92022 92078 10.7922 9-9944 5o 
= хи 92158 10:7842 9:9942 40’ 

е 9'2236 107764 979940 30 

40 92251 9 2313 107687 69938 20 
50 92324 9 2389 107611 99936 10’ 
10°00' 9°2397 92463 107537 9994 80°00’ 
10 92468 9 2536 107464 99931 50' 
20' 9 2538 92609 10 7391 99929 40" 
30' 92606 9 2680 107320 9 9927 30! 
40 92764 92750 1077250 9`9924 20' 
50 92740 92819 1077181 99922 10’ 
11°00" 972806 92887 10 7113 9:9919 79°00 
10° 92870 92953 10:7047 99917 50' 
20, 92934 93020 106980 9:9914 40’ 
30 9°2997 93085 10°6915 9°9912 30’ 
40^ 93058 9 3149 106851 9 9909 20 
50' 973119 93112 106788 9 9907 10" 


place Logariiliciis af Values of Tagonameteic Passions 


(Cond) ^s 


Angle L cos -- Lcot L tan Lsin Angie 
Se Aric © 


SOILYWaHLVW HO 3NOOS-LIXHI V 


Four place Logarithms of Values of Trigonometric Functions 


Angle L sin L tan L cot L cos Angle 
12°00’ 93179 9 3275 106725 9 9904 78°00' 
10° 99338 93336 10 6664 9 9901 50’ 
20 93296 93397 106603 9'9899 40" 
30 93353 9 3458 10:6542 99896: 30 
40! 93410 9 3517 10*6483 ,9 9893 20 
50 93466 93576 1076424 99890 10 
13°00" 9°3521 93634 106366 99887 77°00' 
10 9°3575 9°3691 10°6309 9'9884 50 
20 193629 93748 106252 9 9881 40' 
30 93682 93804 106196 9*9878 30' 
40' 93734 93859 1076141 99875 20 
50' 93786 9 3914 106086 99872 10’ 
14°00’ 93837 93968 106032 9 9869 76°00' 
10 9 3887 94021 105979: 99866 50’ 
20 9 3937 94074 1075926 9`9863 40’ 
30 93986 94127 105873 9*9859 30 
40 94035 94178 105822 99856 20 
50 94083 94230 1075770 9`9853 10' 
bin ad 9281 105719 9 9849 75°00" 
10 94177 94331 1075669 99846 50’ 
20 94223 94381 105619 9'9843 40' 
XN 9 4269 94430 ` 105570 970839 30 
40’ 9:4314 94479 10°5521 9 9836 20’ 
50 94359 94527 1075473 99832 10" 
4008 
Angle Lew |... Т7 L tan. L sin 


SATa VL 


UL 


: теа Logarithms of Values of Trigonometric Functions - ` 


(Contd.) 


Angle Я І. віп L tan L cot L cos Angle 
аза 94403 94575 1075425 9`9828 uw 
Ps 9'4447 974622 1075378 9'9825 50, 
20 94491 94669 105331 979821 40 
30 94533 94116 105284 9°9817 30’ 
40 94576 94162. 10:5238 9:9814 20 
30 94618 94808 105192 99810 10’ 
17°00 9:4659 94853 1075147 99806 73°00’ 
и, 974700 94898 105102 9 9802 50° 
20 94741 94943 105057 99798 40 
36, 94781 94987 10:5013 99794 30" 
Де; 9'4821 95031 104969 9:9790 20 
50 94861 95075 104925 99786 10" 
18°00" 9:4900 95118 10:4882 99782 72°00" 
10’ 9 4939 9:5161 104839 99778 50" 
20 94977 95203 10 4797 99774 40 
30 95015 95245 10:4755 99770. 30" 
40" 9'5052 9.5287 104713 99765 20 
% 95090 95329 104671 99761 10’ 
19°00" 95126 95370 1074630 99757 71°00" 
10: 9'5163 95411 104589 9 9752 50" 
20, 95199 95451 1074549 99748 40’ 
30 95235 95491 1074509 99743 30 
40 9°5270 95531 104469 9:9739 20’ 
50 95306 9:5571 10°4429 99734 10' 
Angle L cos L cot L tan Lsin Angle 
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: 


е v TAB 
0°00' sin MUR alues of ionge 1 
10, *0000 2 uu ometric Functi 
20 "0029 1000 4 et ons 
30 "0058 1:000 0000 Zê ES aa e 
40’ 70087 1:000 70029 -— p 8 
50’ "00116 E 1:000 0058 348 ` 1000 Angle 
1°00’ 0145 "9999 70087 17179 1000 i = 
10’ *0175 . 9999 ` 0116 . 1146 1000 2438 90°00" 
20" *0204 *9998 0145 85°94 1*000 1719 50' 1 
30' *0233 9998 0175 68°75 17000 1146 40' 
40' "0262 9997 0204 57°29 17000 8595 30' 
50 0291 *9997 0233 49°10 1000 6876 20° 
2°00 "0320 9996 0262 42°96 1'000 5730 E 
10' 10349 9995 хх 10291 38°19 1:000 4911 89°00' 
20 *0378 *9994 0320 3437 1:000 42:98 50’ 
30" 0407 *9993 0349 3124 1000 380 40 
40 0436 9992 0378 28°64 1001 3438 30 
50' 0465 9990 0407 26°43 1'001 3126 20, 
3°00 0494 9989 0437 - 24°54 1:001 28°65 10 
10 *0523 *9989 0466 22°90 17001 2645 88°00 
20 “0552 “9985 0495 2147 1:001 24°56 Pu ^ 
30 "0581 *9985 0524 20721 1001 2793 40' а 
40" "0610 9983 0553 19°08 17001 21°49 30' g 
50’ *0640 *9981 0582 18°07 1:001 20°23 20 & 
`0669 +9980 0612 1717 1:002. 1911 10’ E 
9978 10641 16°35 1:002 1810 87°00" R 
0670 15°60 1002 17°20 50 © 
14°92 17002 16°38 40 = 
1002 15°64 30’ > 
1 1496 20’ z 
10’ g 
ES 
a 
a 


Angle 


= Liha 3s = 
: Lev Angle 
——— © 


L cot 


Four-place Logarithms of Values of Trigonometric Functions (Contd.) 
Angle Lsin Ltan L cot L cos Angle 
20°00" 95341 95611 104389 9:9730 70°00' 
10 95315 95650 1074350 99725 50" 
20 95409 9'5689 1074311 99721 40' 
30 95443 95727 104273 99716 30' 
40 95477 95766 104234 9:9711 20" 
50! 9'5510 95804 104196 99706 10 
21°00 95543 95842 104158 99702 69°00" 
10 975576 9°5879 10°4121 99697 50' 
20 975609 95917 104083 99692 40" 
30’ 9°5641 9,5954 104046 99687 30 
40' 95673 95991 104009 99682 20' 
50° 95704 9:6028 1073072 99677 10 
22°00" 56 9'6064 10°3936 9°9672 68°00" 
10’ 9°5767 9'6100 1073900 99667 50’ 
20" 9'5798 9'6136 10:3864 99661 40" 
30 95828 96172 103828 99656 30” 
40’ 95859 96208 103792 99651 20’ 
50' - 9:5889. 9:6243 103757 9:9646 10’ 
23°00" 9°5919 9:6279 103721 99640 ' 
10" 95948 96314 103686 919635 ae 
Av 95978 96348 1073652 9'9629 40 
30 96007 96383 103617 99624 30" 
40" 9:6036 9:6417 103583 9'9618 20° 
50 96065 96452. 103548 99613 10" 


SaT8V.I. 


ч 
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Four-place Logarithms of Values of Trigonometric Functions — (Contd.) 
e L sin L tan L cot L cos An:le 
e d 96486 1073514 9'9607 66 00 
10, 96121 96520 103480 9'9602 50' 
Eo M C E m = 3 
2 de 90587 1072413 99590 30' 
50' 96232 2020 10°3380 9°9584 20 
: 9'6654 1073446 99579 10 
25°00" 9'6259 ^ ў 9'9573 $ 
2 9'6286 ded iano 99567 = 
» PU 96752 103248 '9'9561 40 
л, Куш» 9`6785 1073215 99555 30" 
i 7016 96817 103183 99549 20 
ae, 9°6850 10°3150 99543 10 
D 2 dh em 103118 9:9537 64°00 
mi in "6914 10°3086 9950 50 
ad : 96946 1073054 99524 40' 
E 96495 96977 103023 99518 30' 
eof 96521 9:7009 1072991 9'9512 20" 
JR 96546 97040 102960 99505 10’ 

7 7 ё, jen j* 

"А diia 97072 102928 99499 63°00" 
sy end 97103 1072897 99492 50' 
a k 977134 102866 99486 40" 
i 9:6644 67165 1072835 99479 30’ 
caf 9'6668 97196 1072804 99473 20 
9'6692 9'7226 102774 99466 10’ 


—— 


L cos 


L cot 


L tan 


id 
> 
> 
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Four-Place Logarithms of Values of Trigonometric Functions 


ORE 


(Contd.) 

Angle Lsin Ltan L cot L cos Angle 

28°00" 9°6716 9°7257 10°2743 99459 62°00 

10 66740 97287 1072713 9'9453 50’ 

oh 9'6763 9717 102683 99446 E 

96787 97348 1072652. 9`9439 30, 

40" 9'6810 97318 102622 9:9432 20' 

50 96833 97408 1072592 99425 10' 

29*00' 96856 97438 102562 99418 61^00' 

10’ 9:6878 97467 10:2533 99411 50 

x dei 97497 102503 99404 40 

9: 9°7526 102474 99397 30 

40’ 9'6946 91556 102444 9:9390 20 

50 9*6968 97585 172415 99383 10' 

30°00’ ; 96990 9'7614 102386 9'9375 60°00" 

10 97012 9'7644 1072356 99368 50 

A 9"1033 97623 1072327 9:9361 40 

pA ү 9:7701 1072299 99353 30 

9°7076 9°7730 102270 99346 20 

50 9'7097 9'7159. 1072241 99338 10 

31°00" 97118 97788 1072212 979331 59°00" 

10’ 9:7139 97816 1072184 9:9323 50’ 

20 97160 97845 102155 99315 40" 

30 9'7181 9°7873 102127 9'9308 30 

40 97201 97902 102098 99300 20 

50` 9'7222 9°7930 102070 99292 10' 

lue o E c c xr p s T ee 

Angle L cos L cot L tan L sin 


S38 VL 


E Four-Place Logarithms of Values of Trigonometric Functions (Cond) xi 
L sin L tan L cot L cos Angle = 
— ee ae ED 


Angle 
32°00" 9:7242 9:7958 1072042. 9:9284 58°00’ 
1 97262 97986 1072014. 9:9276 50’ 
20! 9:7282 9:8014 - 10:1986 99268 40 
30 977302 ' 9:8042 10:1958 99260 30 
40 97322 9:8070: 101930 9:9252 20 
50 97342 98097 1071903 9`9244 10" 
33?00" 9'7361 9'8125 1071875 919236 57°00’ 
10’ 9°7380 978153 1071847 9°9228 50! 
20 : 9°7400 9'8180 10*1820 9:9219 ` 40 
30 97419 98208 1071792 9:9211 30 
40 97438 9:8235 1071765 : 9:9203 20° 
50’ 97457 98263 1071737 99194 10° 
34°00! 9 7476 ^ . 98290 ` 101710 9:9186 56°00" 
10" 97494 98317 101683 z 9:9177 50 > 
20’ 97513 9'8344 101656 9:9169 40 4 
30° 9'7531 98371. 101629 . 99160 30 3 
40' 9'7550 98398 1071602 99151 20 О 
50’ 9°7568 98425 101575 9 9142 10 3 
35°00" 97586 98452 101548 9:9134 55°00 А 
10" 9°7604 9:8479 101521 99125 50' s 
20' 971622 . 98506 1071494 9'9116 40" E 
30" 97640 9'8533 101467 99107 30’ 3 
40" 97657 98559 1071441 99098 20 E 
: 50' 9:7675 98586 1071414 99089 10’ E 
Angle L cos L cot L tan L sin Angle 5 
———————————MÀM—m- I. 


four Place Logarithms of Values of Trigoromeiric Functions - (Contd.) E 

Angle L sin L tan L cot L cos Angle 5 
36°00" 9°7692 9'8613 10 1387 99080 54°00" 

10 97710 98639 1071361 99070 50 

20' 97121 9'8666 1071334 9:9061 40! 

30 97744 9'8692 1071308 9'9052 30° 

40 9'T161 9'8718 1071282 9°9042 : 20 

50 97118 078745 1071255 99033 10" 
37°00" 9:7795 98771 101229 9:9023 53°00" 

10' 97811 98797 1071203 99014 50° 

20° 9°7828 9°8824 10°1176 9:9004 40 

30 9784 . 9`8850 101150 9:8995 30' 

40" 9°7861 9'8876 101124 98985 ۱20 

50 97871 9:8902. 1071098 98975 10’ 
38°00" 9'7893 9'8928 1071072 9:8965 52°00’ 

10" 9'7910 98945 101046 9'8955 50 

20 97926 9'8980 1071020 98945 40! 

30 9'7941 979006 100994 9 8935 30 

40 97957 99032 1070968 98925 20 

50 91973 9:9058 1070942 9 8915 10’ 
39°00' 97989 99084 100916 98905 51°00" 

10 98004 99110 1070890 9'8895 50’ 

20 98020 99135 100865 98884 40! 

30° 98035 99161 100839 9 8874 30! 

40’ 9:8050 99187 100813 9 8864 20 

50! 9:8066 9:9212 10 0788 98853 10' 
Angle ` L cos L cot L tan L sin Angle = 


>! 
о. 
т 
BE 
T 
3 
E 
[-] 
ГЕ 
ka 
o S 
8| 8 
[-] 
2, 
5 
Е 
a 
=| 
alg 
9 
H 
i 
^ 
M 
3H 
3 
a 
AB 
sla 
a 
SPL. 


40° u ۰ i^ 
10 í 58096 99264 179796 502 pes 
20' 9°8111 9 дн т а, 
sei Кен '9289 1070711 9'8821 40 
p Ж зы e 10'0685 9'8810 30' 
a Mes "9341 10°0659 978800 000 
d 99366 1070634 98789 10’ 
eA 9'8169 99392 1070608 987 49°00" 
А 0`8184 < 99417 1070583 9°87 50’ 
2 2 ШӨ 99443 1070557 98756 40" 
у 2g 99468 > 1070532 98745 30 
50 91011 99494 1070506 98733 20' 
A : 99519 1070481 . 98722 10 
42 hi 98255 99544 100456 98711 48°00' 
» 98269 9'9570 1070430 98699 >50" 
EA 98283 99595 100405 9'8688 40' > 
p * i Р 99621 ; 1070379 98676 30 E 
s A 311 99646 1070354 98665 20° n 
8324 99671 1070329 98653 10’ 8 
43 4 Н Is 9'9697 1070303 9'8641 47°00' n 
у } 99722 100278 98629 50 а 
20 9'8365 99747 1070253 9'8618 40' Е 
р; 98378 99772 100228 9'8606 :30" 
P: 9'8391 99798 100202 9'8594 20 B 
98405 9'9823 1070177 9'8582 10’ > 
Angle 4 


Angle Jd L cos L cot 2. Ltan L sin 


Four-place Logarithms cf Values of Trigonometric functions - 


(Contd) 
Angle Lsin Ltan L cot L cos Angle 
44°00" 9 8418 99848 10 0152 9'8569 46°00" 
10" 9 8431 9 9874 100126 9°8557 50 
20 98444 9:9899 1070101 98545 40’ 
30 98457 979924 100076 98532 30’ 
40" 9 8469 9 9949 1070051 98520 20 
n 9'8482 99975 1070025 98507 10" 
45°00 9'8495 100000 10°0000 9 8495 45°00’ 
Angle В L cos L cot L tan L sin Angle 


ята. 


6rL 


TABLE 4 


` Squares and Square Roots 
ڪڪ‎ a Se eee 
VN V10N 


OSL 


ro 1'00 1000 3162 35 12725 1871 

11 1721 1°049 3317 36 1296 1:897 67000 

r2 144 1095 3:464 37 13°69 1'924 6'083 

r3 169 1140 3606 38 1444 1949 6164 

r4 1'96 1183 3742 39 1521 1:975 6245 

15 225 17225 3`873 40 1600 27000 6 325 

re 2°56 17265 4'000 41 16°81 2:025 6'403 

17 2:89 1304 4123 42 17°64 2:049 6'481 

1'8 324 1342 4'243 43 18 49 2074 6 557 

r9 361 1378 4:359 44 19°36 27098 6'633 

20 4 00 1'414 447 45 20°25 2121 6'708 

21 4°41 1°449 4 583 46 2116 27145 6 782 

22 484 1483 4'690 47 22°09 2'168 6'856 n 
23 5:29 1517 4796 48 23°04 2 191 67928 4 
24 5 76 '549 4'822 49 2401 2214 7 000 8 
25 625 1'581 5'000 50 25°00 27236 7071 a 
26 6 76 1'612 5:099 51 26°01 27258 711 8 
27 T29 1643 5196 52 27°04 2 280 7211 я 
28 784 1'673 5'292 53 28°09 2 302 7:280 g 
29 8'41 1'703 5'385 54 29°16 2324 7348 E 
30 900 1732 5471 55 30725 27345 7416 5 
31 9'61 1761 5 568 5'6 3136 27366 7483 Е 
32 10'24 1789 5'657 57 32:49 27387 7:550 z 
33 1082 1817 5'745 58 33 64 27408 7616 ч 
34 1156 1844 5831 59 34 81- 24% 7 681 9 


` Square and Square Roots (Contd.) 

VN VION N № VN 410N 
2 449 7146 81 65°61 2 846 97000 
2 470 7810 82 67°24 2:864 9055 
27490 T870 83 68°89 217881 9:110 
2:510 7931 84 1056 27898 9°165 
2°530 8`000 8'5 72:25 2:915 9:220 
2:550 8062 86 7396 27933 9274 
2*569 8:124 87 7569 2`950 ` 9327 
27588 8185 88 7744 2*966 9:381 
2608 87246 8'9 19°21- 2'983 9 434 
27627 8°307" 9'0 81°00 3°000 9487 
27646 8367 91 82°81 3017 9 539 
27665 8426 92 84°64 3°033 9592 
2:683 8'485 93 86°49 3050 9644 
2'702 8 544- 9'4 88°36 3:066 9695 
27720 8'602 9'5 90°25 37082 9747 
27139 8*660 96 92°16 3°098 9°798 
2157 8718 97 94°09 3'114 9849 
2 275 8775 98 96°04 3130 9899 
- ) 27193 8832 99 98°01 3:146 9'950 

2811 ` 8888 100 100 00 3°162 10 00 

^ MES 27008 8:944. 


Ast 


—— үүт 


TABLE 5 
Cubes and Cube Roots 


MN VION A/ 100N MN 
ro 1'000 1000 2154 4 642 35 42875 17518 
11 1331 1032. 2'224 4'791 36, 46656 1533 
12 1728 17063 2289 4932 37 50°653 1547 
13 2197 1091 2351 5066 38. 54872 1'560 
14 27744 1119 2410 5'192 39 59319 Y'574 
rs 3:375 1145. 27466 5'313 40 64'000 17587 
1°6 4096 1170 2:520 5 429 241 68921 1601 
17 4913 17193 2571 5 540 42 74088 1613 
1'8 5'832 1216 27621 5:646 43 79507 1°626 
19 6859 1239 27668 5749 44 85:184 1'639 
20 8'000 1260 27114 5848 45 91125 17651 
21 97261 1281 2759 5'944 46 91:336 1:663 
22 10°648 1301 27802 67037 47 103°823 1'675 
23 127167 1320 2:844 6127 48 1107592 17687 
24 13824 1339 27884 ` 6214 4'9 117'649 1698 
25 15°625 1:357 27924 67300 50 125000 1710 
26 17 576 1375 2/962 6:383 51 132651 1721 
27 19'683 1392 3'000 6463 52 140'608 1732 
28 21952 1409 3 037 6542 53 148877 1744 
29 24/386 1426 3072 6 619 54 157464 1754 
3'0 27000 1442 3107 ` 6694 5'5 166 375 1765 i 
31 29 791 1458 3141 6'768 56 175°616 11776 
32 327168 1'404 3175 6840 57 185193 1786 р 
33. 35:937 1489 37208 6910 58 1951112 1797 ^ 
3'4 39 304 1504 3:240 ^ 5 6980 59 205372 1 807 1 
ee 


SOILVABHLYW dO 3OO08-1X3l V 


N N? 


AN VIN Хуш N 

60 2167000 1°817 3915 1434 81 
61 226/981 1'8807 - 3936 8481 82 
62 234 328 1837 3958 8 527 83 
63 250 047 1847 3979 8573 84 
64 2627144 1:857 4'000 8'618 85 
65 274 25 1 866 4021 8'662 86 
66 287°496 1'876 4041 8707 87 
67 300763 1 885 4'062 8'750 88 
68 314432 1895 4082 8`794 89 
69 ` 328'509 1904 4102 8837 90 

. TO 343'000 1913 4121 8879 91 
TE 357911 192. 4141 87921 92 
T2 373 248 1931 4160 8'963 93 
T 389017 : 1940 4179 9:004 94 
T4 405224 . 1:949 4198 9:045 95 
75 421°875 1:957 4217 9086 9'6 
T6 438976 1'966 4'236 9126 97 
T! 456533 1:975 4'254 9'166 9'8 
T8 474552 1983 4273 9:205 99 
T9 49039 1992 © 4291 9244 100 
80 · 512000 27000 4309 9:283 


N? AN VION 
531°441 27008 4327 9:322 
551368 27017 4'344 9:360 
521787 27025 4'362 9 398 
5927704 2'033 4'380 9:435 
6147125 2:041 4397 9473 
636°056 2'049 4'414 9'510 
658503 27057 4431 9:546 
681'472 2 065 4448 9583 
704969 2'072 4'465 9'619 
729°000 2080 4481 9'655 
753571 2088 4'498 9 691 
718'688 2'095 4'514 9726 
804 357 27103 4531 9761 
830° 584 2110 4547 9796 
857°375 2:118 4'563 9'830 
884756 27125 4°579 9'865 
9127673 2:133 4595 9'899 
941192 27140 4610 9°933 
970'299 2147 4:626 9'967 
1000°000 2°154 4642 10 000 


SATIVA. 


ESL 


AN CA 4 < > 


UA 
А. 


USLAOBNOONZEIL.3cC 


SYMBOLS 


negation 
conjunction (and) 
disjunction (or) 
implies 
is equivalent to 
set 
is an element of 
is not an element of 
Such that & 
is contained in (is a subset of) 
contains (is a superset of) 
complement of 4 with respect to ¥ 
union 
intersection 
the empty set 
there exists 
for all 
the set of natural numbers 
the set of. integers ! 
the set of rational numbers 
the set of positive rational numbers 
the set of rea] numbers 
the set of Positive real numbers 
the set of complex numbers 
therefore 
because 
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